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Abstract of Skill Discovery for Exploration and Planning, by Akhil Bagaria, Ph.D.,

Brown University, May 2025.

General-purpose agents must sense the world using high-dimensional sensors such as

cameras and affect the world using low-level actions such as motor torques. Such a rich

input and output space allows the same agent to solve many tasks, but complicates the

efficient search for solutions. To solve any specific problem efficiently, the agent must form

abstractions—only retain the information necessary to make good decisions in the current

task. Sequential decision-making problems permit two types of abstraction: state and

action abstractions; this thesis studies how artificial agents may autonomously acquire

both types of abstraction via interaction with an environment.

Hierarchical reinforcement learning (HRL) is our starting point for action abstraction

because it augments the agent’s action set with temporally extended actions called skills.

When a human programmer carefully designs temporally extended skills for an AI agent,

it can rapidly solve many challenging tasks. But, how can an agent automatically discover

skills that are useful for obtaining mastery over the environment? We present algorithms

that discover skills that are temporally composable, meaning that they can be reliably

executed one after the other to solve long-horizon problems.

Action abstraction, although necessary, is not sufficient for effective decision making;

it must be accompanied by state abstractions. We provide algorithms that can learn

state abstractions that complement the skills discovered by the agent so that it may

create a whole new decision problem that is easier to solve than the original one it was

faced with. Solutions in the abstract decision problem correspond to good solutions in

the original problem, providing a way for artificial agents to rapidly make high-quality

decisions. These algorithms bridge the gap between classical AI techniques that specialize

ix



in symbolic search, and deep reinforcement learning techniques that effectively deal with

high-dimensional and continuous sensorimotor spaces.

Finally, we tackle the problem of exploration in vast environments: when the agent

interacts with a large environment, what data should it collect so that it can maximize

its learning progress? Here, we present algorithms for discovering those goals that are

controllable, reachable, novel, and task-relevant as a way of guiding the curiosity of the

agent. Taken together, this thesis presents algorithmic ingredients for building agents that

explore with the intention of building plannable models of the world that are abstract in

both state and time.
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CHAPTER 1

INTRODUCTION

Abstraction is key to decision making. Humans and other animals form abstractions|

they perceive and act in a complex sensorimotor space, but they plan and reason using

representations that discard vast amounts of irrelevant information to focus only on what

is task-relevant (Tenenbaum et al., 2011). This ability to abstract is what allows us to

e�ortlessly make countless decisions in a complex, high-dimensional world (Ho et al., 2021;

Gershman, 2017). When AI agents are given a concise description of a speci�c problem,

they are able to outperform humans in several high-pro�le domains, such as Chess and

Go (Silver et al., 2017b). However, can we create general-purpose agents that acquire

powerful, problem-speci�c abstractions themselves?

The necessity for abstractions stems from the fact that general-purpose agents must

perceive the world via high-dimensional sensors such as cameras and IMUs and a�ect the

world via low-level actions like motor voltages and torques. The vastness of this input

and output space is not a luxury or a design error|it is what allows a single agent to

solve a large variety of tasks (Konidaris, 2019). For example, if the same agent has to

navigate the world, play chess, write a sonnet, program a computer, change a diaper, solve

equations, cook a tasty meal, and so on (Heinlein, 1973), its sensorimotor space must

be large enough to represent all of those tasks. Although the expansion of the agent's

1



sensorimotor space in this way a�ords generality, it does not permit e�cient solutions.

To solve problems e�ciently, we humans frame di�erent tasks succinctly in terms of the

relevant variables. For example, when playing chess, we only need to pay attention to the

state of the game but may ignore information such as the material of the chess pieces, the

angle from which the chess board is viewed, or even the weather outside. Imagine for a

moment if that were not the case|if in addition to predicting our opponent's moves, we

also had to predict the weather in Boston, surely we would be unable to play good moves.

But once we are able to distill all the information needed to play chess, we can use simple

heuristic search (Knuth and Moore, 1975) to play at an average human level or employ

more sophisticated neural networks to play at a super-human level (Silver et al., 2017b).

The challenge is therefore to automatically determine the abstractions needed, and then

deploying simple solution methods that best complement those abstractions.

Broadly, decision-making problems permit two types of abstractions: state and action

abstractions. Action abstraction generates discrete units of behavior, calledskills, from

the set of single timestep actions (orprimitive actions) initially available to an agent.

For example, a human working in an o�ce saves a sequence of joint-level torques as

a temporally extended abstract action, or skill, called \opening a door." After having

done so, they can treat that skill as an atomic unit and execute it without having to

specifyhow it operates. State abstractionretains only the relevant part of the agent's

observation stream, while discarding details that are irrelevant for its current task. An

agent capable of constructing both types of abstractions can represent each problem of

interest as a simpli�ed decision problem, which permits a quick, satis�cing solution. This

thesis will begin by focusing on how agents may acquire their own action abstractions,

while progressing to methods that address the simultaneous acquisition of both state and

action abstractions.
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1.1 Reinforcement Learning and Abstractions

The endeavor of creating general-purpose agents that can solve a vast variety of problems

in large, complex environments is elegantly captured by the reinforcement learning (RL)

problem (Sutton and Barto, 2018). RL agents sense a part of the environment and must

act in it at every single timestep; actions are chosen with the aim of maximizing reward,

which is a real-valued number that expresses the goals and purposes of that agent (Sutton,

2004; Littman, 2017). The generality of the RL problem de�nition perfectly complements

our desire to create general-purpose agents: although agents are severely bounded in

memory and computation (compared to the vastness of the environment) (Simon, 1991;

Russell and Subramanian, 1994; Sutton et al., 2022), they must incrementally improve

the quality of their actions, no matter the speci�c characteristics of the environment or

their speci�c goals and purposes (Silver et al., 2021).

The generality of the RL problem de�nition, while necessary, poses a challenge for our

solution methods. In particular, our agents must confront the challenges of sensing and

acting in high-dimensional spaces, while dealing with potentially large time delays between

chosen actions and received rewards. Recent deep reinforcement learning algorithms

(DRL) (Mnih et al., 2015) have made signi�cant progress on some of these problems, but

we are yet far from creating RL agents that can deal with the vastness and generality

of the real world. A crucial ingredient missing from existing solution methods is their

inability to acquire and leverage state and action abstractions.

How does the concept of learning abstractions �t into the RL framework? Hierarchical

reinforcement learning (HRL) (Barto and Mahadevan, 2003) is a natural starting point for

action abstraction because it augments the agent's action set with temporally extended

actions called skills, which are mathematically modeled asoptions (Sutton et al., 1999).

An option encodes a behavior via a policy, a way of initiating and a way of stopping.

Options, unlike primitive actions, last for variable number of timesteps and can invoke

the execution of other options. An agent with temporally extended options can escape
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the \curse of horizon", which is the problem that the quality of agent's predictions (and

decisions) degrade rapidly the further ahead in the future it tries to look (Sutton et al.,

1999, 2011). It has been clear for a long time that options can be immensely useful, but

the core question is: where do good options come from? Can an agent discover them

autonomously while interacting with the environment? This is known as theskill discovery

problem (or equivalently, the option discovery problem), and it is the �rst pillar of this

thesis.

Action abstraction, although necessary, is not su�cient for e�ective decision making;

it must be complemented by state abstractions. Function approximation is a good

starting point for state abstraction (indeed, this is the lesson from much of deep learning

(Goodfellow et al., 2016)), but it is not enough. One reason for this is that the features

learned by function approximators are not automatically amenable toplanning, which

is key to sample-e�cient learning and high-quality decision-making (Tenenbaum, 2018).

So, how can we learn a state abstraction that complements the options discovered by the

agent while unlocking the capabilities of long-horizon planning (Konidaris et al., 2018)?

This is the second pillar of this thesis.

Several other works have identi�ed the importance of state and action abstractions

(for e.g, Allen (2023); Abel (2020); Machado (2019)), but few have addressed them

simultaneously. This approach misses out on a key bene�t of abstraction: when learned

jointly, the agent can create a whole new decision problem, but one that is easier to solve

than the original one that it was faced with. If this new abstract decision problem is well

\grounded" (meaning that good behaviors in the abstract problem correspond to good

behaviors in the real environment), the agent can use methods from search/planning to

make high quality decisions with relative ease. This drive to interleave the acquisition of

both types of abstraction in a single algorithm is the third pillar of this thesis.
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1.2 Exploration in Reinforcement Learning

Most machine learning paradigms are concerned with how to learn patterns in a

previously acquired dataset (Bishop and Nasrabadi, 2006). However, reinforcement

learning agents must additionally solve the problem ofexploration: what data should be

collected in the �rst place? Of course, this problem is ubiquitous in the natural world;

for example, human babies have an extended period ofplay, where they seem to perform

experiments that tease out how the world around them works (Gopnik et al., 1999; Gopnik,

2020). This exploration of the world is crucial: without a drive to seek out new, interesting

data, an agent has no hope of understanding how the world works, let alone have a policy

that achieves complex goals and purposes.

Within RL, the exploration question has often either been viewed as an afterthought

(most commonly, methods follow a noisy version of their current approximation of the

optimal policy) or through the lens of novelty maximization (Schmidhuber, 2010b; Chen-

tanez et al., 2005; Brafman and Tennenholtz, 2002), wherein the reward function is

augmented with a bonus (Sutton, 1990; Ta•�ga et al., 2019) that encourages visiting new

states. However, the number of possible states in the world is so large that an agent

trying to visit them all is unlikely to discover anything interesting. Through this thesis, I

argue that the problem of exploration is better seen as a drive to discover models of the

world that are abstract in both state and time. This approach has the additional bene�t

that it frees the agent from having to learn an accurate one-step model of the world,

which is di�cult due to model prediction errors compounding over time (Janner et al.,

2019; Talvitie, 2017). In particular, by discovering options and the state-abstractions that

complement those options, an agent performs exploration in a way that builds relevant

knowledge about the world (Sutton et al., 2011; Schaul and Ring, 2013), which in turn

allows it to make better decisions. This is the fourth and �nal pillar of this thesis.
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1.3 Contributions

This thesis makes three contributions. The �rst is on the question of discovering

options that can be sequentially composed with high reliability. The second contribution

is to build graph-based models of the world that achieve state and action abstraction.

The third contribution is to forego coverage, and guide option discovery in promising

subspaces of the state-space.

1. Discovering sequentially composable skills. Sequential composition of skills,

i.e, the ability to execute one skill after another with high reliability, is central to

learning skills that are useful for planning. Chapter 3 introduces deep skill chaining

(DSC), a skill discovery algorithm in the simpli�ed setting where an agent's task

is to reach a pre-de�ned set of goal states. Chapter 4 discusses the challenges of

sequential composition of skills when their subgoal regions are changing over time,

as they do during the option discovery process. Chapter 5 discusses the problem

of e�ectively learning initiation sets of options, which we de�ne as the region from

which option policy execution is likely to be successful. These initiation regions

reduce the e�ective branching factor of the decision making problem, leading to

more sample-e�cient learning and robust composition.

2. Option discovery for exploration and planning. Exploration in RL can be

viewed as a drive to learn abstract models of the world and to continually increase

the region over which that model is reliable for planning. Chapters 6 and 7 discusses

how an agent builds a graph-based abstraction of the world, called askill graph:

nodes of the graph correspond to abstract states and edges correspond to option

policies. The skill graph incrementally expands towards the frontiers of the agent's

experience and supports high-level planning.

3. Option discovery beyond state-reaching. Ultimately, exploration (even using

options) is intractable if its objective is coverage, i.e, a drive to modelall parts
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of the world. Chapter 8 introduces the concept of \proto-goals", the space of all

possible goals that could drive the behavior of an agent. The proto-goal RL agent

then learns subspaces that are both plausible and desirable, and hence valuable for

guiding exploration. Finally, Chapter 9 presents a skill-discovery algorithm that

learns the proto-goal space assumed in Chapter 8; the result is a set of abstract

binary classi�ers that only attend to a subset of state features in high-dimensional

observation spaces.

Taken together, this thesis presents algorithmic ingredients for building agents that

explore the world with the intention of building abstract, plannable models of the world.

This is achieved by �rst focusing on the option discovery question, then by reasoning

about the state abstractions needed to e�ectively plan with discovered options, and �nally,

by interleaving the acquisition of state and action abstractions in a never-ending cycle so

that the agent can continually increase its competence in the world. But, before diving

into novel contributions, we next introduce the necessary background to understand the

remainder of this thesis and situate its contributions in related work.
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CHAPTER 2

Background and Related Work

Our goal is to create arti�cially intelligent agents, i.e, agents that possess the \com-

putational part of the ability to achieve goals in the world" (McCarthy, 1997). We will

begin by casting this overarching ambition into the reinforcement learning framework

(Section 2.3). Then, we will focus on certain properties that an agent must likely possess

for e�ective reward maximization; this will include topics such as exploration, model-based

RL, hierarchical RL, option discovery and �nally, ways of integrating them all together.

