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Abstract of Optimistic Exploration for Deep Reinforcement Learning, by Sam Lobel,

Brown University, May 2026.

Reinforcement learning agents face a challenge unique within machine learning: they

must gather their own training data. However, the most informative parts of many

environments are quite hard to reach. This makes strategic exploration critical to solve

challenging RL problems, especially those with only a sparse reward signal. In tabular

settings, “optimism in the face of uncertainty” provides a principled framework for

exploration, driving agents to investigate unknown parts of the world by assuming they

may be highly valuable. But applying these ideas in large domains requires adapting

them to the deep reinforcement learning setting, where it is challenging both to measure

uncertainty and to enforce optimism in its face. In this thesis, I develop new methods

for quantifying novelty in high-dimensional observation spaces, refine existing theoretical

bounds on how uncertainty affects value estimation, and apply the insights from this

bound to construct more accurate optimistic value functions in deep reinforcement learning.

Taken together, these contributions substantially advance our understanding of how to

optimistically explore with modern deep reinforcement learning systems.
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CHAPTER 1

Introduction

Reinforcement learning is the study of learning to interact, through interaction. As

such, the two key differences between reinforcement learning and other types of machine

learning are as follows: the agent must collect its own training data, and the choices an

agent makes now influence which parts of the environment it visits in the future. With

the wrong choice of interaction strategy, the agent may never gather the type of useful

data it requires to actually learn to solve the task at hand. This is the key challenge in

so-called hard exploration problems, where parts of the environment are challenging to

reach by chance, or the task only has a sparse reward signal to guide learning progress. In

these settings, an agent must engage in directed exploration to make meaningful learning

progress.

In simple tabular problems, efficient exploration is well understood and primarily

done through optimism in the face of uncertainty, or optimistic exploration. In short,

by assuming that unknown parts of the environment are highly valuable, the agent is

incentivized to explore them. By visiting these areas, the agent reduces the uncertainty

around them, and may discover highly rewarding parts of the environment. Key to this

strategy is ensuring that the optimistic estimate of value is, with high likelihood, greater

than the true value under the optimal policy.
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This thesis ports ideas from tabular reinforcement learning to do better exploration in

the deep reinforcement learning setting. First, I introduce an effective way to quantify

novelty in the high-dimensional setting, generalizing the idea of count-based bonuses

to the deep reinforcement learning setting. Next, I interrogate whether bonus-based

exploration is the correct choice for optimistic exploration. I derive an improved bound

for the simulation lemma, a foundational result in reinforcement learning, which better

quantifies how uncertainty can influence value functions. This improvement comes from

more carefully reasoning about how a misspecified transition function interacts with the

process of value iteration. Motivated by this result, I demonstrate an improvement to

bonus-based exploration that uses the same novelty estimates to create more accurate

optimistic value functions. I present a general optimistic framework based on this update

rule along with results demonstrating improvement in a suite of challenging continuous

control exploration problems. Taken together, this work advances our understanding of

how to instantiate optimistic exploration in the deep reinforcement learning context.
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CHAPTER 2

Background and Related Work

The general aim of this thesis is to investigate how we can produce interactive agents

that self-motivate discovery of the world around them. We do this using the formalism

of reinforcement learning, a general framework for describing sequential decision-making

tasks. I begin by describing the basics of reinforcement learning, and then move on to

introduce optimistic exploration as a method for intrinsic motivation.

2.1 Reinforcement Learning

Reinforcement learning (Sutton and Barto, 2018) is a conceptual framework that can

be used to describe a variety of decision-making problems. The three central components

of reinforcement learning are the agent, the environment, and the task. The agent is the

decision-making component of reinforcement learning. Given its history of interaction

with its environment, an agent performs actions that in turn influence the environment in

which it resides. We refer to the method by which an agent selects actions as its policy, π.

The environment is the part of the decision process that evolves according to its internal

state as well as the agent’s chosen actions.

The task in reinforcement learning is represented by a reward signal: the environment

3



Figure 2.1: The agent-environment interaction loop. The agent observes the world, and
chooses an action according to its internal policy with which to interact with the world.
The agent’s performance is measured by J , the discounted cumulative return.

and the agent’s actions together determine the magnitude of this reward. The interactive

process of environment, task, and agent is detailed in Figure 2.1. The general goal of

reinforcement learning is to learn a policy that performs a given task effectively, meaning

it collects a large amount of reward throughout its environmental interactions. There are

multiple ways to measure the quality of a policy given the expected trajectory of rewards;

a common approach is to geometrically discount rewards by how far in the future they

appear. Thus, the quality of a policy can be measured by its expected return as follows:

Gπ = E

[
∞∑
t=0

γtrt

]
,

where t is the timestep at which each reward rt is received, and γ ∈ [0, 1] controls the

agent’s preference between short and long-term rewards. In reinforcement learning, the

aim of learning is generally to produce an agent with a policy that achieves the highest

possible return. As specified so far, there are many forms that an environment, an agent,

and a task can take; we next describe the Markov Decision Process, which is a common

setting for creating and analyzing reinforcement learning algorithms.
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2.1.1 Markov Decision Process

TheMarkov Decision Process (MDP) is a simple and widespread formulation of decision

processes used in reinforcement learning. A MDP is defined as a tuple ⟨S,A, R, T, γ⟩. S

is the state space, which in the MDP framework is the set of all possible observations

an agent can make. A is the action space, the set of all possible actions an agent can

take. T : S ×A → ∆S is the transition function: given a state and action, the transition

function determines the distribution of states the environment will transition to next.

R : S × A → R is the reward function: given a state and action, the reward function

produces a scalar quantity. As stated above, γ is a discount factor that determines an

agent’s time-preference over future rewards. In this thesis, we consider the discrete-time

MDP formulation, where at each timestep t the agent observes the environment state st

and chooses an action at, resulting in a reward rt and a new state st+1.

As implied by its name, the transition and reward functions in an MDP satisfy the

Markov property: the current state and action are sufficient statistics of the transition

and reward functions. Thus, an agent’s history of interactions provides no extra useful

information for predicting future transitions and returns. Formally:

T (st+1|st, at) = Pr(st+1|st, at) = Pr(st+1|s0, a0, ...st, at),

and similarly

R(st, at) = R(s0, a0, ...st, at).

Likewise, in the MDP framework it is generally sufficient to consider reactive policies,

where the actions an agent chooses are purely a function of its most recent state. Since

transitions and rewards are functions of only the most recent state and actions, knowledge

of past states and actions has no bearing on future returns.

5



2.1.2 Value Functions and Q Functions

When considering a Markov Decision Process and reactive policies, the current state is

likewise a sufficient statistic of future return. Thus, we can faithfully refer to the expected

value of a given state under a policy:

V π(s) = E

[
∞∑
t=0

γtrt|s0 = s, at ∼ π(st)

]
.

This is known as the value function. Similarly, the Q-function is the expected value of

taking some action a from state s, and afterwards following the policy π:

Qπ(s, a) = E

[
∞∑
t=0

γtrt|s0 = s, a0 = a, at ∼ π(st)

]
.

From the concept of value functions, we can construct an important definition, that of

an optimal policy. An optimal policy, π∗, is a policy that, for all states, achieves at least

as high value as all other policies:

∀π, s : V π∗
(s) ≥ V π(s); ∀π, s, a : Qπ∗

(s, a) ≥ Qπ(s, a).

Under the Markov assumption, both V and Q admit helpful recursive definitions:

V π(s) = Ea∼π(s)

[
R(s, a) + γ

∑
s′

T (s′|s, a)V (s′)

]
and

Qπ(s, a) = R(s, a) + γ
∑
s′

T (s′|s, a)Ea′∼π(s′)[Q(s′, a′)].

In words, the current value is equal to the immediate reward, plus the discounted

future value. The above two relations of Q-functions and value functions are known as the

Bellman equation (Bellman, 1966), and suggest forms of recursive improvement, known as

6



bootstrapping, where an inaccurate Q or value function can be made more precise with

knowledge of the environment. While other methods for training reinforcement learning

algorithms exist, such as policy gradient and policy search methods, this thesis largely

focuses on methods based on the Bellman equation, such as value iteration and temporal

difference (TD) methods (Sutton, 1988).

2.1.3 Value Iteration and Model-Based Reinforcement Learning

The Bellman equation can be used to learn an optimal policy, either through interactive

data or a model of the environment. A simple strategy for deriving a policy from a

Q-function is choosing the action with the highest Q-value:

πQ(s) = argmax
a

Q(s, a),

or the equivalent when using value functions:

πV (s) = argmax
a

[
R(s, a) + γ

∑
s′

T (s′|s, a)V (s′)
]
.

With direct access to T and R, we can perform value iteration:

Vk+1(s) = max
a

[
R(s, a) + γ

∑
s′

T (s′|s, a)Vk(s
′)
]

= V πVk+1
(s).