2.1 Reinforcement Learning

Our ambition of creating arti�cially intelligent agents can be summarized with the

reinforcement learning problem. The RL problem captures the challenge faced by an agent:

it must sense the environment and take actions in it so that it achieves its own goals

and purposes. Thereward hypothesisin RL distills the notion of \achieving goals and

purposes" into a the maximization of a scalar signal called the reward (Sutton, 2004;

Littman, 2017). This reward maximization is subject to certain constraints: the agent is

bounded in memory and computation and must react to changes in the environment in

real-time (Silver et al., 2021; Russell and Subramanian, 1994).
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The agent in the RL problem can be represented as a policy� that maps observations

ot to actions at . The environment on the other hand, is a system that receives the

agent's actionat and returns a new observationot+1 and rewardr t back to the agent;ot+1

re
ects a partial view of the new internal statest+1 of the environment andr t represents

the feedback on how e�ective the agent's actionat was at time t. Anything outside

the computational process that produces actions (the agent) can be thought of as the

environment. This agent-environment boundary is often counter-intuitive; for example,

the program running inside a robot's operating system that computes the next action is

considered to be the agent, while its own body (for example, the sensors and actuators) is

part of the environment. The rewardr t is a real-valued scalar that captures the \goals

and purposes" of that agent (Sutton, 2004; Littman, 2017); for example, a PhD candidate

about to graduate could get a small negative reward for every day that they do not submit

their thesis.

Formally, the RL problem can be summarized as �nding a policy� � that maximizes

the expected cumulative sum of rewards:

� � = arg max
�

E�

"
X

t

r t

#

: (2.1)

2.1.1 Markov Decision Processes

In this thesis, we make two simplifying assumptions about the RL problem. First, we

assume that time ticks in discrete units, even though in reality, time evolves continuously.

Second, we assume that the agent can sense the underlying state of the environment,

i.e, the current observation has all the information the agent needs to make an optimal

decision. This is a strong and unrealistic assumption: in the natural world, it would be

impossible for an agent to perceive the entire state of the world (maybe expressed as

the position and velocity of every particle). Even in many simpler problems of interest,

partial observability is ubiquitous and information that is key to good decision-making
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may be unavailable to the agent. Nevertheless, many problems in the world do a�ord

the agent the privilege of observing all relevant aspects of the environment, and we will

limit our discussion of abstraction discovery to such problems. As a result of the second

assumption, we will use the terms observation and state interchangeably.

A consequence of these simplifying assumptions is that we can limit space of envi-

ronments to those described as Markov Decision Processes (Puterman, 1994). An MDP

models discrete-time sequential decision-making problems composed of �ve quantities

M = ( S; A; R; T; 
 ). S is the state-space, describing the possible con�gurations of the

world. A is the action space, the set of decisions the agent has to choose between.

R : S � A ! R is the reward function that maps states and actions to a real-valued scalar

quantity. T : S � A ! �( S) is the transition function that maps states and actions to a

distribution over next states. Finally 
 2 [0; 1] is the discount factor that encodes the

preference for near-term rewards over longer-term ones.

Central to the MDP is the Markov assumption which indicates that the transition

function and reward function both only depend on the current state and action, and not

the entire history:

T(st+1 jst ; at ) = P r(st+1 js0; a0; :::; st ; at ) = P r(st+1 jst ; at );

R(st+1 js0; a0; :::; st ; at ) = R(st ; at ; st+1 ):

The agent interacts with the environment via itspolicy � : S ! A, which prescribes

an action for every state in the MDP. When the policy is stochastic, the agent samples

from the probability distribution over actions a � � (ajs).

The value function V � : S ! R describes the expected cumulative reward when

following policy � from state s:
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V � (s) = E� [R(s; a) + 
 Es02 S[V � (s0)]]

=
X

a2 A

� (ajs)
X

s02 S

[R(s; a; s0) + 
T (s0js; a)V � (s0)] :

The action-value functionQ� : S � A ! R describes the expected cumulative reward

obtained from taking action a from state s and then following policy � thereafter:

Q� (s; a) =
X

s02 S

[R(s; a; s0) + 
T (s0js; a)V � (s0)] :

We will represent the value function and the action-value function of the optimal policy

as V � and Q� respectively:

V � (s) = max
a

� X

s0

R(s; a; s0) + 
T (s0js; a)V � (s0)
�

:

2.2 Planning

When the transition and reward functions are known to the agent, it can use planning

to �nd a policy. Here we discuss planning via dynamic programming and refer readers to

other sources (for example, Ghallab et al. (2016) and Russell and Norvig (2020)) to learn

about other approaches.

Policy Evaluation. The policy evaluation problem can be described as the following

question: given a policy� , how much reward does the agent expect to accumulate from

following it from a state s? This question can be answered by iteratively applying the

Bellman Expectation Equations:
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V �
k+1 (st ) = E� [r t+1 + 
V k(st+1 )] =

X

a

� (ajs)
X

s0;r

Pr(s0; r js; a)
h
r + 
V k(s0)

i
: (2.2)

The �xed-point of this iteration is the true value function of the policy � .

Policy Improvement. Having evaluated the value of a policy, we now turn our attention

to policy improvement, which is the process by which we can derive a new policy� 0 from

an old policy � by making it greedy with respect to the value function of the old policy:

� 0(s) = arg max
a2 A

X

s0;r

Pr(s0; r js; a)
h
r + V � (s0)

i
; (2.3)

wherePr(s0; r js; a) is a shorthand for the combination of the next-state distribution

according toT(s0js; a) and the reward function R(s; a; s0).

Policy Iteration. We can embed the evaluation of a policy� (Equation 2.2) and its

improvement to a new policy� 0 (Equation 2.3) into a loop called thepolicy iteration loop,

which terminates upon �nding the �xed-point, the optimal policy � � in the MDP.

Value Iteration. Every iteration of policy iteration fully evaluates the current policy

and then improves it to a new policy. Full policy evaluation however, might not be

necessary. Value iteration does a single iteration of policy evaluation followed by policy

improvement. Equivalently, value iteration can be thought of as turning the Bellman

optimality equation into an iterative update rule:

Vk+1 (s) = max
a

E[r + 
V k(st0)] = max
a

X

s0;r

Pr(s0; r js; a)
h
r + 
V k(s0)

i
; 8s 2 S: (2.4)
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The sequence of value functionsVk converges to the �xed-point at the optimal value

function V � (V0 can be initialized arbitrarily for this convergence).

Generalized Policy Iteration. Full sweeps of policy evaluation or improvement can

be computationally infeasible in large MDPs. Generalized Policy Iteration (GPI) refers

to the family of algorithms in which we interleave partial policy evaluation and iteration

until the value function and policy stops changing, which must happen atV � and � �

respectively. In other words, as long as we keep improving the value function and policy,

no matter how incremental, we can still arrive at the optimal quantities of interest.

2.3 Learning from Interaction

So far, we have seen how planning via dynamic programming can be used to convert

the transition and reward models into a policy. However, RL agents do not typically

have access to such modelsa priori ; instead they must learn how to maximize rewards

by simply interacting with the environment. This interaction produces a data stream

of the form (s0; a0; r0; s1; ::), and RL solution methods roughly fall into two categories:

model-free and model-based.

2.3.1 Model-free RL

It is possible to learn the optimal policy in an MDP without having to access to the

transition and reward functions or without even trying to approximate them. These

methods are known asmodel-free methods.

Temporal Di�erence Learning. Temporal di�erence (TD) learning (Sutton, 1988)

leverages observed transitions (st ; at ; r t ; st+1 ) to update the value functionV � of a policy

� . The TD error is de�ned as:
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� t = r t+1 + 
V (st+1 ) � V(st ); (2.5)

where the termr t+1 + 
V (st+1 ) is a sample-based estimate of the full expectation in

the Bellman equation. In other words, rather than computing the expected value over all

possible next states and rewards, the agent uses the actual reward and the next state's

value observed from the environment. The value function is then updated via:

V � (s)  V � (s) + �� t ; (2.6)

where� 2 (0; 1] is a step-size parameter.

Q-learning. TD learning can be used for o�-policy control via the Q-learning algorithm

(Watkins and Dayan, 1992), which can be elegantly described using the following update

rule for the action-value function:

Q(st ; at )  Q(st ; at ) + �
h
r t+1 + 
 max

a
Q(st+1 ; a) � Q(st ; at )

i
: (2.7)

If all states and actions continue to be updated, then Q-learning recovers the opti-

mal action-value function Q� , from which the optimal policy can be derived:� (s) =

arg maxa Q(s; a). For Q-learning to be e�ective, usually some exploration is needed: the

agent must occasionally pick exploratory actions, for example, by selecting an action

uniformly at random (called � -greedy action-selection).

Deep Q-learning. Watkins and Dayan (1992)'s Q-learning algorithm was developed

for the tabular case. When there are too many states (and actions) to �t in a table, we

must resort to function approximation. Mnih et al. (2015) introduced the Deep Q-learning

algorithm where the agent's Q-function is represented using a neural network� called the

Deep Q-Network (DQN). The Q-function is updated in using transitions sampled from
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FIFO bu�er (called a replay bu�er (Lin, 1993)) using gradient descent on the following

loss function:

L(� ) = E� [(yt � Q� (st ; at )2];

where the regression targetyt can be written as:

yt = r t + 
 max
at +1

Q� 0(st+1 ; at+1 ); (2.8)

where � 0 is known as a target network and it is a stale copy of� that is updated

periodically. DQN has been augmented with several algorithmic improvements; for

example, double Q-learning (van Hasselt et al., 2016), prioritized experience replay

(Schaul et al., 2016), recurrent networks (Hausknecht and Stone, 2015; Kapturowski et al.,

2019) and distributed architectures with asynchronous acting and learning (Kapturowski

et al., 2019).

2.3.2 Model-based RL and Exploration

Model-based RL (MBRL) algorithms use the interaction data to �rst approximate the

transition and reward functions of the MDP, which can be done using maximum likelihood

supervised learning to yield an approximate model̂T ; R̂. This model is then turned into

a policy (and optionally a value function) using planning (possibly in combination with

model-free updates Sutton 1991). The agent can use this policy (perhaps augmented

with � -greedy exploration) to pick actions, collect new data and subsequently improve its

model. This approach, while simple, su�ers from some drawbacks.

The One-Step Trap and the Simulation Lemma

When a model is learned from �nite data, some approximation error is unavoidable.

How does this model error relate to the quality of decisions made by the MBRL agent?

This question is answered precisely by a foundational result in MBRL, the Simulation
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Lemma (Kearns and Singh, 2002):

8s; � : jV̂s � Vsj �
� R

1 � 

+


� T

(1 � 
 )2
;

where � R is error in approximating the one-step reward function and� T is the error in

approximating the one-step transition function. The simulation lemma captures the

challenge of doing one-step MBRL: the further we try to look ahead with our model

(as signi�ed by a 
 closer to 1), the worse our value approximation error becomes (as


 ! 1; jV̂ � V j ! 1 ). This result was later extended by Asadi et al. (2018) to the

function approximation case: not only does the value error depend on the timescale of the

problem, but it also depends on the expressivity of the function class used to approximate

the model. Taken together, these results tell us that the depth of planning is severely

constrained based on the one-step approximation error and the capacity of our function

approximators (Jiang et al., 2016; Talvitie, 2014). The challenge of e�ective one-step

MBRL is evocatively termed as the \one-step trap" by Sutton (2016).

Exploration for Model-based RL

Given that model-prediction error is unavoidable, it seems that the agent is doomed

to make exponentially bad decisions as the timescale of the problem increases. One

imperative resolution to this conundrum comes fromexploration: even if the agent has

in�nite capacity (\perfect" function approximators when the environment is not tabular),

it can only reduce model prediction error by collecting more data. But collecting additional

data is expensive because it involves interaction with the environment, so what data

should the agent preferentially collect so that it can maximally bound the regret it has

about its decisions?

Broadly, there are two classes of algorithms that seek to answer this question precisely:

Thompson sampling (TS) and optimism in the face of uncertainty (OFU). TS approaches

maintain a belief distribution about the model, sample from that distribution and take
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actions that are optimal under the sampled model (Thompson, 1933; Osband et al., 2013).

However, maintaining a Bayesian posterior over the space of models is intractable in large

spaces (Strens, 2000), so we do not discuss TS approaches further. OFU approaches like

E 3 (Kearns and Singh, 2002), R-Max (Brafman and Tennenholtz, 2002) and MBIE-EB

(Strehl and Littman, 2008) �rst quantify the uncertainty about the agent's approximate

model (T̂ and R̂) and then propose to collect data in parts of the state-action space where

that uncertainty is highest. More speci�cally, the agent is attracted to states in proportion

to 1p
N [s;a]

whereN [s; a] is the number of times the agent has taken actiona from state s

and serves as a proxy for model uncertainty. This causes the agent to preferentially visit

parts of the environment where its model is weakest; the result is that the agent can use

its one-step model to quickly recover a near-optimal policy.

Exploration in Deep RL

The techniques we discussed for model-based exploration apply only to tabular domains

or to continuous MDPs with metric structure and low dimensionality (Kakade et al., 2003).

When the observation space becomes large and complicated, tabular approaches do not

su�ce. For instance, in continuous spaces, an agent may never visit the same state twice,

so count-based approaches do not scale (or are not even necessarily well-de�ned). However,

the notion of counts can be generalized topseudocounts(Bellemare et al., 2016): similar

states have similar pseudocounts; so, even if the agent visits a state slightly di�erent from

one that it has visited before, it will increase that state's pseudocount. Bellemare et al.

(2016) introduce a custom tree-based model that estimates the probability density of a

state in Atari 2600 games with image-based observations (Bellemare et al., 2013). The

CTS model was improved upon by a neural network, Pixel CNN, which approximates

probability densities of image-based states without using the domain knowledge required

by the CTS model (Ostrovski et al., 2017). To convert probability density estimates into

pseudocounts, both papers place severe restrictions on the types of function approximators

that can be used, precluding most powerful generative models in deep learning. Recently,
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Coin Flip Networks (CFN) (Lobel et al., 2023) simplify the problem of pseudocount

estimation by obviating the need for density estimation; the resulting approach directly

approximates the novelty of a state via its pseudocountr novelty (s) = 1 =
p

N � (s) and

uses that as an exploration bonus for model-free RL (Sutton, 1990; Ta•�ga et al., 2019).

Model-based approaches for leveraging the exploration bonus also exist (e.g, Pathak et al.,

2017), but they tend to empirically under-perform model-free approaches (Burda et al.,

2019a,b; Ta•�ga et al., 2019; Linke et al., 2019).

Challenges of Scaling Novelty Driven Exploration. The success of pure novelty

(or surprise) driven exploration (Badia et al., 2020b,a; Kapturowski et al., 2022) has been

limited to simple, simulated tasks such as video games (Berseth et al., 2021). Although

these environments have high-dimensional state and action spaces, most aspects are usually

under the agent's control, mistakes have little to no consequence, and eventually most

states are reachable under a reasonably competent policy. However, vast domains like the

natural world are characterized by the opposite: most aspects are not directly under the

agent's control, there are serious safety considerations, and coverage of the state-space

is intractable. To e�ectively explore in such environments, novelty or surprise seeking

behaviors must be carefully paired with considerations such as the bounded capacity of

the agent (Russell and Subramanian, 1994), safety (Garcia and Fern�andez, 2012) and, the

topic of this thesis, abstractions|the agent should parsimoniously collect data relevant

towards building task-speci�c representations (Tenenbaum, 2018).

2.4 General Value Functions

Value functions are predictions about the future stream of rewards from a particular

state. However, the reward is only one of many signals and by predicting them, the agent

can build rich knowledge about the world. Value functions that predict quantities other

than the reward are known asGeneral Value Functions(GVF) and the signals that they
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predict are calledcumulants.

To formally de�ne a GVF, we need to �rst de�ne the following quantities:

ˆ A cumulant c : s ! R is a function that maps a state to a scalar and it represents a

signal in the agent's data stream that we would like to predict.

ˆ A termination function � : s ! [0; 1] represents the probability with which the

accumulation of the prediction stops. Put another way, it represents the timescale

over which we wish for the agent to predict the cumulantc.

ˆ A stopping function z : S ! R outputs the stopping value that is added to the

accumulation of the cumulant once it terminates.

Put together, the general value functionv de�nes the expected sum of discounted sum

of a cumulant up to termination plus a stopping value at the time of termination:

v(st ) = E�;�

"
K � 1X

k=0


 kct+ k + 
 K z(st+ K )

#

; (2.9)

where the expectation is taken with respect to actions taken by a policy� up to a

stopping time determined by the termination function� .

General value functions have been successfully used in deep RL to shape the represen-

tations learned by the agent: by predicting signals that are part of the data stream, the

agent learns policies that earn more reward in the main task of interest (Jaderberg et al.,

2017; Lyle et al., 2021). These works typically assume that the auxiliary tasks are given

to the agent, with some rare exceptions (Veeriah et al., 2019).

2.5 The Options Framework

Time in an MDP ticks at every single step. An action at timet a�ects the state and

reward at time t + 1 and there is no notion of courses of action persisting over extended,
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variable periods of time. As a result, most solution methods cannot exploit the bene�ts of

higher-levels of temporal abstraction such as simpler models and faster credit assignment.

Such temporal abstraction can be achieved in RL viaoptions (Sutton et al., 1999). An

option o is a temporally extended action and can be described using a triple:

o = ( I o; � o; � o);

whereI o : s ! [0; 1], the initiation function, denotes the probability with which the option

can be executed at states; � o : s ! [0; 1], the termination function, is the probability

with which option execution ends in states; �nally, � o : s ! A, the option policy maps

states to primitive actions.1

When options are given to the agent, they can improve the sample-e�ciency of

learning. This is mainly due to three reasons. First, an agent with options can explore

the environment with greater e�ectiveness; this is because exploration with primitive

actions has the disadvantage that it has a rapidly diminishing probability of deviating

from the agent's currently best known policy. Second, options can unlock more e�ective

model-based RL by greatly simplifying the model-learning problem because the agent

need only learn the e�ects of executing options, rather than of the �ne-grained details of

each low-level action. And third, options reduce the diameter of the MDP{which is the

number of steps needed to go between any pair of states{accelerating both exploration

and credit assignment.

2.5.1 Option Discovery

Well designed options are clearly useful, but poorly designed options can severely

degrade performance (Jong et al., 2008). This places onerous requirements on the

programmer to design options suited to each speci�c task, which is cumbersome and

unscalable. The option discovery problem is that of �nding a useful set of options

1Options can also invoke other options, but we simply consider single level hierarchies.
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autonomously via interaction with the environment. The discovery problem involves

�nding all three elements of the option triple, but typically begins by identifying the

subgoalthat the option is supposed to achieve.

Subgoal Options

Technically, an option is simply described by a way of initiating, a way of acting,

and a way of terminating|its behaviour need not maximize any objective at all. As an

example, consider an option that initiates everywhere, terminates nowhere, and whose

policy arbitrarily maps each state to an action; this option does not optimize any useful

objective, but perfectly complies with the classical de�nition of an option (Sutton et al.,

1999). However, for option discovery, rather than searching for these three quantities

in their raw form, it is often more convenient to think of options as achievingsubgoals.

In fact, the vast majority of the literature on option discovery can be seen as achieving

subgoals (e.g., Mcgovern, 2002; Precup, 2001; Colas et al., 2022; Sutton et al., 2024); we

refer to these options assubgoal optionsand de�ne them using the following components:

1. Initiation Set. The initiation set of the option is the set of states from where the

option has a high probability of achieving its subgoal.

2. Policy. The option policy maps states to actions, and is optimized to reach the

option's subgoal; this policy can be trained by converting the subgoal into a (pseudo-)

reward function.

3. Termination function. Option execution must terminate in those states where

the option's subgoal is achieved.

Subgoal options are a speci�c type of option, i.e., all subgoal options are options, but

not all options are subgoal options.

This subgoal is used to specify thepseudo-reward functionRo (also called asubgoal

reward function, or the option reward function) and the termination function � o. This
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can be done in the same way as in the GVF formulation in Equation 2.9: the option

accumulates a pseudo-reward at every time step that it executes, and it �nally terminates

with a stopping value that depends on the current state. Once this pseudo-reward function

is identi�ed, any policy learning technique can be used to maximize it.

In the remainder of this thesis, the subgoal of the option is always encoded as a binary

function of state and the option reward function takes one of two forms. Sometimes, it

chosen to induceshortest pathoptions, meaning that the option gets a pseudo-reward of

0 for every time step except for when it terminates in a state that achieves its subgoal,

getting a reward of 1. Other times, the option reward function is chosen to bereward

respecting: the option accumulates task rewards until it terminates, when it is given

a stopping reward based on whether the subgoal was achieved (Sutton et al., 2024).

In short, Ro(s; a; s0) = � o(s0) = 1 when the subgoal is achieved, andRo(s; a; s0) = 0

or Ro(s; a; s0) = R(s; a; s0) and � o(s0) = 1 � 
 otherwise. In subsequent chapters, we

exclusively consider the discovery of subgoal options and overload the subgoal of the

option with its termination function.

2.5.2 Connection between Options and GVFs

We discussed GVFs as functions thatpredict signals other than the reward. However,

it is also possible to think of GVFs from the perspective ofcontrol: rather than simply

predicting a cumulant, the agent can learn a policy to maximize it. This policy is exactly

the option policy � o and termination function of the option is exactly the termination

function in the GVF discussion. An option is learned to achieve asubgoal, which is

described using the cumulant (and stopping function) and a timescale at which it must

be achieved using the termination function.

GVFs provide a framework to mathematically reason about signals other than reward

that the agent could aim to maximize; then tools like generalized policy iteration tell us

how to maximize such signals. But given a rich data stream, which of the many possible
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signalsshould the agent choose to maximize? This is the problem of option discovery in

the language of GVFs.

2.6 Goal-conditioned RL

When using function approximation, it is natural to parameterize each GVF separately,

as in the Horde architecture (Sutton et al., 2011). But in the same way that the state-

space has structure that function approximation seeks to exploit, the goal-space too has

structure. For example, the GVF for navigating to a particular target location is similar

to the GVF for reaching a di�erent target location nearby in Euclidean distance to the

�rst one. Universal Value Function Approximators (UVFAs) (Schaul et al., 2015) exploit

this structure to represent all GVFs using the same function approximator; the result is a

value function and a policy that, in addition to taking in state, also accept a goal input,

i.e, V� : S � G ! R and � : S � G ! A.

A goal can be formally de�ned using a triple:g 2 G = ( eg; Rg; 
 g), where eg : S ! Rd

is a goal-description vector that can for example, be used to condition a policy� (sjeg) or

a value functionV(sjeg); Rg : S ! R is a goal reward function that maps each state to

real-valued number and �nally 
 g : S � A � S ! [0; 1] describes the goal's continuation

function, and hence the timescale for achieving that goal. The goal description vector can

be states that the agent wants to reach (Andrychowicz et al., 2017), target locations in

navigational problems, images describing how the agent would like the world to look (Nair

et al., 2018), latent embedding vectors that encode abstract ways of behaving (Eysenbach

et al., 2019a) or abstract binary classi�ers of state that the agent is motivated to turn on

(Bagaria and Schaul, 2023). The goal reward function can be sparse (e.g., 1 when the

goal is achieved and 0 otherwise) or dense (e.g., Euclidean distance to some target state).

Continuation functions can also take many forms; a common example is when
 g = 1

outside some binary subgoal region and 0 inside of it.
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2.6.1 Goal-conditioned RL is Closely Linked to Options

An option corresponds to a one-hot goal description vectoreg, i.e., an index into the

agent's option set. The goal reward functionRg is equivalent to the option's pseudo-reward

function and the goal's continuation function corresponds to the option's termination

function. In the same way that the options framework often has a policy over options

that maps a state to an option (Bacon et al., 2017), a complete goal-conditioned agent

has a higher-level goal policy that maps a state to a goal. In fact, this way of looking

at goals also subsumes feudal hierarchies (Dayan and Hinton, 1993), in which managers

set goals for workers, either in the form of abstract latent vectors (eg 2 Rd) (Vezhnevets

et al., 2017) or as states for the agent to reach (eg 2 S) (Nachum et al., 2018; Levy et al.,

2019). In all these cases, the higher-level policy operates at a coarser timescale and each

high-level decision is followed by a policy execution.