In the simplest reinforcement learning setting, tabular MDPs (to be expanded upon later),

value iteration is guaranteed to produce the optimal policy:

lim
k→∞

πVk = π∗.

As stated above, value iteration requires access to the true generative models of T and R.

When the above procedure is instead performed using learned estimates of T and R, it is

called model-based reinforcement learning.
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2.1.4 Q-Learning and Model-Free Reinforcement Learning

Reinforcement learning methods that do not explicitly construct estimates of T and R

are called model-free reinforcement learning. For example, in Q-learning (Watkins and

Dayan, 1992), a Q function is updated using data sampled from interacting with the

environment, without constructing a proxy model of T and R. Let Qk be the Q-function

after k interactive steps, sk be the current state, ak be the current action (not necessarily

selected from a specific policy), and let sk+1 be the result of taking action ak from state

sk. α is the step size, which possibly varies with k. Then, we can update the Q function

as follows:

Qk+1(sk, ak) = (1− α)Qk(sk, ak) + α
(
R(sk, ak) + γmax

a′
Q(sk+1, a

′)
)
. (2.1)

Under certain assumptions on α, and provided that each of the finitely-many state-

actions is visited/chosen infinitely many times, this converges to the optimal Q-function:

lim
k→∞

πQk = π∗.

Since Q-learning generates value estimates without at any point constructing an explicit

model of T or R, it is known as a model-free reinforcement learning method. Furthermore,

since it can be trained with data from any policy (provided the above assumptions are

satisfied), it is also an off-policy reinforcement learning algorithm.

Now that we have introduced the building blocks of reinforcement learning, we proceed

to discuss efficient instantiations of these ideas in tabular reinforcement learning.
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2.2 Tabular Reinforcement Learning

The simplest settings for reinforcement learning are so-called tabular environments. In

a tabular MDP, the state and action spaces are finite and enumerable. Thus, all relevant

quantities such as reward functions, transition functions, Q-functions, value functions,

and policies can be stored in a simple table that maps states and actions to the relevant

quantity. Furthermore, in the most general case the transition and reward functions are

unstructured : learning about one state’s transition function does not tell you anything

about another state’s transition function. This is in contrast to the intuitive definition of

state, perhaps defined by an agent’s position and velocity, in which there is some concept

of locality and generalization between neighboring states. Because of their simplicity,

tabular environments are amenable to theoretical analysis. Algorithms developed within

this framework are interesting in their own right, and provide intuition on the interactive

learning process in more complicated domains.

2.2.1 Probably-Approximately Correct

What does it mean to learn efficiently? The Probably-Approximately Correct (PAC)

framework provides a precise answer to this question (Valiant, 1984). In the PAC

framework, sample complexity is measured by the number of training samples required for

a learning algorithm to return a near-optimal solution with high probability. Following

Strehl and Littman (2008), we generalize PAC-complexity to the reinforcement learning

setting as follows.

LetM = ⟨M,A, R, T, γ⟩, let ϵ ≥ 0 be an error threshold, and let δ be a probability.

Let c = (s1, a1, . . . st, at) be a sequence of states and actions executed by the algorithm.

The PAC sample complexity of some algorithm H with respect to c is the number

of timesteps t such that the policy πt at time t is not ϵ-optimal from state st, i.e. when

V πt(st) < V ∗(st)− ϵ. Likewise, an algorithm H is PAC-efficient if, for any ϵ, δ, the

sample and computational complexity of H are less than some polynomial in the quantities
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Figure 2.2: A combination-lock MDP illustrating the importance of directed exploration.
Taking the “up” action results in a small positive reward at any timestep. Taking the
“right” action results in no reward, until the final state under which it results in a very
large return.

|S|, |A|, 1/ϵ, 1/δ, 1/(1− γ) with probability at least 1− δ.

Intuitively, the idea of PAC sample complexity quantifies how much interaction an

agent requires to learn an optimal policy. As described earlier, given a perfect model of

a tabular environment, an agent needs exactly zero interactions to learn a near-optimal

policy: methods such as value iteration suffice. However, in the learning setting, an agent

must use the data it has collected to estimate value. A common approach, as described

above, is to estimate the parameters of the transition and reward function directly, and

then use value iteration to transform these estimates into a value function and policy.

Why is directed exploration important? In some MDPs, random exploration requires

an exponential number of interactions to even visit every state, let alone learn an optimal

policy. For example, in Figure 2.2 an “up” action at any time brings the agent back to

the start state. Only by executing the “right” action N times in a row can the agent reach

the large reward at the end (which is exponentially unlikely to happen by chance). The

agent must reach the final state at least once to have any chance of learning the optimal

policy, meaning that random exploration is not PAC-efficient. On the other hand, the

simple procedure of methodically working through each action in each state explores the

MDP much more quickly.

This problem highlights another central challenge in PAC learning: the exploration-
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exploitation tradeoff. In Figure 2.2, the agent can easily collect a small amount of reward

by choosing the up action prematurely, but doing so prevents it from ever reaching the

highly rewarding state sn. The agent must temporarily forgo exploiting known rewards in

favor of exploring the environment if it is to eventually learn the optimal policy. However,

in order to converge to a near-optimal policy, at some point an agent must stop taking

exploratory actions.

2.2.2 Optimism in the Face of Uncertainty

Optimism in the face of uncertainty (OFU), also known as optimistic exploration, is a

powerful technique for balancing exploration and exploitation (Brafman and Tennenholtz,

2002). This concept is the unifying principle behind a wide variety of theoretically sound

exploration algorithms (Auer et al., 2002; Brafman and Tennenholtz, 2002; Jin et al.,

2018), and serves as the cornerstone of this thesis. Under OFU, when an agent is uncertain

about the quality of some action, it assumes the decision has the highest value consistent

with its current experiences. Thus by taking high-valued actions, either the agent will

discover a new highly rewarding action sequence, or reduce its uncertainty through its

experiences and thus not be attracted to that pathway in the future. OFU naturally

balances exploration and exploitation: as uncertainty is whittled away, the agent more

closely follows its empirical estimate of action-values.

2.2.3 Count-Based Methods for Optimism

How does one construct a relationship between uncertainty and optimism? To measure

uncertainty, in tabular environments we appeal to concentration inequalities such as

Hoeffding’s Inequality (Hoeffding, 1963), which provide bounds on the likelihood that

an empirical estimate of some quantity deviates from its true value by more than some

amount. In the tabular setting, using Hoeffding’s inequality we can construct a direct

relationship between the number of (s, a) interactions and how wrong our estimates of
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transition and reward (T̂ and R̂) may be. For example, after interacting with each (s, a) n

times, and expressing T (· | s, a) as a vector where Ts′(s, a) = Pr(s′ | s, a), we can produce

the following bounds (Jiang, 2018): with probability (1− δ/2),

ϵT = ∥T (s, a)− T̂ (s, a)∥1 ≤ 2

√
1

2n
ln

2|S||A|2|S|
δ

≈ O(
√
|S|
n

) (2.2)

and

ϵR = |R(s, a)− R̂(s, a)| ≤ RMAX

√
1

2n
ln

4|S||A|
δ

≈ O(
√

1

n
). (2.3)

In words, the L1 error in transition and reward estimates scales inversely with the

square root of visitation count. The first algorithm to produce a PAC bound on learning

in MDPs (E3) connects this result to value estimation error in the form of the simulation

lemma, which bounds the estimated value of executing a policy on misspecified MDP

compared with the original (Kearns and Singh, 2002). If for all s, a, T and R are known

to some accuracy specified by ϵT and ϵR, then

|Qπ(s, a)− Q̂π(s, a)| ≤ ϵr
1− γ

+
ϵT

2(1− γ)2
. (2.4)

These two results taken together suggest a concrete form of optimism in the face of

uncertainty. The first quantifies how uncertainty scales with visitation count (in proportion

to
√

1
n
), and the second produces an optimistic upper bound on the true value of executing

a policy in the original MDP compared to the value under an MDP where T and R are

empirically estimated. Kearns and Singh (2002) cleverly combined these two results to

produce a PAC policy by using an empirical estimate of value when ϵT and ϵR are small

enough for the state and subsequent states, and assuming V (s) = VMAX = 1/(1 − γ)

otherwise. Later in this thesis, I derive a tighter form of the simulation lemma, both as

an interesting result in its own right as well as for motivation for a new methodology of

exploration in deep reinforcement learning.

12



2.2.4 Bonus-Based Exploration

Strehl and Littman (2008) derives a much simpler PAC exploration algorithm by simply

augmenting the task-specific reward function with a bonus proportional to
√

1
n
, without

modifying the transition function. This formulation, called model-based interval estimation

with exploration bonus (MBIE-EB) is the theoretical basis for many contributions to

exploration in deep reinforcement learning. Since MBIE-EB uses an empirical estimate of

the transition function, it can be approximated through simply sampling experience from

those the agent has seen, instead of explicitly constructing a model of the environment.