2.6.2 Hindsight Experience Replay

Universal Value Function Approximators (UVFAs) provide a useful parameterization

of goal-conditioned value functionsVg � V� (s; g), but do not address the problem of

sample-e�cient learning of such value functions from data. Hindsight Experience Replay

(HER) (Andrychowicz et al., 2017) uses reward relabeling to do o�-policy learning on goals

that are di�erent from the one that was used to generate data. More speci�cally, suppose

an agent observed a trajectory� g = ( s1; a1; Rg(s1); :::; sT ; aT ; Rg(sT )) while pursuing goal

g. Instead of only using� g to update Vg, the agent can relabel� g based on someother

goal (say g0) and use that to update Vg0: � g0 = ( s1; a1; Rg0(s1); :::; sT ; aT ; Rg0(sT )). A

goal-conditioned reward function is typically given to the agent as additional domain

knowledge (Schaul et al., 2015; Andrychowicz et al., 2017), with some rare exceptions

(for example, the work of Warde-Farley et al. (2019a) and Chapter 9). Any o�-policy

learning algorithm can be used in conjunction with HER to learn the goal-conditioned

value function; the original paper used DQN (Mnih et al., 2015) and DDPG (Lillicrap
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et al., 2015).

HER provides a way to learn about goals other than the one used to generate the

data. But, which of the many goals should the agent learn about in hindsight? These

are typically heuristically chosen from the states visited in the trajectory� g; common

heuristics include random sampling, picking the last state in the trajectory (Andrychowicz

et al., 2017), �nding a goal that maximizes learning progress proxies (Bagaria and Schaul,

2023) or using inverse RL to �nd a goal for which� g was optimal (Eysenbach et al., 2020).

2.7 Related Work on Option Discovery

New algorithms for option discovery are a core contribution of this thesis. As a

result, we now survey this proli�c area of research by organizing it into four broad

categories: spectral methods, empowerment maximization, learning from extrinsic reward,

meta-learning and �nally, methods with formal guarantees.

2.7.1 Spectral Methods for Option Discovery

An MDP can be modeled as a graph: nodes represent states and edges represent

state adjacency, i.e, two nodes are connected if there exists an action that has non-

zero probability of causing a transition between them. Several methods perform a

spectral decomposition of the Laplacian (Chung and Graham, 1997) representation of the

graph for exploration.2 Typically, an option is associated with each eigenvector of the

graph Laplacian and these options, calledeigen options, demonstrate strong exploratory

properties (Machado, 2019). Importantly, each eigenvector captures di�erent time-scales

of di�usion in the environment; eigenvectors with smaller eigenvalues correspond to larger

time-scales (Machado et al., 2023). Covering options Jinnai et al. (2019) argue that rather

than constructing an option for every eigenvector of the graph Laplacian, a single option

2Speci�cally, the Laplacian is de�ned in matrix form as L = D � 1=2(D � W)D � 1=2, where W is the
weight matrix of the graph and D is the diagonal matrix whose entries are the row sums ofW (Machado
et al., 2018b).
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constructed based on theFiedler vector (Chung and Graham, 1997), is su�cient. This is

because that single option minimizes the cover time of underlying MDP, which loosely

refers to how long it takes for a random policy over options to visit all states. More

data can be collected with the newly added option, the resulting adjacency matrix can

be used to learn yet another option, and so on. Klissarov and Machado (2023) recently

combined covering options and eigenoptions to propose a new skill discovery algorithm

that demonstrates impressive exploration in a variety of reinforcement learning problems.

Laplacian-based methods are closely related to successor representations, which repre-

sent the transition dynamics by quantifying the discounted state occupancy of a policy

(Dayan, 1993). Successor representations can be computed online using TD methods, can

generalize policies quickly to related tasks and can be approximated in high-dimensional

spaces using neural networks (Barreto et al., 2017; Borsa et al., 2019). Furthermore, the

Option Keyboard algorithm leverages successor representations to compose optionswithin

time: given that an agent has optionso1; :::; oK , it can select an action at the current

timestep using a mixture of its option policies. This results in a large and rich space

of behaviors; importantly, the resulting combination of policies has policy improvement

guarantees (Barreto et al., 2019a). In fact, Machado et al. (2023) provide an integrated

agent architecture in which successor representations be used for discovering options,

which can then be combined using option keyboard, which in turn results in higher quality

data for improving the agent's successor representations, and so on.

Another interesting connection is between the successor representations and proto-

value functions (PVFs) (Mahadevan and Maggioni, 2007), which are a basis for all value

functions in an MDP; proto-value functions are also the eigenvectors of the graph Laplacian

(Machado et al., 2023), implying that (approximate) PVFs are used as intrinsic reward

functions while learning eigenoption policies. Representation learning using successor

features is an exciting frontier of research (Farebrother et al., 2023; Touati and Ollivier,

2021; Stachenfeld et al., 2017; Carvalho et al., 2022), but further discussion is beyond the
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scope of this thesis.

Successor representations and Covering Eigenoptions are closely related to the work

in Chapters 6,7, and 9 of this thesis. Instead of starting from the graph Laplacian, we

use approximate state visitation counts (Bellemare et al., 2016) as guidance for option

discovery. Formally, the norm of the successor representation are equivalent to state

visitation counts (Machado et al., 2019). Informally, eigenoption-type methods and count-

based methods both roughly capture the same intuitive idea of the agent's frontier: both

try to identify states that are currently di�cult (but possible) to reach, and then construct

options to make them easier to reach in the future. In this thesis, we rely on count-based

methods because they have been successfully scaled to large environments with impressive

results (Badia et al., 2020b,a; Kapturowski et al., 2022; Silver et al., 2017a). But, as

the approximation techniques for Laplacian-based methods improve (Wu et al., 2019;

Wang et al., 2021; Touati and Ollivier, 2021), we could imagine porting the lessons from

this thesis to those methods as well. In other words, the core ideas of this thesis (for

example, how to interleave exploration and planning in a single agent) are complementary

to successor- based option discovery methods.

2.7.2 Empowerment based Skill Discovery

Empowerment quanti�es the degree of control an agent has over its environment (Volpi

and Polani, 2023). Intuitively, there are many interpretations and uses of empowerment: an

intrinsic drive to reach states that have the highest number of states reachable from them

(Klyubin et al., 2005), to maximize social in
uence in multi-agent settings (Jaques et al.,

2019), or to seek agreement between future states and the agent's internal representations

(Hafner et al., 2020). Mathematically, empowerment is the mutual information between

an agent's actions and future states (Klyubin et al., 2008). Computationally, this mutual

information can be estimated using tools from variational inference (Mohamed and

Jimenez Rezende, 2015).
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The variational approximation derived by Mohamed and Jimenez Rezende (2015)

searched for an open-loopK -step sequence of actions that maximized empowerment.

Since then, methods have been proposed to discover closed-loop policies, i.e., skills or

options. Di�erent skills are parameterized via context vectorsz drawn3 either from a

�xed, simple distribution such as a Gaussian distributionG or from a learned distribution

p (z) (Levy et al., 2023). Then, the following functions are learned: a skill-conditioned

policy � � (: js; z) that produces trajectories� , a classi�er q� that predicts which skill was

executed given� and a distribution over skills p (z). The training objective J , which is

analogous (Achiam et al., 2018) to� -VAEs (Higgins et al., 2017), seeks to maximize the

entropy of skill policies while encouraging di�erent skills to lead to diverse trajectories:

J (�; � ) = max
�;�; 

Ez� p (z);s� p� (sjz)

h
E� � � � ;z[logq� (zj� )] + � H (� � jz)

i
; (2.10)

where the entropy term,H(� � jz), encourages the policy to be as close to the uniform

distribution as possible, much like the entropy term in VAEs (Kingma and Welling, 2014).

Strouse et al. (2022) noticed that the discriminator,q� (zj� ) is pessimistic in new states; to

address this pessimism, their algorithm, DISDAIN, augments skill learning with a novelty

bonus. CIC (Laskin et al., 2022) improves the optimization of the mutual information

objective (Equation 2.10) using contrastive learning.

Variational Intrinsic Control (VIC) (Gregor et al., 2017; Kwon, 2020) can be obtained

by setting � = 0 and approximating q� (zj� ) with q� (zjsT ), where sT is the �nal state in

trajectory � . Similarly, DIAYN (Eysenbach et al., 2019a) can be obtained by approx-

imating log(q� (zj� )) as the sum of per-timestep log probabilities along the trajectory
P T

t=1 log(q� (zj� )). Instead of the sum-based decomposition of the trajectory (which treats

each transition as being independent from the others), VALOR approximatesq� (zj� )

3Each context vector z corresponds to an skill, but we use thez notation to be consistent with the
empowerment literature. Furthermore, z is usually a continuous vector inRn , while skills are typically
described as a discrete set.
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using an LSTM architecture (Achiam et al., 2018). Relative VIC (Baumli et al., 2021)

departs from this view slightly by introducing a new term to the optimization: rather

than requiring that trajectories be distinguishable from the observed trajectory, they

additionally require that the trajectory not be distinguishable from the �nal state alone,

thereby encouraging options to cause characteristicchangesin state, rather than taking

the agent to di�erent parts of the state-space alone.

Skill-discovery via empowerment maximization usually proceeds in two stages: apre-

training stage, in which skills are learned by maximizing the objective in Equation 2.10

and an evaluation phase in which learned skills are composed to solve new tasks. Some

algorithms explicitly learn skills that have easily predictable e�ects (Sharma et al., 2020b,a)

and cover the state-space (Campos Cam�u~nez et al., 2020) so that they can be composed

easily using search-based procedures (Deng, 2006; Williams et al., 2016) at test-time. The

VISR algorithm (Hansen et al., 2020) uses successor features (Dayan, 1993; Borsa et al.,

2019; Barreto et al., 2019b) to quickly adapt learned skills to new tasks using a process

similar to Option Keyboard (Barreto et al., 2019a).

Connection to goal-based exploration. When the variational distribution in Equa-

tion 2.10 is normal and �xed, empowerment objectives reduce to goal-based exploration

in RL (Choi et al., 2021), by which we mean methods that propose random target goal

states and use a goal-conditioned policy (Schaul et al., 2015) to reach them; for exam-

ple, Hindsight Experience Replay (Andrychowicz et al., 2017) and Go-Explore (Eco�et

et al., 2019). In fact, it is possible to think of goal-based exploration and variational

empowerment as lying on a spectrum: the more expressive the variational distribution,

the more powerful, albeit non-stationary, the associated representation learning problem

(Choi et al., 2021). Furthermore, DISCERN advocates for taking a mutual information

maximization approach to goal-conditioned reward functions (Warde-Farley et al., 2019b),

and MEGA argues that empowerment maximization is roughly equivalent to maximiz-

ing the size of the set of goals that can be achieved by the agent's policy (Pitis et al.,
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2020c); these �ndings further blur the lines between goal-based exploration in RL and

empowerment maximization. Seen this way, it is possible to consider the some of the

exploration algorithms (Chapters 6,7, and 8) in this thesis as approximate empowerment

maximization as well.

Open Challenges. Despite signi�cant progress in online mutual information estima-

tion, Equation 2.10 remains challenging to estimate and optimize (Achiam et al., 2018).

Furthermore, the policy over options in most empowerment driven skill discovery papers

are �xed (for example, a random policy), with some rare exceptions: HIDIO (Zhang

et al., 2021a) uses model-free RL and DADS (Zhang et al., 2021a) uses the cross-entropy

technique, but these methods do not do explicit state abstraction, and do not propose

an integrated architecture for model-based RL. Nevertheless, empowerment maximiza-

tion remains a promising objective for skill discovery in large open worlds that demand

signi�cant exploration (Du et al., 2023).

2.7.3 Option Discovery from Extrinsic Rewards

Most option discovery techniques are driven by auxilliary objectives, which are some-

times at odds with the agent's overall objective of reward maximization. For example,

methods that identify bottleneck states are useful for solving many tasks (Mcgovern,

2002), but are counterproductive in others. Similarly, novelty maximization is useful in

some tasks but not others (Ta•�ga et al., 2019). Is there a way to build agents that still

maximize reward but have a minimal inductive bias towards temporal abstraction? In

other words, rather than specifying a heuristic that should drive the discovery of these

options, what if the agent 
exibly determined its own auxilliary tasks in a manner that

improved its ability to maximize rewards in a complex environment? Indeed, this can

be considered a key insight fromReward is Enough(Silver et al., 2021): the right type

of subtasks will automatically emerge if we build scalable agents that attempt reward
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maximization in complex environments.4 This desire to learn options from task rewards

has led to several families of techniques: option-critic, feudal networks and meta-gradient

driven discovery.

Option Critic Methods

Option-critic methods search for options that maximize overall reward by using the

policy gradient theorem (Bacon et al., 2017). The hope behind this approach is that

skills would emerge naturally by interacting with the environment, without the need to

manually specify what objective should be used to learn them. Arguably, such skills would

lead to high performance as they are directly de�ned in terms of maximizing the expected

return.

An issue observed with Option Critic algorithms is that the resulting options tend

to degenerate into primitive actions. Harb et al. (2018) derive a regularization term to

the objective function that discourages option interruption, i.e, a preference over options

that last longer than others. Several contributions to the Option Critic algorithm include

learning safe policies (Jain et al., 2018), using second order update rules (Tiwari and

Thomas, 2019), learning all options simultaneously (Klissarov and Precup, 2021), using

multiple discount factors (Harutyunyan et al., 2019), learning initiation sets (Khetarpal

and Precup, 2019), learning option interruptions in an o�-policy manner (Harutyunyan

et al., 2019) or dealing with continuous action spaces (Klissarov et al., 2017).

These several contributions have signi�cantly improved the Option-Critic algorithm,

making it more generally applicable with better performance. The end-to-end nature of

Option Critic makes it scale gracefully to large problems with high-dimensional observation

spaces. But, since all learning stems from the extrinsic reward function, option-critic

methods do not result in sample-e�cient learning in sparse reward problems. Furthermore,

the problem of how to prevent options from collapsing to primitive actions, although

4Of course, it is possible that we do not need to explicitly program a bias towards temporal abstractions,
and that itself could be an emergent property of reward maximization.
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mitigated, has not been entirely resolved; neither has the related problem of �nding

solutions with Option Critic that are composed entirely of a single option execution.

Finally, how resulting options can be used for planning or be transferred across contexts

remains unclear.

Feudal Approaches to Skill Discovery

In feudal reinforcement learning (Dayan and Hinton, 1993), the agent's policy is

decomposed hierarchically intomanagersand workers: managers set subgoals for workers

to achieve and workers use 
at RL to achieve those subgoals. In this way, goal-setting is

decoupled from goal-achievement; each level in the hierarchy communicates to the level

below it what must be achieved, but does not specify how to do so. This is a form of

temporal abstraction in which higher levels of the hierarchy make decisions at a lower

temporal resolution than lower levels.

Feudal RL was extended to deep RL by Feudal Networks (FuN) (Vezhnevets et al.,

2017). FuN learns a two-level hierarchy in which the higher level manager outputs a

latent vector that speci�es the direction in which the lower level worker should modify the

agent's current state. The manager policy is trained using policy gradients on the task

reward function, while the worker policy is trained only using its intrinsic subgoal/pseudo

reward function. As with most skill discovery methods, the high-level policy is trained at

the same time as the low-level policy; as the low-level policy changes during learning, a

data from a high-level action taken in the past may not yield the same low-level behavior

in the future (Nachum et al., 2018). This non-stationarity was noticed and addressed

using relabeling tricks and o�-policy learning in the HIRO algorithm (Nachum et al.,

2018). Later, Hierarchical Actor Critic (Levy et al., 2019) improved upon HIRO by

removing the need for dense reward functions, by instead using hindsight experience

replay (Andrychowicz et al., 2017) and stably training multi-level hierarchies (Li et al.,

2019). Like Option-Critic, these methods relied on extrinsic rewards to drive the learning
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of the high-level policy; if the high-level policy is poorly trained, it outputs goals that

fail to drive the learning progress of the lower-level policy. To address the exploration

challenge, recent methods like HAC-Explore incorporate an novelty-based intrinsic rewards

(McClinton et al., 2021; R•oder et al., 2020) or demonstrations (Gupta et al., 2019) to

solve longer horizon tasks. HIRO and HAC demonstrated stronger empirical performance

on continuous control tasks, but they made assumptions that limited their applicability

to feature-based observation spaces (as opposed to more generic observations like images,

which could be dealt with by FuN).

Another challenge faced by feudal methods such as HIRO and HAC is that the action-

space of the higher-level policy is the entire state-space of the environment. The larger

action-space further complicates the learning of the high-level policy. As a result, several

papers constrain the output space of the high-level policy using domain knowledge (for

example, the coordinates of the center of mass in robot navigation). This problem has since

been formally studied through the lens of information theory: can we �nd a representation

of state that can be used as the goal-space, but results in bounded value loss? Nachum

et al. (2019) use mutual information estimation using contrastive predictive coding (van

den Oord et al., 2018) to �nd such a representation space. On the other hand, DISCERN

(Warde-Farley et al., 2019a) uses the mutual information between the subgoal state and

the state reached after policy execution as the reward function for training the low-level

policy. These approaches blur the lines between reward-driven option discovery and

empowerment techniques, that also maximize the mutual information between a skill

policy and the state that results from its execution.

2.7.4 Discovery using Meta-Learning

A major bene�t of learning options is that of reuse: options learned in one part of the

state-space could speed up learning in another (Taylor and Stone, 2009; Konidaris and

Barto, 2007). For example, the ability to walk, once acquired, can be transferred to many
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di�erent contexts. Some methods have tried to discover transferable options using meta

learning. MLSH (Frans et al., 2018) discovers a set of policies and trains them in a way that

will make them reusable across a pre-speci�ed task distribution (Nam et al., 2022; Gupta

et al., 2018; Fu et al., 2023). MODAC (Veeriah et al., 2021) uses meta-gradients (?Oh

et al., 2020) to do the same: an outer loop learns option pseudo-reward and termination

functions that an inner loop maximizes using traditional RL methods like policy gradients;

the outer-loop of the optimization proceeds based on reward maximization.

Meta-learning approaches have also sought to address the exploration question in

non-stationary and multi-task settings. When the agent �nds itself in a new environment,

can it leverage its past experiences to targetedly explore this new environment? This

problem is calledmeta-exploration in Beck et al. (2023). For example, when someone

is in a new house and they have to look for utensils, they begin their search from the

kitchen; similarly, we would like to create RL agents that can direct their exploration for

quick adaptation in new environments (Gupta et al., 2018). This is the motivation of

the Adaptive Agent (AdA) (Bauer et al., 2023) that uses meta-learning to train a policy

capable of quick adaptation in a massive task space (OEL Team et al., 2021). In AdA, a

higher-level policy uses curriculum learning approaches (such as prioritized level replay

(Jiang et al., 2021)) to pick tasks for a lower-level policy to achieve. Each sampled task,

which is equivalent to an option, is attempted by the lower-level policy for several trials,

until a new task is sampled by the high-level policy. A sequence-based model is used

to meta-learn across all the trials in that task; when a new task is sampled, the agent's

memory is reset. The result is a policy that learns how to explore in partially observable

environments: given a new, unseen task, the policy explores the uncertain parts of the

environment in earlier trials to exploit in later ones. AdA, and similar methods, do not

strictly \discover" the task/option space themselves: the space of possible tasks/options

is de�ned in the XLand simulator (OEL Team et al., 2021); however, this space has 1040

tasks, and if the agent randomly sampled tasks from that space, it would be unlikely
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to result in any learning progress. So, even though curriculum learning in such a vast

task/option space does not strictly satisfy the de�nition of discovery, it provides important

lessons for scaling option discovery to vast environments that bene�t from open-ended

learning.

Open Challenges. Meta-learning approaches have demonstrated abilities of transfer,

adaptation and meta-exploration|abilities that have been challenging to acquire using

other techniques. Furthermore, meta-learning via in-context learning (Dong et al., 2022;

Bauer et al., 2023; Raparthy et al., 2023) provides a scalable, and potentially simpler

way, to acquire these crucial capabilities. Existing meta-learning approaches rely on a

specialized multi-task formulation, with clear task boundaries and episodes. Methods

that lift these assumptions will be able to bring these capabilities to the more generic

single-task formulation: the environment is described as a single decision process, and the

agent 
exibly proposes and solves subtasks so that it may maximize rewards|neither

requiring explicit task boundaries (Humplik et al., 2019) nor a re-settable simulator (Xu

et al., 2020).

2.7.5 Option Discovery with Formal Guarantees

Many of the option discovery methods that we have discussed so far rely onproxy

objectives; these objectives include �nding bottleneck states, empowerment maximization,

more reliable composability, and so on. The intuition is that if the agent had options that

maximized these proxy objectives, it would unlock agent-level capabilities such as e�ective

exploration, credit assignment, or transfer. Indeed, these methods often show empirical

success in some scenarios, but the formal connection between these proxy objectives

and the overall objectives of the agent is unclear (Solway et al., 2014). For example,

options that target \bottleneck" states are empirically useful in some navigation tasks, but

what kind of performance can we expect from the same technique in an entirely di�erent

problem? In fact, several papers have shown that not all skills are created equal|that
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is, options that are perfectly suited for a particular task, might severely hurt agent-level

objectives in other tasks (Jong et al., 2008; Solway et al., 2014). To address this gap,

a class of methods|initiated by Solway et al. (2014)|has sought to discover options

with precise guarantees on agent-level objectives. These methods explicitly state the

performance criterion of the agent and then derive an algorithm that discovers options

with bounded loss on that criterion.

Planning. In the context of planning, the performance criterion of the agent can be

stated as minimizing planning time, which is the number of iterations of a planning

algorithm (like value iteration) needed to converge to the optimal value function. The

goal of option discovery in planning can be seen as �nding a set of options that minimizes

planning time. Jinnai et al. (2018) prove that this problem is NP-hard, even for deter-

ministic MDPs. They provide approximation algorithms with bounded suboptimality,

but these are only valid for tabular MDPs with \point options", which are options that

initiate and terminate in a single state respectively. While Jinnai et al. (2018) provides

options that bound the worst-case planing time in single-task settings,Average Options

(Ivanov et al., 2024) minimize the planning time averaged over a distribution of tasks.

More precisely, they consider tasks that di�er only in terms of their start and goal states

and seek to �nd options that reduce the expected cost of going betweenany two states in

the MDP. Unsurprisingly, they �nd that this problem is also NP-hard but by drawing

connections to the k-medians with penalties problem from graph-theory, they introduce

approximation algorithms for discovering options that provably minimize planning time in

multi-goal MDPs. Planning can also be sped up using options in the single-task setting:

Wan and Sutton (2022) present an option discovery algorithm that seeks options that

maximize reward{similar to option-critic (Harb et al., 2018){but reduces the number of

options available at di�erent states to reduce planning time.
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Exploration. In the context of exploration, Jinnai et al. (2019) formalize the perfor-

mance criterion of the agent as minimizing the number of steps needed for a policy to visit

every state (as a proxy for discovering some unknown reward). They show that this perfor-

mance criterion is related to the graph-theoretic property ofcover-time, which measures

the number of steps needed by a random walk to visit every edge in a graph. Although

�nding edges that minimize cover-time in a graph is NP-Hard, Jinnai et al. (2019) provide

an approximation algorithm that minimizes an upper-bound on the expected cover-time;

they do this by leveraging the graph Laplacian of the state transition matrix. This method

was later extended to continuous environments using deep learning-based approximations

of the graph Laplacian, further suggesting deep connections to the eigenoptions literature

(Machado et al., 2017, 2023; Klissarov and Machado, 2023).

Credit assignment. The problem of evaluating a policy can also be aided using options.

Bacon and Precup (2016) formally state this problem as that of �nding the set of options

that can achieve the �xed-point of the Bellman expectation equations in as few iterations

as possible. They �nd that the problem of discovering options that speed up policy

evaluation is equivalent to the problem of �nding a pre-conditioning matrix for solving

large systems of linear equations; in the same way that good pre-conditioning matrices

transform optimization problems into simpler ones, options transform MDPs into those

that have dynamics that permit faster policy evaluation. While they do not provide a

new option discovery algorithm, all methods that have been proposed for discovering a

good preconditioning matrix can be applied to discovering options that aid faster policy

evaluation.

Transfer. In the context of transfer, Solway et al. (2014) de�ne the optimal set of options

as those that maximize the e�ciency with which an agent can learn the optimal policy

for other, possibly unseen, set of tasks. They show that in this setting, optimal options

are those that maximize Bayesian model evidence under the distribution of tasks that the
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agent is expected to solve. Speci�cally, a hierarchy that maximizes model evidence, also

provably minimizes the geometric mean of number samples needed to �nd the optimal

policy for any task in the given task distribution. Brunskill and Li (2014) consider a

similar formulation of the option transfer problem: given interaction data from a set of

tasks, how can an agent learn options that minimize the sample complexity of learning

in a future stream of tasks? They �nd that this problem is at least as hard as the set

cover problem in Operations Research, and is thus also NP-Hard. They use a greedy

approximation algorithm for option discovery and evaluate it empirically in a tabular

MDP.