As we will see later, this is particularly amenable to the replay-buffer based training

methodology on which much of deep reinforcement learning is based.

2.3 Exploration in Deep Reinforcement Learning

I now describe methods by which we can scale the ideas described in the prior section

to solve much larger and more challenging learning problems.

2.3.1 Generalizing Reinforcement Learning with Function Ap-

proximation

The learning paradigms presented in tabular reinforcement learning are based on

powerful and general rules, but are constrained by how we represent the quantities of

interest. Representing the reward and transition function (and thus, the Q function

and policy) in tabular form involves storing quantities about each state and action as

individual entries. Problems we would like to solve frequently have large or possibly

infinite state spaces, on which these representations do not scale gracefully. However, the

central ideas of bootstrapping and temporal difference learning can be more generally

applied by replacing these tabulations with function approximators.

For example, we can represent Q values using a function approximator parameterized
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by θ that consumes states and actions and outputs estimates of Q values: Qθ(s, a)→ R.

Since Q values are not stored separately for each state, we can no longer simply replace Q

values with ones closer to their bootstrapped estimates (Eq. 2.1) (Watkins and Dayan,

1992). Instead, we can search for parameters that better satisfy the Bellman equation,

for example by using stochastic gradient descent (SGD) (Rumelhart et al., 1986). Let

(st, at, rt, st+1) refer to a transition observed in the environment. Then, we can compute

bootstrapped target values:

yt = rt + γmax
a′

Qθ(st+1, a
′), (2.5)

and update our parameterization so as to output values closer to this target:

θ ← θ + (yt −Qθ(st, at))∇θQθ(s, a). (2.6)

With proper choice of function approximator, and careful handling of optimization

difficulties, this update rule can produce Q values that are accurate across large input

spaces, and generalize well to states that do not have an exact match in the agent’s history.

2.3.2 Deep Learning

Deep learning has seen remarkable success over the last two decades at solving complex

problems over high-dimensional input spaces, such as language, images, and video (LeCun

et al., 2015; Krizhevsky et al., 2012; Brown et al., 2020; Karpathy et al., 2014). Crucially,

prior systems of function approximation generally required the input space to in some

sense succinctly represent the individual features that are important to solving a problem.

Deep learning, by contrast, has the ability to extract meaningful representations from

high-dimensional inputs simply by modifying the neural network’s weights using SGD.

One of the strongest benefits of deep learning is its ability to consume and learn from

enormous amounts of data (LeCun et al., 2015; Brown et al., 2020). In this thesis, we
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investigate the application of deep learning in the reinforcement learning context.

2.3.3 Deep Reinforcement Learning

In deep reinforcement learning, or DRL, an agent uses deep neural networks to represent

crucial components of the training algorithm, such as the value function, the policy, or

the environment model. This approach has been particularly successful at handling high-

dimensional state and action spaces, where powerful function approximation is necessary

to make sense of these complicated inputs and outputs. An early impressive result in DRL

(Mnih et al., 2015) was Deep Q-Learning, which produced strongly-performing policies

on the Atari 2600 Benchmark Suite (Bellemare et al., 2013) directly from image-based

observations of gameplay, and using only the score of the game as a reward signal. This

work achieved human-level control on the majority of games in the suite, using significantly

more powerful function approximators and fewer hand-crafted features and policies than

prior methods. The primary contributions of this work were the introduction of methods

to stabilize the learning of Q functions using neural networks, through the introduction

of tools such as target networks and replay buffers (Mnih et al., 2015). However, the

original work notes that the method struggles on certain games, in particular ones such

as Montezuma’s Revenge where the reward signal is very sparse. To make progress on

these tasks, some form of directed exploration is required, since the reward signal on its

own is not enough to guide the agent to strong performance.

2.3.4 Optimistic Exploration in Deep Reinforcement Learning

As in tabular reinforcement learning, optimistic exploration is a powerful technique for

incentivizing exploration in the absence of an informative reward signal. The underlying

principle is that by constructing a measurement of uncertainty, the agent can modify its

Q values such that it is attracted to these uncertain regions of its environment. In tabular

reinforcement learning, it is generally straightforward to quantify uncertainty, often simply
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by observing the number of times the agent has encountered a particular state-action

(Brafman and Tennenholtz, 2002; Kearns and Singh, 2002; Strehl and Littman, 2008).

However, in deep reinforcement learning, estimating uncertainty is less straightforward. In

general, the state spaces in many problems that require deep learning to solve are far too

large to simply count over, making it non-trivial to quantify how “familiar” a particular

state-action is to the agent.

Two things are needed to instantiate optimistic exploration in the deep reinforcement

learning context: a way to quantify uncertainty, and a method for incorporating these

estimates into value functions. Bonus-based exploration has emerged as the dominant

method for incorporating uncertainty into value; below, we describe this framework in

more detail and introduce some of the most popular approaches.

2.3.5 Bonus-Based Exploration in Deep RL

Above we see how function approximation allows us to generalize the important

quantities in RL to large problems. The same idea can be used to instantiate bonus-based

exploration without having to enumerate the uncertainty or novelty of each possible state.

To do so, we can modify the reward in Equation 2.5 to construct optimistic targets:

yt = rt + B(st, at) + γmax
a′

Qθ(st+1, a
′), (2.7)

where B is a function that produces exploration bonuses. As such, uncertainty is incorpo-

rated into Q-values through the bootstrapping process, and by following its Q function

the agent naturally balances exploration and exploitation. Bonus-based exploration is

perhaps the most common approach to exploration in deep RL (Bellemare et al., 2016;

Burda et al., 2019; Pathak et al., 2017; Tang et al., 2017), due to the simplicity and

effectiveness of simply modifying the reward attached to each training sample. Below we

present a selection of popular or historically important exploration bonuses:
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Pseudocounts Among the most influential bonus-based approaches are those that

generalize the classical notion of state visitation counts to complex, high-dimensional

domains through the use of pseudocounts (Bellemare et al., 2016; Ostrovski et al., 2017).

A pseudocount is a quantity that behaves like a count in that it predictably increases with

visitation, but is computed using function approximation and thus generalizes over the

entire state space. Pseudocounts are most commonly produced via density modeling. The

agent trains a density model over its observations in an online fashion using the stream of

its interaction data: the amount the density changes after each update can be transformed

into a
√

1/n pseudocount bonus. Density-based pseudocounts were the first exploration

method to make meaningful progress on sparse-reward tasks in the Atari Benchmark

suite, such as Montezuma’s Revenge (Bellemare et al., 2016). However, the technique

is limited by the difficulty of training these models. Accurately modeling density over

high-dimensional inputs is a challenging task, and the restriction to online training poses

an additional constraint. Nonetheless, pseudocounts are a scalable, principled exploration

strategy that has produced impressive results when used for bonus-based exploration.

Later in this thesis, I introduce a novel method for estimating pseudocounts that does not

rely on density models.

Prediction Error Another common approach to creating bonuses is through the error

of some function approximator. Similar to pseudocounts, the assumption here is that the

more a function approximator is trained on some state, the lower the error on that state

will be. Techniques such as Random Network Distillation (Burda et al., 2019) train a

function approximator to predict the features produced by a randomly-initialized neural

network, and uses the prediction error as an exploration bonus. Intrinsic Curiosity Module

(Pathak et al., 2017), or ICM, learns a latent representation over states, and trains a

forward model to predict the next-state’s representation from the current state and action.

The error in this prediction task similarly can be used as an exploration bonus.

Uncertainty-Based Approaches Another approach to bonus-based exploration is
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through estimating the uncertainty of forward models of the environment. Pathak et al.

(2019), and Stadie et al. (2015) encourage exploration by training an ensemble of forward

models, and producing an intrinsic reward based on the variance of their outputs. Plou

et al. (2024) trains a Bayesian neural network to approximate transition dynamics, and

from this derives an uncertainty measurement from transitions which is used as an intrinsic

reward.

2.3.6 Looking Forward

This chapter introduces reinforcement learning as a general framework for sequential

decision making, and directed exploration as a necessary ingredient for learning in sparse-

reward environments. The unifying principle of the exploration methods described above

is optimism in the face of uncertainty, whereby an agent seeks out experiences that most

inform its learning. Taking inspiration from the decades of work in tabular reinforcement

learning theory, the remainder of this dissertation examines how this principle can be

instantiated in the deep learning setting. I develop a toolkit for efficient exploration

across a range of challenging domains, and in doing so advance our understanding of

how uncertainty influences the learning process in both tabular and deep reinforcement

learning.
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CHAPTER 3

Flipping Coins to Estimate

Pseudocounts for Exploration

As described in section 2.3.5, pseudocount bonuses are a particularly promising approach

to exploration in deep reinforcement learning, as they generalize the principled approach

of count-based bonuses to the deep reinforcement learning context. Previous methods

have equated the problem of estimating pseudocounts to the canonical machine learning

problem of density estimation: the more informative a given state is to the model while

learning, the higher the reward for reaching it (Bellemare et al., 2016; Ostrovski et al.,

2017).

While providing the first way to estimate pseudocounts, the relationship between

counts and probability densities in Bellemare et al. (2016) exists only when the density

model meets the following restrictions (Ostrovski et al., 2017):

• It must output normalized probability densities, which precludes many powerful

density models.

• It must be learning-positive, which means that the probability density of a state

must increase when it is encountered by the density model again.
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• It must be updated exactly once per state visitation, precluding common techniques

such as batching.

These requirements make density-based pseudocounts challenging to implement and

sensitive to network architecture and hyperparameters such as learning rate. In light of

these restrictions, it is tempting to forego count-based exploration in favor of other novelty

estimates based on dynamics (Pathak et al., 2017) or observation (Burda et al., 2019)

prediction errors. But prediction-error-based methods do not tell us how an exploration

bonus should decay with repeated visits. Furthermore, they do not enjoy the same

theoretical foundations afforded by count-based methods (Strehl and Littman, 2008; Azar

et al., 2017; Jin et al., 2018). For instance, count-based bonuses lead to near-optimal

policies even when environments are highly stochastic; no such guarantees exist for

prediction-error-based methods.

In this chapter, we put forth a method for computing pseudocounts that does not

rely on online density modeling. Our core insight is that a state’s visitation count

can be derived from the sampling distribution of Rademacher trials made every time

a state is encountered. We train a neural network, the Coin Flip Network (CFN), to

predict the average of this sampling distribution; by solving this supervised learning

problem, we output the inverse of the state’s visitation count. Unlike other pseudocount

methods (Ostrovski et al., 2017), we do not place any restrictions on the type of function

approximator or the procedure used to train it, thereby allowing a practitioner to select

the model architecture best suited to their input modality.

We show that in visual versions of Gridworld (Allen et al., 2021) and Taxi (Dietterich,

1998), our method can recover the ground-truth counts while other pseudocount methods

cannot. We then evaluate our algorithm on a variety of challenging sparse-reward

continuous control problems; in these environments, we outperform baseline actor-critic

(Haarnoja et al., 2018) and random network distillation (Burda et al., 2019), with the

largest gains on the most challenging exploration domains. On the image-based exploration
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benchmark problem Montezuma’s Revenge (Bellemare et al., 2013), we outperform

baseline Rainbow (Hessel et al., 2018) and are competitive with state-of-the-art exploration

algorithms (Ostrovski et al., 2017; Burda et al., 2019), which arguably have been overfit

to this domain (Taiga et al., 2020). Finally, we show that increasing transition noise in

Gridworld and Montezuma’s Revenge causes RND’s performance to degrade more

rapidly than CFN’s, as predicted by the theoretical properties of count-based exploration.

3.1 Coin Flip Networks

A pseudocount N : S → R+ generalizes the notion of counts to large state spaces and

can be used to quantify the novelty of a state (Bellemare et al., 2016). Specifically, visiting

a state s affords the agent a novelty bonus of B(s) = 1√
N (s)

; we will use a neural network,

the Coin Flip Network (CFN) fϕ, to directly predict this count-based exploration bonus.

To learn fϕ, we set up a simple regression problem:

fϕ = argmin
ϕ

E(si,yi)∼D

[
L(si, yi)

]
, (3.1)

where L is the mean-squared error loss function and D is a dataset of state-label pairs.

Our main insights relate to the design of the labels yi in such a way that the resulting

function fϕ will map each state to its count-based exploration bonus 1√
N (s)

.

3.1.1 Counts from the Rademacher Distribution

To construct the labels yi from Eq 3.1, we first notice that averaging multiple samples

from a random distribution approaches the distribution’s mean at a predictable rate.

Consider the fair coin-flip distribution C over outcomes {−1, 1}. Imagine flipping this

coin n times, and averaging the results into zn. In expectation, the average is 0, but any

given trial likely results in a non-zero value for zn. Generally, for all n, the second moment
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Figure 3.1: Illustration of our counting method for a state s with true count 3. Each
occurrence of s creates new coin-flip vectors c1, c2, c3. We average these vectors into z and
compute the squared magnitude. Dividing this by the number of coin flips d = 4 yields
the inverse count 1/N (s).

of zn is related to the inverse count:

M2(zn) = E[z2n] =
∑
i

Pr(zn = i) ∗ i2 = 1/n. (3.2)

This property is a simple restatement of the fact that E[z2n] is the variance of the sample

mean of the coin-flip distribution, which is well-known to scale inversely with sample size.

In fact, this scaling is shared between all zero-mean unit-variance distributions, not just

the coin-flip distribution. However, using this distribution leads to the lowest variance

estimates of inverse-counts out of the entire class of matching distributions. We prove

these two facts in Appendix A.1.1 and A.1.2 respectively.

3.1.2 Estimating Counts for a State via Multiple Coin Flips

An additional way to lower the variance of this estimator is to average together multiple

estimates of z2n: by flipping d coins each time, we get d independent estimates of 1
n
, which

reduces variance by a factor of 1
d
(see Appendix A.1.4).
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Consider the contrived case of an MDP with a single state and imagine that we draw

a random sample from Cd each time that state is visited. Equation 3.2 implies that the

squared magnitude of the averaged vectors is an unbiased estimator of d/n; this is also

illustrated in Figure 3.1. Of course, we do not need a novel method to count the number of

elements in a list; but this informs our eventual method for producing bonuses in general

MDPs.

3.1.3 Predicting Counts for Multiple States

Having solved the uninteresting problem of extracting counts for a single state MDP,

we will now generalize to datasets with multiple occurrences of multiple states. As label

yi for state si in Eq 3.1, we generate a d-dimensional random vector ci ∼ {−1, 1}d; this

leads to the following simplification of Equation 3.1:

f ∗
ϕ(s) = argmin

ϕ

|D|∑
i=1

∥ci − fϕ(si)∥2

= argmin
ϕ

|D|∑
i=1

d∑
j=1

(cij − fϕ(si)j)
2. (3.3)

When there are multiple instances of the same state s in D, each occurrence will be

paired with a different random vector. In that case, f ∗
ϕ cannot learn a perfect mapping

from states to labels, and instead minimizes L by outputting the mean random vector for

all instances of a given state:

f ∗
ϕ(s) =

1

n

n∑
i=1

ci.
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Combining Equation 3.2 and 3.3 relates the solution f ∗
ϕ to the inverse count:

f ∗
ϕ(s) =

1

n

n∑
i=1

ci

=⇒ E
[1
d
∥f ∗

ϕ(s)∥2
]
=

1

d

d∑
j=1

E
[( n∑

i=1

cij
n

)2]
=

1

d

d∑
j=1

E
[
z2n

]
=

1

d

d∑
j=1

1

n
=

1

n
.

Thus, by training fϕ on the objective described in Equation 3.3 we can map states to

approximate count-based bonuses:

B(s) :=
√

1

d
∥fϕ(s)∥2 ≈

1√
N (s)

. (3.4)

3.1.4 Generalizing Outside the Training Data

The optimization procedure described so far will eventually derive the correct visitation

counts for states in the training data (given a powerful function approximator and sufficient

training iterations). But as the agent interacts with the environment, how will the CFN

bonus generalize to states absent from the training data? Although in practice we represent

fϕ as a neural network, to gain intuition on generalization, we mathematically examine

the case when fϕ is linear. In this case, the bonus for a state s is a linear combination of

the bonuses assigned to the right singular vectors of the training data; more discussion

and proof is in Appendix A.2. Intuitively, the singular vectors of the training data take

on the role of unique states: instead of tracking how many of each state visitation there

are, a linear fϕ records how much of each singular vector is present in total in the dataset.

Interestingly, when states are represented using one-hot vectors, the resulting solution to

Equation 3.3 recovers tabular counts.

24



3.1.5 Improving Predictions for Novel States

As stated above, a learning architecture with infinite capacity would learn the exact

inverse-count for each unique state in the training data. But finite capacity and training

time imply that the network will not learn this mapping exactly. Next, we will propose

two ways to guide our network to favorably trade off prediction errors among states in

the dataset: first, we will use prioritized sampling to preferentially learn the novelty of

rare states; second, we will use optimistic initialization to assign a pseudocount of 1 to

novel states newly added to the replay buffer.

Prioritizing Novel States

Since training to convergence at every time step is not feasible, we update fϕ once every

time step on a minibatch of states drawn from a replay buffer. Revisiting the optimization

problem from Equation 3.3, we note that a state s with count n will appear in uniform

sampling n times more often than a state visited only once. This would make fϕ focus

too much on learning the bonus of high-count states, which are uninteresting from an

exploration perspective. To remedy this problem, we would like to assign more weight to

low count states by sampling them with greater probability (Schaul et al., 2015).