In summary, bringing formal guarantees into the option discovery pursuit is an impor-

tant direction of research, but one that is in the early stages of development and which

has not yet resulted in many scalable methods. One could imagine integrating several

such algorithms into a single agent so that it possesses di�erent options that specialize in

planning, exploration and credit assignment. This is di�erent from the approach taken in

this thesis, which de-emphasizes theoretical guarantees in favor of empirical scalability,

focusing on discovering options that are sequentially composable, useful for exploration

and amenable to planning.

2.8 Summary and Conclusions

The RL problem captures our overarching ambition of creating general-purpose agents

that can learn to achieve their goals and purposes via interaction with the environment.

Model-free RL provides a scalable way to learn behaviors in environments with complex

dynamics, but is sample ine�cient. By contrast, model-based RL algorithms make better

use of data because they leverage the power of planning. However, most model-based

algorithms attempt to learn a one-step model of the environment, which is untenable

because of the problem of errors compounding over time. Options (and other GVFs)

provide a way out of this problem, but useful options are not knowna priori and the
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agent has to discover them via interaction. While the option discovery question has often

been studied separately from the exploration question in RL, I view them as two sides of

the same coin: exploration must be in service of learning an abstract model of the world.

Subsequent chapters will shed further light on how options can be discovered in a way

that encourages exploration and enables e�ective planning via model-based RL.

39



CHAPTER 3

Option Discovery using Deep Skill

Chaining

How can agents autonomously construct useful skills via interaction with the environ-

ment? While a large body of work has sought to answer this question in small discrete

domains, skill discovery in high-dimensional continuous spaces remains an open problem.

An early approach to skill discovery in continuous-state environments was skill chaining

(Konidaris and Barto, 2009b), where an agent constructs a sequence of options that target

a salient event in the MDP (for example, the goal state). The skills are constructed so

that successful execution of each option in the chain allows the agent to execute another

option, which brings it closer still to its eventual goal. While skill chaining was capable

of discovering skills in continuous state spaces, it could only be applied to relatively

low-dimensional state-spaces with discrete actions.

We introduce a new algorithm that combines the core insights of skill chaining with

recent advances in using non-linear function approximation in reinforcement learning. The

new algorithm, deep skill chaining, scales to high-dimensional problems with continuous

state and action spaces. Through a series of experiments on �ve challenging domains in

the MuJoCo physics simulator (Todorov et al., 2012), we show that deep skill chaining
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can solve tasks that otherwise cannot be solved by non-hierarchical agents in a reasonable

amount of time. Furthermore, the new algorithm outperforms state-of-the-art deep skill

discovery algorithms (Bacon et al., 2017; Levy et al., 2019) in these tasks.

3.1 Method

Deep skill chaining (DSC) is based on the intuition that it is easier to solve a long-

horizon task from states in the local neighborhood of the goal. This intuition informs the

�rst step of the algorithm: create an option that initiates near the goal and reliably takes

the agent to the goal. Once such an option is learned, we create another option whose

goal is to take the agent to a state from which it can successfully execute the �rst option.

Skills are chained backward in this fashion until the start state of the MDP lies inside the

initiation set of some option. The inductive bias of creating sequentially executable skills

guarantees that as long as the agent successfully executes each skill in its chain, it will

solve the original task. More formally, skill chaining amounts to learning options such

that the termination condition � oi (st ) of an option oi is the initiation condition I oi � 1 (st )

of the option that precedes it in its chain.

Our algorithm proceeds as follows: at timet, the policy over options� O : st 2 S �!

o 2 O determines which option to execute (Section 3.1.2). Control is then handed over to

the selected optionoi 's internal policy � oi : s 2 S �! at 2 RjA j . � oi outputs joint torques

until it either reaches its goal (� oi := I oi � 1 ) or times out at its predetermined budgetT

(Section 3.1.1). At this point, � O chooses another option to execute. If at any point the

agent reaches the goal state of the MDP or the initiation condition of a previously learned

option, it creates a new option to target such a salient event. The machinery for learning

the initiation condition of this new option is described in Section 3.1.3. We now detail

the components of our architecture and how they are learned.
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3.1.1 Intra-Option Policy

Each option o maintains its own policy � o : s �! at 2 RjA j , which is parameterized by

its own neural networks� o. To train � o(s; � o), we must de�ne o's internal reward function.

In sparse reward problems,o is given a subgoal reward when it triggers� o; otherwise it is

given a step penalty. In the dense reward setting, we can compute the distance to the

parent option's initiation set classi�er and use that to de�ne o's internal reward function.

We can now treat learning the intra-option policy (� o) as a standard RL problem and

use an o�-the-shelf algorithm to learn this policy. Since in this work we solve tasks with

continuous action spaces, we use Deep Deterministic Policy Gradient (DDPG) (Lillicrap

et al., 2015) to learn option policies over real-valued actions.

3.1.2 Policy Over Options

Initially, the policy over options (� O ) only possesses one option that operates over a

single time step (T = 1). We call this option the global option(oG) since its initiation

condition is true everywhere in the state space and its termination condition is true only

at the goal state of the MDP (i.e,I oG (s) = 1 8s and � oG = 1 g). Using oG, � O can select

primitive actions. At �rst the agent continually calls upon oG, which uses its internal

option policy � oG to output exactly one primitive action. OnceoG triggers the MDP's

goal stateN times, DSC creates its �rst temporally extended option, thegoal option (og),

whose termination condition is also set to be the goal state of the MDP, i.e,� og = 1g.

As the agent discovers new skills, it adds them to its option repertoire and relies on� O

to determine which option (includingoG) it must execute at each state. UnlikeoG, learned

options will be temporally extended, i.e, they will operate overT > 1 time steps. If in

state st the agent chooses to execute optionoi , then oi will execute its own closed-loop

control policy (for � steps) until its termination condition is met (� < T ) or it has timed

out at � = T time steps. At this point, control is handed back to� O , which must now

choose a new option at statest+ � .
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Option selection : To select an option in statest , � O �rst constructs a set of admissible

options given by Equation 3.1.� O then chooses the admissible option that maximizes

its option-value function, as shown in Equation 3.2. Since the agent must choose from a

discrete set of options at any time, we learn its option-value function using Deep Q-learning

(DQN) (Mnih et al., 2015).

O0(st ) = f oi jI oi (st ) = 1 \ � oi (st ) = 0 ; 8oi 2 Og (3.1)

ot = arg max
oi � O0(st )

Q� (st ; oi ): (3.2)

Learning the option-value function : Given an SMDP transition (st ; ot ; r t :t+ � ; st+ � ),

we update the value of taking optionot in state st according to SMDP Q-learning update

(Bradtke and Du�, 1995). Since the agent learns Q-values for di�erent state-option pairs,

it may choose to ignore learned options in favor of primitive actions in certain parts of the

state-space (in the interest of maximizing its expected future sum of discounted rewards).

The Q-value target for learning the weights� of the DQN is given by:

yt =
�X

t0= t


 t0� t r t0 + 
 � � tQ� 0(st+ � ; arg max
o0� O0(st + � )

Q� (st+ � ; o0)) : (3.3)

Adding new options to the policy over options : Equations 3.1, 3.2 and 3.3 show

how we can learn the option-value function and use it for selecting options. However, we

must still incrementally add new skills to the network during the agent's lifetime. After

the agent has learned a new optiono's initiation set classi�er I o (we will discuss how this

happens in Section 3.1.3), it performs the following steps before it can addo to its option

repertoire:

ˆ To initialize o's internal policy � o, the parameters of its DDPG (� o) are set to the

parameters of the global agent's DDPG (� oG ). Subsequently, their neural networks

are trained independently. This provides a good starting point for optimizing� o,
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while allowing it to learn sub-problem speci�c abstractions.

ˆ To begin predicting Q-values foro, we add a new output node to �nal layer of the

DQN parameterizing� O .

ˆ We must assign appropriate initial values toQ� (s; o). We follow Konidaris and

Barto (2009b) and collect all the transitions that triggered� o and use the max

over these Q-values to optimistically initialize the new output node of our DQN.1

This is done by setting the bias of this new node, which ensures that the Q-value

predictions corresponding to the other options remain unchanged.

3.1.3 Initiation Set Classi�er

Central to the idea of learning skills is the ability to learn the set of states from which

they can be executed. First, we must learn the initiation set classi�er forog, the option

used to trigger the MDP's goal state. While acting in the environment, the agent's global

DDPG will trigger the goal state N times (also referred to as thegestation periodof the

option by Konidaris and Barto (2009b) and Niekum and Barto (2011)). We collect these

N successful trajectories, segment the lastK states from each trajectory and learn a

one-class classi�er around the segmented states. Once initialized, it may be necessary to

re�ne the option's initiation set based on its policy. We do so by executing the option

and collecting data to train a two-class classi�er. States from which option execution was

successful are labeled as positive examples. States from which option execution timed

out are labeled as negative examples. We continue this process of re�ning the option's

initiation set classi�er for a �xed number of episodes, which we call theinitiation period

of the option.

At the end of the initiation period, we �x the option's initiation set classi�er and add it

to the list of salient events in the MDP. We then construct a new option whose termination

1Using the mean Q-value is equivalent to performing Monte Carlo rollouts. Instead, we follow the
principle of optimism under uncertainty (Brafman and Tennenholtz, 2002) to select the max over the
Q-values.
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condition is the initiation classi�er of the option we just learned. We continue adding to

our chain of options in this fashion until a learned initiation set classi�er contains the

start state of the MDP.

3.1.4 Generalizing to Skill Trees

Our discussion so far has been focused on learning skill chains that extend from the

goal to the start state of the MDP. However, such a chain is not su�cient if the agent

has multiple start states or if we want the agent to learn multiple ways of solving the

same problem. To permit such behavior, our algorithm can be used to learn skills that

organize more generally in the form of trees (Konidaris and Barto, 2009b; Konidaris et al.,

2012). To demonstrate skill trees (and their usefulness), we consider a maze navigation

task, E-Maze, with distinct start states in Section 3.2.

3.1.5 Optimality of Discovered Solutions

Each option o's internal policy � o is is given a subgoal reward only when it triggers

its termination condition � o. As a result, � o is trained to �nd the optimal trajectory for

entering its own goal region. Naively executing learned skills would thus yield arecursively

optimal solution to the MDP (Barto and Mahadevan, 2003). However, since the policy

over options� O does not see subgoal rewards and is trained using extrinsic rewards only,

it can combine learned skills and primitive actions to discover a
at optimal solution � �

to the MDP (Barto and Mahadevan, 2003). Indeed, our algorithm allows� O to employ

discovered skills to quickly and reliably �nd feasible paths to the goal, which over time

can be re�ned into optimal solutions. It is worth noting that our ability to recover � � in

the limit is in contrast to feudal methods such as HAC (Levy et al., 2019) in which higher

levels of the hierarchy are rewarded for choosing feasible subgoals, not optimal ones.

To summarize, our algorithm proceeds as follows: (1) Collect trajectories that trigger

new option ok 's termination condition � ok . (2) Train ok 's option policy � ok . (3) Learn ok 's
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initiation set classi�er I ok . (4) Add ok to the agent's option repertoire. (5) Create a new

option ok+1 such that � ok +1 = I ok . (6) Train policy over options � O . Steps 1, 3, 4 and 5

continue until the MDP's start state is inside some option's initiation set. Continue steps

2 and 6 inde�nitely.

3.2 Experiments

We test our algorithm in �ve tasks that exhibit a strong hierarchical structure: (1) Point-

Maze (Duan et al., 2016), (2) Four Rooms with Lock and Key, (3) Reacher (Brockman

et al., 2016), (4) Point E-Maze and (5) Ant-Maze (Duan et al., 2016; Brockman et al.,

2016).

Four Rooms with Lock and Key : In this task, a point agent (Duan et al., 2016) is

placed in the Four Rooms environment (Sutton et al., 1999). It must pick up the key (blue

sphere in the top-right room in Figure 3.1(c), row 2) andthen navigate to the lock (red

sphere in the top-left room). The agent's state space consists of its position, orientation,

linear velocity, rotational velocity and a has key indicator variable. If it reaches the lock

with the key in its possession, its episode terminates with a sparse reward of 0; otherwise

it gets a step penalty of� 1. If we wish to autonomously discover the importance of the

key, (i.e, without any corresponding extrinsic rewards) a distance-based dense reward

such as that used in related work (Nachum et al., 2018) would be infeasible.