Of course, we do not have access to the true count during training; so, we approximate

this procedure by prioritizing by our current estimate of inverse-count:

priority(s)← 1

d
∥fϕ(s)∥2 ≈

1

N (s)
.

Though this prioritization changes the importance of different states relative to each other,

all instances of the same state will be sampled in equal proportion. Therefore, solving the

prioritized version of Equation 3.3 still outputs the unbiased average of a state’s coin-flip

vectors (and therefore the correct pseudocounts).

Prioritizing in this way introduces another difficulty: if a state has been recently added
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to the replay buffer, it has not appeared in many gradient updates and thus we cannot

trust our estimate of its count. To combat this, we also prioritize sampling by the number

of times, nupdates(s), we have sampled s in the past. We combine both these prioritization

schemes using an α-weighted sum (we use α = 0.5):

priority(s) = α

(
1

nupdates(s)

)
+ (1− α)

1

d
∥fϕ(s)∥2. (3.5)

The nupdates term weighs different instances of the same state differently, but its effect

on prioritization disappears quickly during training, so it does not influence the fixed

point either.

Optimistic Initialization of Bonus

Consider a state s that CFN has not been trained on yet. The exploration bonus B(s)

will be determined by CFN’s generalization properties. If s is very different from the other

states that CFN has already been trained on, then B(s) tends to be close to 0, when in

fact we would like the pseudocount of novel states to be initialized to 1.

We achieve this optimistic initialization using a random prior (Osband et al., 2018):

fϕ(s) = f̂ϕ(s) + fprior(s),

where fprior is the output of a frozen and randomly initialized neural network, and f̂ϕ is

the trainable component of CFN. We use a running mean and variance to normalize the

prior so that Es∼D[f
(i)
prior(s)

2] = 1 over all output dimensions i ∈ {1, .., d}. This ensures

that if f̂ϕ(s) = 0 on a novel state s, then ∥fϕ(s)∥2 = 1, i.e., states are added to the buffer

with an approximate initial pseudocount of 1. As training progresses, the effect of the

initialization will wash out and B(s) will eventually settle to its correct value. An analysis

of the optimistic prior’s contribution is in Appendix A.5.2.
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3.1.6 Integrated CFN Agent

Algorithm 1 outlines how CFN is combined with Rainbow (Hessel et al., 2018) to form

a complete bonus-based exploration agent. Naturally, we can combine CFN with most

off-the-shelf RL algorithms with minor changes (Haarnoja et al., 2018; Mnih et al., 2015;

Lillicrap et al., 2016).

3.2 Experiments

Our empirical results establish CFN as a competitive count-based exploration algorithm.

First, we show that CFN can extract accurate counts in domains with visual observations,

in contrast to other bonus methods. We then solve eight sparse-reward continuous

Algorithm 1 Rainbow-CFN Agent

Hyperparameters: Reward scale λ, Number of coin flips d

1: Initialize Q-network Qθ and target Q-network Qθ′ .
2: Initialize CFN prior fprior and trainable network f̂ϕ.
3: Initialize replay buffer for Rainbow Br and CFN Bc.
4: Initialize optimizer for Rainbow and for CFN.
5: Initialize the running mean µt and variance σ2

t for the optimistic prior fprior.
6: while training do
7: s0 = env.reset()

8: while not done do
9: at = argmaxa∈AQθ(st, a)
10: Rt, st+1, done = env.step(st, at)
11: Compute intrinsic reward B(st) using Equation 3.4.
12: Update µt and σ2

t using fprior(st).
13: Add transition (st, at, Rt,B(st), st+1) to Br.
14: Sample a random coin-flip vector c ∼ {−1, 1}d.
15: Add state coin-flip tuple (st, c) to Bc.
16: Sample minibatch (s, a, r,Bs, s′) ∼ Br and update Qθ using Rainbow’s optimizer

and Eq 2.7.
17: Update priority for minibatch using Rainbow.
18: Sample minibatch (s, c) ∼ Bc and use CFN’s optimizer to update fϕ via one

gradient step on the loss function corresponding to Equation 3.3.
19: Update priority for minibatch using Equation 3.5.
20: end while
21: end while
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control problems using CFN and show that we significantly outperform RND and baseline

SAC. Finally, we show that our method scales gracefully to the challenging Atari game

Montezuma’s Revenge.

Implementation details. All exploration methods are built on top of Rainbow (Hessel

et al., 2018) (when the action-space is discrete) or Soft Actor Critic (SAC) (Haarnoja

et al., 2018) (when the action-space is continuous) using the Dopamine library (Castro

et al., 2018). CFN has the same neural network architecture as RND’s prediction network.

We follow the experimental design of Taiga et al. (2020). We use a different set of

hyperparameters for each suite of tasks, i.e., one for Visual Gridworld, one for Fetch,

one for Ant, one for Adroit and one for Montezuma’s Revenge. Details about CFN,

including hyperparameters, can be found in the Appendix A.4; details about environments

can be found in Appendix A.3. All code for reproducing results can be found at the linked

repository.1

3.2.1 Bonus Prediction Accuracy

We compare the exploration bonus from CFN to that of PixelCNN (Ostrovski et al.,

2017) and RND (Burda et al., 2019) in Visual Gridworld (Allen et al., 2021). Observations

are 84x84 images of a 42x42 grid; these images serve as inputs during training. The agent

is initialized in the bottom-left, and achieves a sparse terminal reward of 1 for reaching

the top-right within 150 timesteps. For evaluation, we keep track of the tabular state and

the ground-truth visitation counts.

Figure 3.2 shows that while CFN is able to predict the count-based exploration bonus

with high accuracy, PixelCNN and RND are not. PixelCNN and CFN, being pseudocount

methods, should ideally both output bonuses on the dashed line. Not only does PixelCNN

mispredict the scale of the exploration bonus, it also assigns the same bonus to states

visited once (x = 1) as to those visited 25 times (x = 0.2). RND’s trendline is better

1https://github.com/samlobel/CFN
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Figure 3.2: Predicted count-based bonuses for all three methods in Visual Gridworld
after 100, 000 interactions. The horizontal axis is the ground truth 1/

√
N (s) bonus, the

vertical axis is the exploration bonus predicted by the different methods.
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Figure 3.3: Ablating prioritized sampling and optimistic bonus initialization: vertical axis
is the mean-squared error between the predicted and ground-truth count-based bonus
(averaged over all visited states). Solid lines represent mean and bands represent standard
error over 10 random seeds; lower is better.

than PixelCNN, although it has much higher variance than CFN. It is notable that

for states with high count, its bonus falls off more sharply than 1/
√
N (s). A similar

experiment is repeated for the more challenging Taxi domain (Dietterich, 1998) (with

image observations); results are in Appendix A.5.1.

3.2.2 Ablation: Prioritization and Random Prior

We now ablate the contribution of prioritized sampling (Section 3.1.5) and random

prior (Section 3.1.5). In Figure 3.3 we show how mean bonus prediction error evolves

over time; the plot indicates that both additions lead to more accurate predictions. The

prediction error is the mean-squared difference between the predicted and ground-truth

exploration bonuses, averaged over unique states the agent has observed.

In Appendix A.5.3 we provide more insight into each of these curves, and show how

both these additions to CFN improve its bonus accuracy on states in the low-count regime.
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Figure 3.4: Left: Learning curves in deterministic Visual Gridworld comparing our
method (CFN) with RND, PixelCNN and baseline Rainbow (with noisy networks). Solid
lines denote mean episodic return, bands represent standard error. Right: Comparison
between CFN and RND on increasingly stochastic versions of Visual Gridworld. Bars
represent mean episodic return averaged over training run, error bars denote standard
error. All results are averaged over 10 random seeds.

3.2.3 RL Performance on Visual Gridworld

Figure 3.4 shows that CFN outperforms baseline Rainbow and PixelCNN, and performs

similarly to RND on this task. An important feature to note about this environment is

that it is deterministic. As such, the 1/
√
N (s) bonus may not be appropriate because

it is explicitly constructed to deal with stochastic environments (Auer, 2002; Jin et al.,

2018). So, we compare CFN to RND on a series of increasingly stochastic versions of

Visual Gridworld.2 Our results show CFN’s count-based bonus yields a more significant

performance boost over RND in more stochastic versions of the problem. The slight

performance bump at noise 0.1 can be attributed to the exploration benefit of random

action-selection.

3.2.4 Continuous Control Experiments

We now consider a series of challenging continuous control tasks. These are taken from

two different suites: Fetch (Plappert et al., 2018) and D4RL (Fu et al., 2020). For all

tasks, we sparsify the reward function to make exploration challenging. We compare CFN

2Stochasticity is introduced by replacing the chosen action with a randomly selected action with some
predefined probability.
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Figure 3.5: Results on the simulated Fetch manipulation tasks with 3 levels of difficulty
(default/easy, medium and hard). All curves are averaged over 9 independent runs.

to RND and baseline SAC; we do not compare against PixelCNN because the inputs are

not images.

Fetch manipulation tasks. These tasks involve controlling a simulated Fetch robot

to perform a series of manipulation tasks: pushing, sliding, or lifting an object to a goal

location (Plappert et al., 2018). We consider 3 modes for each task: default, medium and

hard; these modes differ in start-goal configurations. The default task randomizes the

start-goal states (which occasionally exposes the agent to very simple episodes), medium

and hard versions fix them to different levels of difficulty. Figure 3.5 shows that both

exploration methods outperform baseline SAC in all tasks; CFN outperforms RND on 6

out of 9 tasks and ties in 1.
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Figure 3.6: Learning curves in the D4RL tasks. Bottom row shows the 2 most challenging
tasks in this task suite. All curves are averaged over 9 independent runs.

Ant-navigation and Adriot manipulation tasks. Next, we consider tasks from

D4RL(Fu et al., 2020)3. The first involves controlling a quadrupedal “ant” robot in a

U-shaped maze. The remaining 4 tasks involve controlling a high-dimensional “Adriot”

hand to perform various tasks: pick-and-place, reorienting a pen, opening a door and

learning how to use a hammer (Rajeswaran et al., 2018). Similar to the Fetch tasks, we

remove random restarts because they obviate the need for exploration (Lobel et al., 2022).

Figure 3.6 shows that CFN outperforms SAC on all tasks and RND on 4 out of 5 tasks.

More interestingly, the performance gains over RND are largest on the hardest exploration

tasks (Ant U-Maze and Relocate; as evidenced by SAC’s inability to experience any

positive rewards). This supports the hypothesis that CFN provides a more thorough

exploration bonus than RND.

3We use the domains from this suite, not their offline datasets.
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Figure 3.7: Left: Learning curve in Montezuma’s Revenge comparing our method
(CFN) with RND, PixelCNN and baseline Rainbow (with noisy networks). Solid lines
denote mean episodic return, bands represent standard error averaged over 12 random
seeds. Right: Comparison between CFN and RND in terms of mean cumulative reward
over 100 million frames on versions of Montezuma’s Revenge with varying “sticky
action” probabilities (stochastic transitions; 0.25 is the default sticky action probability
(Machado et al., 2018)). Error bars represent standard error over 5 seeds.

3.2.5 Performance in Montezuma’s Revenge

Finally, we test our method on the challenging exploration benchmark Montezuma’s

Revenge. We follow the experimental design suggested by Machado et al. (2015)

and compare CFN to baseline Rainbow, PixelCNN and RND. Figure 3.7 shows that

we comfortably outperform Rainbow with no exploration in this task. All exploration

algorithms perform similarly, a result also corroborated by Taiga et al. (2020).

Since all exploration methods perform similarly on the default task, we created a more

challenging versions of Montezuma’s Revenge by varying the amount of transition

noise (via the “sticky action” probability (Machado et al., 2018)). Figure 3.7 (right)

shows that CFN outperforms RND at higher levels of stochasticity; this supports our

hypothesis that count-based bonuses are better suited for stochastic environments than

prediction-error-based methods.

Notably, we find that having a large replay buffer for CFN slightly improves performance,

which increases memory requirements for this experiment. More discussion about the

impact of buffer size can be found in Appendix A.4.3; details about hyperparameters can
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be found in Appendix A.4.

3.3 Relationship to Broader Work

This chapter introduces a particularly effective way to compute pseudocounts, and

generally estimate novelty, for exploration in deep reinforcement learning. The contribution

is made within the realm of bonus-based exploration, where an intrinsic reward is added

to the task-specified reward in order to create an optimistic value function. In the next

chapter, we will analyze a simplified setting which suggests that additive bonuses can

produce overly-optimistic value functions, and describe a simple way to produce a tighter

relationship.
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CHAPTER 4

An Optimal Tightness Bound for the

Simulation Lemma

In reinforcement learning, an agent is frequently tasked with making decisions in an

environment that it cannot model perfectly. This may occur because the environment

is learned about through sampled data, or because the agent’s environment model is

simplified through some abstraction. In such cases it is natural to ask how the quality of

this approximation might impact an agent’s decision-making. This is the subject of the

“simulation lemma,” a foundational result in reinforcement learning that bounds the error

in value estimation when the transition and reward function are known only with some

specified degree of precision.

The simulation lemma was introduced in the context of exploration and finds use in a

variety of domains that utilize imperfect models, such as hierarchical abstraction (Abel

et al., 2016) and offline policy evaluation (Yin et al., 2021). Frequently, results of this kind

rely on developing a recursive relationship between value-estimation error at subsequent

timesteps. We show how previous approaches implicitly overestimates how probability

errors compound over time. By more carefully approximating this quantity, we produce a

bound on value-estimation error that is demonstrably tight. We then show that existing
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bounds can be derived as a linearization of our result, and finally apply our result to a

hierarchical setting to demonstrate broader applicability.

The majority of work in this chapter was first published in Lobel and Parr (2025); in

section 4.2 I present a generalization of our prior work that produces a bound in terms on

VMAX , not RMAX .

4.1 An Improved Simulation Lemma

We begin by stating the conditions of the original simulation lemma. We consider two

MDPs: M = (S,A, R, T, γ), and M̂ = (S,A, R̂, T̂ , γ), which share a state-action space,

but have (boundedly) different transition and reward functions. We are interested in the

effect of running the same policy π on these two related MDPs. Let P π be a matrix that

contains the policy-conditioned state-state transition probabilities, and Rπ be a vector

that contains the per-state expected reward:

P π
s,s′ = Ea∼π(s)[T (s

′|s, a)] =
∑
a∈A

T (s′|s, a)π(a|s)

Rπ
s = Ea∼π(s)[R(s, a)] =

∑
a∈A

R(s, a)π(a|s).
(4.1)

We define P̂ π and R̂π analogously for MDP M̂. Throughout this work, a single index

on a matrix (or vector) extracts the specified row vector (or scalar). Furthermore, P a and

Ra refer to the transition probabilities, and expected reward, of executing action a from

each state. Using this notation, we can quantify the difference between two transition or

reward functions with the following:

∀s, π : ∥P π
s − P̂ π

s ∥1 ≤ ϵT (4.2)

∀π : ∥Rπ − R̂π∥∞ ≤ ϵR. (4.3)
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We additionally assume that 0 ≤ R, R̂ ≤ 1 for all states and actions. For an improved

bound based on a generalization of this assumption (where bounds on V are known

instead of bounds on R), see section 4.2. We are interested in the value difference between

running π on each MDP. The value of a state for a given policy and MDP is defined as

the expected discounted sum of rewards:

vπ(s) = Eai∼π(si)

[ ∞∑
t=0

γtR(st, at) | s0 = s,M
]
,

where st is a random variable representing the state at timestep t.

Noting that Pr(st = s′|s0 = s, π) = (P π)ts,s′ , we can concisely represent value in vector-

ized notation as follows:

V π =
∞∑
t=0

γt(P π)tRπ , V π
s =

∞∑
t=0

γt⟨(P π)ts, R
π⟩,

where ⟨ · , · ⟩ denotes the inner product between two vectors. We define V̂ π analogously

for M̂.

4.1.1 Original Simulation Lemma

We are interested in quantifying the maximum value difference between running the

same policy on two different MDPs. The original simulation lemma bounds this quantity:

∀s, π : |V π
s − V̂ π

s | ≤
ϵR

1− γ
+

γϵT
2(1− γ)2

. (4.4)

Existing proofs of the simulation lemma frequently take advantage of the Bellman

equation, which provides a recursive representation for value (Howard, 1960):

V π = Rπ + γP π

∞∑
t=0

γt(P π)tRπ = Rπ + γP πV π. (4.5)
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For a complete proof, please refer to Jiang (2018) or see Appendix B.1. The key

mathematical idea is to establish the following recursive relationship:

∀s, π : |V π
s − V̂ π

s | ≤ ϵR +
γϵT

2(1− γ)
+ γ∥V π − V̂ π∥∞, (4.6)

which can then be easily transformed into the simulation lemma’s bound. Analyzing the

recursive relationship above, the first term (ϵR) represents a one-step reward-prediction

error. The second term ( γϵT
2(1−γ)

) represents the maximum value error that results from

misspecifying ϵT of the next-state distribution’s probability mass. However, by defining

the recursive relationship as such, the bound implicitly assumes that the process can

continually misspecify ϵT of its probability at each timestep. Summed over time this

quickly amounts to misspecifying more than the entire probability mass, leading to a vast

overestimate of the value error, in particular when ϵT > 1− γ. By contrast, we carefully

track the probability drift at each timestep to avoid this issue.