Point E-Maze : This task extends the benchmark U-shaped Point-Maze task (Duan

et al., 2016) so that the agent has two possible start locations - on the top and bottom rungs

of the E-shaped maze respectively. We include this task to demonstrate our algorithm's

ability to construct skill trees.
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(a) (b) (c)

Figure 3.1: (a) Learning curves comparing deep skill chaining (DSC), a 
at agent (DDPG)
and Option-Critic. (b) Comparison with Hierarchical Actor Critic (HAC). (c) the con-
tinuous control tasks corresponding to the learning curves in (a) and (b). Solid lines
represent median reward per episode, with error bands denoting one standard deviation.
Our algorithm remains the same between (a) and (b). All curves are averaged over 20
runs, except for Ant Maze which was averaged over 5 runs.
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(a) (b) (c) (d)

Figure 3.2: Initiation sets of options learned in the Lock and Key task. Blue sphere in
top-right room represents the key, red sphere in top-left room represents the lock. Red
regions represent states inside the initiation classi�er of learned skills, whereas blue/gray
regions represent states outside of it. Each column represents an option - the top row
corresponding to the initiation set whenhas key is false and the bottom row corresponding
to the initiation set when has key is true.

3.2.1 Comparative Analyses

We compared the performance of our algorithm to DDPG, Option-Critic and Hierar-

chical Actor-Critic (HAC), in the conditions most similar to those in which they were

originally evaluated. For instance, in the Ant-Maze task we compare against Option-Critic

under a dense-reward formulation of the problem while comparing to HAC under a

sparse-reward version of the same task. As a result, we show the learning curves compar-

ing against them on di�erent plots (columns (a) and (b) in Figure 3.1 respectively) to

emphasize the di�erence between the algorithms, the settings in which they are applicable,

and the way they are evaluated.

Comparison with DDPG and Option-Critic : Figure 3.1(a) shows the results of

comparing our proposed algorithm (DSC) with a 
at RL agent (DDPG) and the version

of Option-Critic designed for continuous action spaces (PPOC).2 Deep skill chaining

comfortably outperforms both baselines. Both DSC and DDPG use the same exploration

2PPOC author's implementation: https://github.com/mklissa/PPOC
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strategy in which at = � � (st ) + � t where � t � N (0; � t ). Option-Critic, on the other

hand, learns a stochastic policy� � (at jst ) and thus has baked-in exploration (Sutton

and Barto, 2018, Ch. 13), precluding the need for additive noise during action selection.

We hypothesize that this di�erence in exploration strategies is the reason Option-Critic

initially performs better than both DDPG and DSC in the Reacher and Point E-Maze

tasks.

Comparison with Hierarchical Actor-Critic : We compare our algorithm to

Hierarchical Actor-Critic (HAC) (Levy et al., 2019), which has recently outperformed

other hierarchical reinforcement learning methods (Nachum et al., 2018; Vezhnevets et al.,

2017) on a wide variety of tasks.3 A noteworthy property of the HAC agent is that it

may prematurely terminate its training episodes to prevent 
ooding its replay bu�er with

uninformative transitions. The length of each training episode in DSC however, is �xed

and determined by the test environment. Unless the agent reaches the goal state, its

episode lasts for the entirety of its episodic budget (e.g, this would be 1000 timesteps in

the Point-Maze environment). Thus, to compare the two algorithms, we perform periodic

test rollouts wherein all networks are frozen and both algorithms have the same time

budget to solve the given task. Furthermore, since both DSC and HAC learn deterministic

policies, we set� t = 0 during these test rollouts. When comparing to HAC, we perform 1

test rollout after each training episode in all tasks except for Ant-Maze, where we average

performance over 5 test rollouts every 10 episodes.

Figure 3.1(b) shows that DSC outperforms HAC in all environments except for Four

Rooms with a Lock and Key, where their performance is similar, even though DSC does

not use Hindsight Experience Replay (Andrychowicz et al., 2017) to deal with the sparse

reward nature of this task.
3HAC author's implementation: https://github.com/andrew-j-levy/Hierarchical-Actor-Critc-HAC-
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3.2.2 Interpreting Learned Skills

Figure 3.2 visualizes the initiation set classi�ers of options discovered by DSC in Four

Rooms with a Lock and Key. Despite not getting any extrinsic reward for picking up the

key, DSC discovers the following skill chain: the options shown in Figure 3.2 columns (c)

and (d) bring the agent to the room with the key. The option shown in column (b) then

picks up the key (top row) and then takes the agent to the room with the lock (bottom

row). Finally, the option in column (a) solves the overall problem by navigating to the

lock with the key.

Figure 3.3 shows that DSC is able to learn options that induce simple, e�cient policies

along di�erent segments of the state-space. Furthermore, it illustrates that in some states,

the policy over options prefers primitive actions (shown in black) over learned skills. This

suggests that DSC is robust to situations in which it constructs poor options or is unable

to learn a good option policy in certain portions of the state-space. In particular, Figure

3.3 (d) shows how DSC constructs a skill tree to solve a problem with two distinct start

states. It learns a common option near the goal (shown in blue), which then branches o�

into two di�erent chains leading to its two di�erent start states respectively.

3.3 Discussion and Conclusion

Deep skill chaining breaks complex long-horizon problems into a series of sub-problems

and learns policies that solve those sub-problems. By doing so, it provides a signi�cant

performance boost when compared to a 
at learning agent in all of the tasks considered

in Section 3.2.

We show superior performance when compared to Option-Critic, the leading framework

for option discovery in continuous domains. A signi�cant drawback of Option-Critic

is that it assumes that all options are executable from everywhere in the state-space.

By contrast, deep skill chaining explicitly learns initiation set classi�ers. As a result,
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(a) Point-Maze (b) Four-Rooms (c) Ant-Maze (d)
E-Maze

Figure 3.3: Solution trajectories found by deep skill chaining. Sub-�gure (d) shows two
trajectories corresponding to the two possible initial locations in this task. Black points
denote states in which� O chose primitive actions, other colors denote temporally extended
option executions.

learned skills specialize in di�erent regions of the state-space and do not have to bear the

burden of learning representations for states that lie far outside of their initiation region.

Furthermore, each option in the Option-Critic architecture leverages the same state-

abstraction to learn option-speci�c value functions and policies, while deep skill chaining

permits each skill to construct its own skill-speci�c state-abstraction (Konidaris and

Barto, 2009a). An advantage of using Option-Critic over DSC is that it is not con�ned to

goal-oriented tasks and can work in tasks which require continually maximizing non-sparse

rewards.

Section 3.2 also shows that deep skill chaining outperforms HAC in four out of �ve

domains, while achieving comparable performance in one. We note that even though HAC

was designed to work in the multi-goal setting, we test it here in the more constrained

single-goal setting. Consequently, we argue that in problems which permit a stationary

set of target events (like the ones considered here), deep skill chaining provides a favorable

alternative to HAC. Furthermore, HAC depends on Hindsight Experience Replay (HER)

to train the di�erent layers of their hierarchy. Deep skill chaining shows the bene�ts of

using hierarchies even in the absence of such data augmentation techniques but including

them should yield additional performance bene�ts in sparse-reward tasks.
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A drawback of deep skill chaining is that, because it builds skills backward from the goal,

its performance in large state-spaces is dependent on a good exploration algorithm. We

used the naive exploration strategy of adding Gaussian noise to chosen actions (Lillicrap

et al., 2015; Fujimoto et al., 2018) since the exploration question is orthogonal to the

ideas presented here. The lack of a sophisticated exploration algorithm also explains the

higher variance in performance in the Point-Maze task in Figure 3.1. Combining e�ective

exploration (Machado et al., 2018c; Jinnai et al., 2020) with DSC's high reliability of

triggering target events is a promising avenue for future work.

We presented a new skill discovery algorithm that can solve high-dimensional goal-

oriented tasks far more reliably than 
at RL agents and other popular hierarchical methods.

To our knowledge, DSC is the �rst deep option discovery algorithm that does not treat

the number of options as a �xed and costly hyperparameter. Furthermore, where other

deep option discovery techniques have struggled to show consistent improvements over


at agents in the single task setting (Zhang and Whiteson, 2019; Smith et al., 7 15; Harb

et al., 2018; Klissarov et al., 2017), we show the bene�ts of hierarchies for solving such

challenging problems.
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CHAPTER 4

Robustly Learning Composable

Options in Deep Reinforcement

Learning

Hierarchical approaches succeed by allowing the agent to sequentially execute high-level

actions. This intuition has led to several skill-discovery algorithms that explicitly satisfy

the composability objective: executing one skill takes the agent to a state where it can

execute another. Such algorithms are widespread in the literature; from control-theory

(Lyapunov, 1992; Burridge et al., 1999; Tedrake, 2009), to robotics (Lozano-Perez et al.,

1984; Kaelbling and Lozano-P�erez, 2017), to the online (Randl�v et al., 2000; Konidaris

and Barto, 2009b; Shoeleh and Asadpour, 2017; Bagaria and Konidaris, 2020b) and batch

RL (Singh et al., 2020) settings.

Even when skills are not explicitly constructed to be sequentially executable, they

must eventually be sequenced to solve goal-directed tasks (Sharma et al., 2020c; Frans

et al., 2018). Additionally, skills that can be reliably sequenced can support abstract,

high-level planning (Konidaris et al., 2018).
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The core di�culty that arises when discovering composable skills is that ofnon-

stationary subgoals. Skill-discovery algorithms that explicitly optimize for composability

must learn the regions (calledinitiation sets (Sutton et al., 1999)) from which each skill

can be successfully executed. To construct sequentially executable skills, the initiation

set of one skill becomes the subgoal of a new skill (Konidaris and Barto, 2009b). These

initiation sets are constantly changing as the agent learns, causing the target (and therefore

reward function) of successive skills to also change over time, destabilizing composability

and complicating learning.

We propose three methods to combat this problem. First, we propose to stabilize learned

initiation sets using a dual-classi�er approach. An optimistic classi�er determines when

the agent can execute the skill, which encourages exploration. Meanwhile, a pessimistic

classi�er is used as a subgoal target, which is likely to grow but unlikely to shrink, leading

to stable chains. Next, to create skill policies that are robust to non-stationary subgoals,

we propose to use goal-conditioned policies (Schaul et al., 2015) for each skill. Such

policies are robust to subgoal changes because they can always be re-targeted towards a

state in the new subgoal region. Finally, while the majority of skill-discovery work has

been model-free, we show that using model-based RL to learn skill policies leads to a

substantially more robust skills.

To evaluate our proposed changes, we consider four sparse-reward continuous control

problems in MuJoCo (Todorov et al., 2012). Compared to a 
at model-free solution

(Fujimoto et al., 2018; Andrychowicz et al., 2017), our agent achieves at least two orders

of magnitude better sample e�ciency. While a 
at model-based solution (Nagabandi

et al., 2018) is unable to solve any of the problems considered in this paper, our model-

based hierarchy solves them with relative ease. Finally, our agent achieves at least a 5�

improvement in sample-e�ciency over a state-of-the-art skill-discovery algorithm (Bagaria

and Konidaris, 2020b).
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4.1 Robustly Learning Composable Options

Figure 4.1: The non-stationary subgoal problem: (a) an agent has two optionso1; o2 such
that o2 targets I o1 and o1 targets goalg; Eo2 is the next state distribution of � o2 . (b) If
I o1 shrinks, executingo2 no longer allows the agent to executeo1 (sinceEo2 6� I o1 ). (c)
This causes� o2 to shift forward, which invalidates the previous policy� o2 , which in turn
causesI o2 to shrink.

The core di�culty in learning composable options is that, during learning, all three

components (I o; � o; � o) of every option are simultaneously in 
ux. This di�culty is

compounded by the relationship between the initiation region of one option and the

subgoal region of another|changes to one option's initiation region changes another's

subgoal, in turn changing its own policy and initiation region. These changes cascade to

downstream options, propagating instability and causing chains of composable options to

become unreliable or even break. This situation|which can happen whenever composable

options are being learned simultaneously|is illustrated in Figure 4.1.

To ameliorate this di�culty, which we call nonstationary subgoals, we propose to

robustify the learning process of all three option components. First, we propose a two-

classi�er representation of the initiation region that provides a stable subgoal target while

encouraging exploration. Second, we use hindsight-experience replay to learn a generalized

policy that enables us to target subgoal states that maximize the probability of being

able to execute the successor option. Finally, to manage the di�culty of learning so many

functions in parallel, we leverage the higher stability of model-based RL methods to learn

more robust option policies.
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4.1.1 Dual Initiation Classi�ers to Avoid Shrinkage

Previous approaches learned a single binary classi�er to representI o for each optiono

in the skill chain. If the option execution succeeds (i.e, the agent reaches� o), it adds a

new positive example for further re�ningI o. Since the positive example is from a region

already inside the classi�er, a successful execution leaves the classi�er's decision boundary

largely unchanged. Alternatively, if the option execution fails to reach� o, the agent gets a

negative example for the next training iteration ofI o. Since this negative example comes

from a region inside the classi�er, it often shrinks the initiation region over time, with no

opportunity to expand.