4.1.2 Bounding Probability Distance

We seek to bound the probability distance tightly at any timestep t. To do so effectively,

it is useful to frame distances between probability vectors in terms of their overlap, instead

of their L1 distance. We note that Jiang et al. (2016) use similar machinery to bound

compounding probability error (Lemma 1), though applies this insight in a different

context. For two probability vectors p, p̂, we define their overlap as p̄, such that for each

index i:

p̄i = min(pi, p̂i).

Usefully, because each element of p− p̄ (and likewise p̂− p̄) is non-negative, the L1 norm of

the difference between these two vectors is equal to the difference between the L1 norms:

∥p− p̄∥1 =
∑
i

|pi − p̄i| =
∑
i

pi −
∑
i

p̄i = ∥p∥1 − ∥p̄∥1 (4.7)
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We use this to derive an equivalence between overlap and L1 distance, related to the

concept of total variation distance (Levin and Peres, 2017). Below, we use the notation

[p]+ to indicate a thresholded version of p that retains only the non-negative parts,

[p]+i = max(pi, 0):

∥p− p̂∥1 = ∥[p− p̄]+∥1 + ∥[p̂− p̄]+∥1

= ∥p− p̄∥1 + ∥p̂− p̄∥1

= ∥p∥1 − ∥p̄∥1 + ∥p̂∥1 − ∥p̄∥1

= 1 + 1− 2∥p̄∥1

=⇒ ∥p̄∥1 = 1− ∥p− p̂∥1
2

. (4.8)

See Figure 4.1 for a demonstration and explanation of this equivalence. This relationship

allows for a simple rewriting of the transition-error condition of the simulation lemma

(Equation 4.2):

Figure 4.1: Visualization of relation between L1 distance and overlap of two probability
distributions (Equation 4.8). The blue and orange shaded regions together comprise
the L1 distance. The brown region represents overlap. Overlap plus either the blue
or orange sections constitutes a probability distribution, and therefore has total area
1. Thus the blue and orange regions both individually have area ∥p− p̂∥1/2, and so
∥p̄∥1 = 1− ∥p− p̂∥1/2.
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∀s, π : ∥P̄ π
s ∥1 ≥ 1− ϵT

2
. (4.9)

Using this framing, we can now lower-bound the overlap of state-distributions at

timestep t when starting from s0, by demonstrating that at every timestep, at least

1− ϵT/2 fraction of the prior timestep’s distributional overlap is retained. For notational

convenience, P t
s0,s

= (P π)ts0,s, and M̄ t
s0,s

= min(P t
s0,s

, P̂ t
s0,s

). Thus,

∥M̄ t+1
s0
∥1 =

∑
s′

min(P t+1
s0,s′

, P̂ t+1
s0,s′

)

=
∑
s′

min(
∑
s

P t
s0,s
· P π

s,s′ ,
∑
s

P̂ t
s0,s
· P̂ π

s,s′)

≥
∑
s′

∑
s

min(P t
s0,s
· P π

s,s′ , P̂
t
s0,s
· P̂ π

s,s′)

≥
∑
s′

∑
s

min
(
min(P t

s0,s
, P̂ t

s0,s
) · P π

s,s′) , min(P t
s0,s

, P̂ t
s0,s

) · P̂ π
s,s′

)
=

∑
s

∑
s′

min(P t
s0,s

, P̂ t
s0,s

)min(P π
s,s′ , P̂

π
s,s′)

=
∑
s

min(P t
s0,s

, P̂ t
s0,s

)
∑
s′

min(P π
s,s′ , P̂

π
s,s′)

≥ ∥M̄ t
s0
∥1 ·max

s
∥P̄ π

s ∥1

=⇒ ∥M̄ t+1
s0
∥1 ≥ ∥M̄ t

s0
∥1 · (1− ϵT/2).

The third line can be understood as providing the minimum operator more options to

choose from, in that after bringing the minimum inside of the sum, the two elements in

the second line are both still possible choices and so the inequality holds. The fourth line

can be understood similarly for multiplication.

With M̄0 = I as the base case, applying recursion yields

∥M̄ t
s0
∥1 ≥ (1− ϵT/2)

t. (4.10)
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We contrast this with the equivalent recursive proof of distributional drift using the L1

formulation of transition misspecification, akin to the recursion employed by the original

simulation lemma (Equation 4.6):

∥P t+1
s0
− P̂ t+1

s0
∥1 = ∥P t

s0
P π − P̂ t

s0
P̂ π∥1

=
1

2
∥(P t

s0
− P̂ t

s0
)(P π + P̂ π) + (P t

s0
+ P̂ t

s0
)(P π − P̂ π)∥1

≤ 1

2
∥P t

s0
− P̂ t

s0
∥1∥(P π + P̂ π)T∥1 +

1

2
∥P t

s0
+ P̂ t

s0
∥1∥(P π − P̂ π)T∥1

= ∥P t
s0
− P̂ t

s0
∥1 + ∥P π − P̂ π∥1

≤ ∥P t
s0
− P̂ t

s0
∥1 + ϵT

=⇒ ∥P t+1
s0
− P̂ t+1

s0
∥1 ≤ (t+ 1) ϵT ,

where ∥ · ∥1 above refers to both the matrix and vector 1-norm, and on the third

line we use the identity ∥Ax∥1 ≤ ∥A∥1∥x∥1. Näıvely using the L1 formulation leads

to unbounded accumulation of drift as horizon approaches infinity, while the overlap

formulation smoothly decays from 1 to 0. This difference is crucial to generating a tighter

bound.

4.1.3 A Tight Bound on Value Error

We are now ready to prove our main result, a tight bound on the value error.

Theorem 1 For two MDPs M and M̂ related as described in Equations 4.2 and

4.3, and reward functions that satisfy 0 ≤ Rsa, R̂sa ≤ 1 for all s and a, the following

inequality holds:

∀s, π : |V π
s − V̂ π

s | ≤
1

1− γ
− 1− ϵR

1− γ(1− ϵT/2)
. (4.11)

Furthermore, this bound is tight.
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Proof: Since the conditions of the simulation lemma (Equations 4.2,4.3) are symmetric

with respect to M and M̂, without loss of generality we assume V π
s0
≥ V̂ π

s0
, and thus

|V π
s0
− V̂ π

s0
| = V π

s0
− V̂ π

s0
. We now add and subtract the same quantity in a way that allows

for discarding a strictly non-positive term:

|V π
s0
− V̂ π

s0
| = V π

s0
− V̂ π

s0

=
∞∑
t=0

γt⟨P t
s0
, Rπ⟩ − γt⟨P̂ t

s0
, R̂π⟩

=
∞∑
t=0

γt
(
⟨P t

s0
, Rπ⟩ − ⟨M̄ t

s0
, Rπ⟩+ ⟨M̄ t

s0
, Rπ⟩

− ⟨M̄ t
s0
, R̂π⟩+ ⟨M̄ t

s0
, R̂π⟩ − ⟨P̂ t

s0
, R̂π⟩

)
=

∞∑
t=0

γt⟨P t
s0
− M̄ t

s0
, Rπ⟩+ γt⟨M̄ t

s0
, Rπ − R̂π⟩+ γt⟨M̄ t

s0
− P̂ t

s0
, R̂π⟩.

By construction, M̄ t
s0

is the overlap between P t
s0

and P̂ t
s0
, and thus and entries of

M̄ t
s0
− P̂ t

s0
are strictly non-positive. This allows us to split norms of the form ∥P −M∥

into ∥P∥ − ∥M∥. Since rewards are likewise non-negative, the third inner product in the

above sum is always non-positive. Thus, we can drop this term to significantly tighten

our bound.
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V π
s0
− V̂ π

s0
≤

∞∑
t=0

γt⟨P t
s0
− M̄ t

s0
, Rπ⟩+ γt⟨M̄ t

s0
, Rπ − R̂π⟩

≤
∞∑
t=0

γt∥P t
s0
− M̄ t

s0
∥1 · ∥Rπ∥∞ + γt∥M̄ t

s0
∥1 · ∥Rπ − R̂π∥∞

≤
∞∑
t=0

γt∥P t
s0
− M̄ t

s0
∥1 + γt∥M̄ t

s0
∥1ϵR

=
∞∑
t=0

γt∥P t
s0
∥1 − γt∥M̄ t

s0
∥1 + γt∥M̄ t

s0
∥1ϵR

=
∞∑
t=0

γt + γt(ϵR − 1)∥M̄ t
s0
∥1

≤
∞∑
t=0

γt + γt(ϵR − 1)(1− ϵT/2)
t

=
1

1− γ
+ (ϵR − 1)

∞∑
t=0

(γ − γϵT
2

)t

=⇒ |V π
s0
− V̂ π

s0
| ≤ 1

1− γ
− 1− ϵR

1− γ(1− ϵT/2)
. ■

This proof uses Hölder’s inequality (Rudin, 1987) to bound inner products with

L1 and L∞ norms, as well as the identity in Equation 4.7 to split ∥P t
s0
− M̄ t

s0
∥1 into

∥P t
s0
∥1 − ∥M̄ t

s0
∥1. We provide a parallel proof for the finite-horizon undiscounted setting

in Appendix B.2. We briefly remark that this bound matches intuition:

• When γ = 0, then |V π
s − V̂ π

s | ≤ ϵR since only the first step contributes to value.