To avoid this issue, we propose a dual-classi�er parameterization ofI o|representing

it using both optimistic and pessimistic classi�ers. The pessimistic classi�er represents

the states from which we are highly con�dent that option execution will succeed, and

so is a stable region for other options to target. However, if the agent could only ever

choose to execute the option from inside this classi�er, exploration would be hindered

because the option would be prevented from expanding to new regions. To encourage

exploration outside the pessimistic region, we also use an optimistic classi�er to represent

states where the agent can choose to execute the option. Eventually, the two classi�ers

should converge to approximate the \true" initiation region of the option.

Many techniques could be used to learn these two classi�ers; we learn the optimistic

classi�er using a two-class SVM (Cortes and Vapnik, 1995) and the pessimistic classi�er

using a one-class SVM (Tax and Duin, 1999).

4.1.2 Robust Subgoals via Goal State Selection

We next turn to termination regions. The \chainability" of options oi and oj implies

that the subgoal region� oi is a subset of the initiation regionI oj . As I oj is re�ned

over time, the subgoal region� oi also changes, and consequently, so does the option's

terminating reward. Since learning is highly sensitive to even small changes in the reward
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Ant-Reacher Ant U-Maze Ant Four-Rooms Ant Large-Maze

Figure 4.2: Maze navigation problems used to test our algorithm. These tasks require
that the agent simultaneously learn good gait policies that stabilize the \ant" robot and
navigate to a distant goal in the presence of unknown obstacles.

function (Packer et al., 2018), this creates instability in learning� oi . DSC (Bagaria and

Konidaris, 2020b) mitigates this issue by freezingI oj after a �xed number of learning

iterations, which can lead to the agent being stuck with poor estimates ofI oj that hinder

reliable skill composition.

Nevertheless, an option's subgoal region will unavoidably change continually as its

target option re�nes its initiation classi�er. To be robust to changes in� o, we propose to

make each option policy more 
exible: rather than a �xed policy� o, each option learns a

goal-conditioned policy� o(sjg) using hindsight experience replay (HER). By conditioning

the option policy � o on goals sampled from� o, and postponing selectingg until option

execution time, the agent learns a policy robust to non-stationarity in� o.

The goal-conditioned option policy strategy necessitates a strategy for sampling subgoal

states from� o. We propose optimizing two objectives for choosing subgoal states: (a)

robustness and (b) hierarchical optimality.

Selecting Subgoal States for Robustness

Each option policy is rewarded for reaching its termination region; from its own

perspective, all states in its termination region are equally rewarding. However, for a

subsequent optiono, some start states are better than others. How can we pick a subgoal

for one option so that we increase the probability that a successive option execution will

succeed?
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One way is to evaluate the probability of every positive example ofo succeeding (by

querying the probabilistic classi�er representingI o), but that becomes computationally

very expensive as the agent gathers experience. Instead, we use the simple heuristic that,

over time, the agent will learn to execute the option from reliable start states, and simply

sample from the set of positive examples used to trainI o.

Selecting Subgoal States for Hierarchical Optimality

The method above results in feasible trajectories that are, at best,recursively optimal

(Barto and Mahadevan, 2003). We would prefer to pick subgoals for each option in the

skill-chain so that the overall solution trajectory is approximatelyhierarchically optimal

(Barto and Mahadevan, 2003).

To select such subgoals, we �rst store the stateŝ� o in which each optiono triggered

� o. Then, we use dynamic programming (DP) to distribute the value of reaching the

MDP's goal g to all the �̂ os along the skill chain. This results in a value table~Q :

S � S ! R that can be used to pick a subgoalsg for the current option ot from state

st : sg = arg maxs2 �̂ ot

~Q(st ; s). The quality of the resulting sub-goals depends on how

well �̂ o approximates� o. If it is a perfect approximation, this DP algorithm yields the

hierarchically optimal solution; otherwise, it yields a near-optimal solution.

4.1.3 Learning Robust Option Policies

Finally, we consider the third component of an option: its policy. Given the number of

components simultaneously being learned in hierarchical algorithms, policy learning must

be highly stable for the agent to succeed. Although model-free methods are commonplace

for learning option policies, model-based methods are often more stable and sample-e�cient

(Deisenroth and Rasmussen, 2011).

We therefore propose learning option policies using model-based RL. We follow Naga-

bandi et al. (2018) to learn a dynamics modelf � . However, Equation their search method is

58



insu�cient for good action-selection in sparse reward problems. So, we solve the following

in�nite-horizon optimization problem and then execute the �rst action (Lowrey et al.,

2019):

� (sjg) = arg max
a2U j A j

HX

t=1


 t � 1R(st ; g) + 
 H V� (sH jg): (4.1)

We follow the same procedure as the model-free variant of our algorithm to learn the

terminal value function V� .

4.2 Experiments

Our experiments aim to answer the following questions: 1) do the proposed improve-

ments increase the probability with which a sequence of options can be successfully

composed? 2) Does the subgoal selection algorithm approximate hierarchically opti-

mal trajectories? 3) How does the proposed algorithm compare to 
at RL and other

skill-discovery algorithms?

To answer these questions, we use a test-bed comprising four continuous-control maze-

navigation tasks (shown in Figure 5.3) involving an \ant" robot simulated using MuJoCo

(Todorov et al., 2012; Duan et al., 2016; Fu et al., 2020).

Sparse vs Dense Rewards. Dense reward functions, although commonplace in RL,

are often problematic because they demand cumbersome engineering (Yu et al., 2020),

can lead to sub-optimal solutions (Ng et al., 1999) or reduce the problem so much that

simple search might outperform RL (Mania et al., 2018). Since hierarchies are a promising

way to address the challenges of sparse rewards, we evaluate all algorithms in the sparse

reward setting.
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4.2.1 Implementation Details

We use TD3 (Fujimoto et al., 2018) and HER to learn goal-conditioned value functions

in all our experiments. Transitions seen by all options were used to train a single dynamics

model f � , critic V� , and actor � � . V� and � � were used for selecting actions in the model-

free case. OnlyV� from TD3 was used in the model-based case, where we approximately

solved Equation 4.1 for action-selection.

4.2.2 Evaluating Robustness

We �rst evaluate whether the proposed changes increase the composability of discovered

options, by measuring the robustness of skill-chains constructed in Ant U-Maze. We

measure the robustness of a sequence of options as the probability that executing each

option would take the agent to a state from which it could successfully execute the next

option (until it �nally reaches the goal). We call this the chaining probability:

pchain (o1; :::; oN ) =
NY

i =1

p(si � � oi � 1 2 I oi ); (4.2)

wherep(si � � oi � 1 2 I oi ) represents the open-loop probability that the agent will be able

to executeoi after executing optionoi � 1. We approximate each probability term by the

empirical \success rate" of the option:

p(si � � oi � 1 2 I oi ) �
# successes(oi � 1)
# executions(oi � 1)

;

where #successes(oi � 1) is the number of times option� oi � 1 was able to reach its subgoal

� oi � 1 .

We ablate our proposals by comparing the robustness of the following versions of our

algorithm:

1. Baseline DSC: The deep skill chaining algorithm from Bagaria and Konidaris (2020b)

60



Figure 4.3: Comparing the robustness of skill chains discovered in the Ant U-Maze domain.
For a description of the \chain probability" metric, please refer to Section 4.2.2. Vertical
axis in log-scale; curves are averaged over 5 runs; shaded regions denote standard error.

that we aim to improve.

2. Dual Classi�ers: We add the dual classi�er approach from Section 4.1.1 to the

baseline DSC.

3. MF-Robust-DSC: We add goal-conditioned policies to (2); this is the model-free

version of the algorithm from Section 4.1.2.

4. MB-Robust-DSC: We add model-based policies to (3); this is the version of the

algorithm from Section 4.1.3.

Results. Figure 4.3 shows that each of our proposals successively increases the robustness

of the discovered skill-chain. The shape of the curves warrants discussion: as the agent

discovers new options, its chain probability, at �rst, decreases. This is for two reasons: (a)

more terms between 0 and 1 are included in the product of Equation 4:2 and (b) when

initialized, option policies are not strong enough to reach their subgoals. Over time, two

factors are responsible for the increasing trend: (a) the agent has discovered as many

options as it needs to solve the problem, at which point no more terms are added to
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Figure 4.4: DSC trajectories (only the coordinates of the CoM are visualized) in Ant-
Reacher when selecting subgoals(left) for robustness and(middle) using our dynamic
programming algorithm. (right) When using DP, the agent scores better average reward
(averaged over 5 runs; bars represent standard error; higher is better).

the product and (b) each option's policy improves. Finally, the small absolute values

on the vertical axis is due to the metric being an open-loop probability|we report the

closed-loop success rate of the algorithm later in Section 4.2.4.

4.2.3 Evaluating Hierarchical Optimality

To compare the two subgoal selection strategies outlined in section 4.1.2, we ran

the model-based variant of our algorithm on the Ant-Reacher domain. The goal state

corresponds to the center of mass (CoM) of the ant being at (0; 0); the starting position of

the ant is sampled uniformly from (� 10; 10). The learned initiation classi�ers tended to

lie in approximately concentric circles around the goal state (shown in Figure 4.5). After

both algorithm variants were trained for 1000 episodes, they were evaluated on how many

steps it would take them to reach the goal when starting in the four corners of the domain

f (� 9; � 9)g.

Results. Robust subgoal selection often yielded subgoal states on the \other side" of

the goal|if the robot was on the bottom-left of the domain, it could pick a subgoal closer

to the top-right. This led to the sub-optimal trajectories shown in Figure 4.4a, where the

ant would often over-shoot the goal. By contrast, the dynamic programming procedure

picked subgoal states that were always between the agent's current state and the overall
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Episode 10 Episode 100 Episode 1000

Figure 4.5: Initiation regions learned for the option that drives the agent to the goal
state (visualized as a star in the center of each plot) in Ant-Reacher. The horizontal and
vertical axes represent thex; y positions of the ant's CoM. The top row visualizes the
classi�ers learned by the baseline DSC algorithm; the bottom row corresponds to the
Robust DSC algorithm. In the bottom row, the optimistic classi�er is visualized in dark
red, the pessimistic classi�er as the black contour lines. The Robust DSC agent learns a
bigger initiation region, which implies larger goal regions for successive options, thereby
making their policy learning process easier.

goal|leading to much more sensible, and approximately hierarchically optimal, solution

trajectories (Figure 4.4b). Figure 4.4c shows that the agent using our DP algorithm for

picking subgoals collected higher average rewards, further suggesting smoother overall

trajectories to the goal.

4.2.4 Learning Curves

Our �nal experiment compares the following algorithms on ant U-maze, large-maze

and four-rooms:

1. Flat model-free baseline: we used TD3+HER (Fujimoto et al., 2018; Andrychowicz

et al., 2017) as a 
at model-free baseline, since it is a state-of-the-art method for

continuous control (we used the same algorithm to learn our model-free option

policies).

2. Flat �nite-horizon model-based baseline: we used the model-based algorithm from
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Figure 4.6: Average success rate in sparse-reward ant-navigation problems. Shaded regions
denote standard error (averaged over 5 runs). The black dashed line in the leftmost subplot
is the success rate of the 
at model-free baseline after 12; 000 episodes of training. In the
middle and rightmost subplots, the green line is hidden below the red one.

Nagabandi et al. (2018) as our 
at model-based baseline (we used the same algorithm

to learn our model-based option policies).

3. Flat in�nite-horizon model-based baseline: given that our problems are sparse-

reward, we augment the model-based baseline with TD3, which is used to learn a

value function that informs action-selection (Equation 4.1).

4. Deep skill chaining (DSC): DSC is our HRL baseline, because we extend DSC and

it outperformed other skill-discovery methods (Bagaria and Konidaris, 2020b).

5. Model-Free DSC++ (ours): the model-free variant of our algorithm described in

Section 4.1.2.

6. Model-based DSC++ (ours): the model-based variant of our algorithm described in

Section 4.1.3.

We report the \average success rate" metric from Andrychowicz et al. (2017). Every 10

episodes, we ran the algorithm from a �xed start position (0; 0), checking if it could reach

the goal within 1000 steps. Due to its simplicity, we use the robust subgoal selection

algorithm from Section 4.1.3 for rolling out our goal-conditioned option policies.
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