• When ϵR = 1, the MDPs can have completely different reward functions and thus

|V π
s − V̂ π

s | ≤ 1
1−γ

= VMAX .

• When ϵR = ϵT = 0, the MDPs are identical and thus |V π
s − V̂ π

s | = 0.

Additionally we note that the original simulation lemma can be reproduced as a Taylor

expansion of our bound around ϵR = 0 and ϵT = 0, proving that the original bound is
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Figure 4.2: Bounds on value error given by original simulation lemma as well as our tighter
bounds, normalized by VMAX . (Left) Bound on value error with increasing gamma shows
the original lemma’s suboptimality with respect to discount. (Right) Bound on value
error with increasing misspecification shows looseness of linear approximation compared
to the tight bound.

the tightest possible linear approximation to the maximal error as model misspecification

approaches 0. Figure 4.2 presents a comparison of our bound with the original simulation

lemma, demonstrating superiority in the large-misspecification and large-discount limits.

4.1.4 Proof of Tightness

We now demonstrate that this is the tightest possible bound, including constant factors,

by constructing a pair of MDPs with exactly this value error. M consists of two states,

both of which transition to themselves, with R(s1) = 1 and R(s2) = 0. We construct

M̂ so that V̂ (s1) is as small as possible given ϵR, ϵT , by setting R̂(s1) = 1 − ϵR, and

transitioning from s1 to s2 with probability ϵT/2 (and thus self-transitions with ϵT/2 less

probability, so ∥P π
s1
− P̂ π

s1
∥1 = ϵT ). Hence, V (s0) =

1
1−γ

and V̂ (s0) =
1−ϵR

1−γ(1−ϵT /2)
.

Intuitively, this result makes clear the role of ϵT as modifying the discount factor of

M̂. A discount can be interpreted as entering an absorbing state with probability 1− γ

at each timestep (Sutton and Barto, 2018). In M̂, this instead occurs more frequently,

with probability 1− γ(1− ϵT/2).
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4.1.5 Value Loss of Optimal Policy

The simulation lemma directly applies to bounding the value difference of executing

the same policy on two related MDPs. However, in reinforcement learning the task is

frequently to learn an optimal policy π∗, that has the following property:

∀π, s : V π∗

s ≥ V π
s .

It is natural to ask, if one learns the optimal policy π̂∗ by training on an approximate

MDP M̂, how much worse can this policy do than π∗ when executed on the actual MDP

M? In contrast to the simulation lemma, we are comparing the value loss of different

policies on the same MDP. Noting that V̂ π̂∗
s ≥ V̂ π∗

s :

V π∗

s − V π̂∗

s = V π∗

s + (V̂ π∗

s − V̂ π∗

s ) + (V̂ π̂∗

s − V̂ π̂∗

s )− V π̂∗

s

= (V π∗

s − V̂ π∗

s ) + (V̂ π∗

s − V̂ π̂∗

s ) + (V̂ π̂∗

s − V π̂∗

s )

≤ (V π∗

s − V̂ π∗

s ) + 0 + (V̂ π̂∗

s − V π̂∗

s )

≤ |V π∗

s − V̂ π∗

s |+ |V̂ π̂∗

s − V π̂∗

s |.

This is simply twice the value error of executing the same policy on different MDPs.

Thus, by improving the simulation lemma bound, we similarly tighten the estimated value

loss when training on an approximate MDP. Similar results are common in inverse RL,

e.g., Burchfiel et al. (2016), and have been noted in the context of the simulation lemma

as well (Jiang, 2018).

4.1.6 Application to Hierarchy

Analogs to the simulation lemma exist throughout the reinforcement learning literature;

here, we present an extension of our proof to one such instance in the field of hierarchical
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reinforcement learning. We use the formalism of ϕ-relative options (Abel et al., 2020), a

form of approximately value preserving state and action abstractions.

Let O∗
ϕ be a set of options o∗ over abstract states sϕ ∈ Sϕ, that can be composed to form

a policy that is optimal in the base MDP. Let Ôϕ be a set of options that approximates

O∗
ϕ in that

∀o∗ ∈ O∗
ϕ ∃ô ∈ Ôϕ :

∀s, s′ |P o∗

s,s′ − P ô
s,s′| ≤ ϵT and |Ro∗

s −Rô
s| ≤ ϵR,

where Ro
s and P o

s,s′ represent the reward and multi-time models of Sutton et al. (1999).

We define V πo∗ as the value of executing the best policy over O∗
ϕ, and V πô as the value

of executing an approximately equivalent policy using options from Ôϕ. By bounding

probability distances we arrive at the following relation:

|V πo∗
s − V πô

s | ≤
RMAX

1− γ
− RMAX − ϵR

1− γ + (|S| − 1)ϵT
.

This improves on the existing bound (Abel et al., 2020):

|V πo∗
s − V πô

s | ≤
ϵR + |S|ϵTRMAX

(1− γ)2
,

in much the same way as our original result improves upon the simulation lemma. A

proof, more complete definitions, and an example demonstrating tightness are deferred to

Appendix B.3. The main difference in applying our technique to this domain is careful

treatment of the multi-time transition function, where
∑

s′ P
o
s,s′ ̸= 1.
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4.2 A VMAX-Dependent Bound

The result above is optimal for the given assumptions on T , R, ϵR, and ϵT . Here, I

generalize this result to the setting where instead of a bound on RMAX we are given VMAX ,

the maximum value of any state-action in eitherM or M̂. An upper-bound on VMAX can

be easily created from knowledge or RMAX : VMAX ≤ RMAX

1−γ
. However, for many MDPs of

interest the true VMAX is much less than this, and may be easily knowable in advance.

For example, in a goal-reaching task where the agent receives a reward of 1 for achieving

the goal, VMAX = RMAX = 1.

For this bound we use the same principle of separating next-state probability distribu-

tion into an overlapping and non-overlapping component. This proof follows more closely

to the methodology of Jiang (2018), however treats compounding probability carefully

as in our improved bound. We assume that for all states and actions, R, R̂ ≥ 0 and for

all states, V π
s ≤ VMAX . Without loss of generality, we assume Vs ≥ V̂s. We begin by

expanding value into its recursive form:

V π
s0
− V̂ π

s0
= Rπ

s0
− R̂π

s0
+ γ⟨P π

s0
, V π⟩ − γ⟨P̂ π

s0
, V̂ π⟩

≤
∣∣∣Rπ

s0
− R̂π

s0

∣∣∣+ γ
(
⟨P π

s0
, V π⟩ − ⟨P̂ π

s0
, V̂ π⟩

)
≤ ϵR + γ

(
⟨P π

s0
, V π⟩ − ⟨P̂ π

s0
, V̂ π⟩

)
.

As in section 4.1.3, we now add and subtract the overlap so that we can discard a

strictly non-positive term.
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V π
s0
− V̂ π

s0
≤ ϵR + γ

(
⟨P π

s0
, V π⟩ − ⟨P̂ π

s0
, V̂ π⟩

)
= ϵR + γ

(
⟨P π

s0
− P̄ π

s0
+ P̄ π

s0
, V π⟩ − ⟨P̂ π

s0
− P̄ π

s0
+ P̄ π

s0
, V̂ π⟩

)
= ϵR + γ

(
⟨P π

s0
− P̄ π

s0
, V ⟩ − ⟨P̂ π

s0
− P̄ π

s0
, V̂ π⟩+ ⟨P̄ π

s0
, V π − V̂ π⟩

)
≤ ϵR + γ

(
⟨P π

s0
− P̄ π

s0
, V π⟩+ ⟨P̄ π

s0
, V π − V̂ π⟩

)
≤ ϵR + γ

(
∥P π

s0
− P̄ π

s0
∥1∥V π∥∞ + ∥P̄ π

s0
∥1∥V π − V̂ π∥∞

)
.

In the final line we again use Hölder’s inequality (Rudin, 1987) to bound inner products

with L1 and L∞ norms. Finally we use the relation that ∥P̄s0∥1 ≤ 1− ϵT
2
from Equation

4.9 to produce the following recursive relationship:

V π
s0
− V̂ π

s0
≤ ϵR + γ

(
∥P π

s0
− P̄ π

s0
∥1∥V π∥∞ + ∥P̄ π

s0
∥1∥V π − V̂ π∥∞

)
≤ ϵR + γ

ϵT
2
VMAX + γ(1− ϵT

2
)∥V π − V̂ π∥∞. (4.12)

Comparing the above with the recursive relationship presented in Jiang (2018) and in

Equation 4.6, the relation in Equation 4.12 more tightly bounds the recursive component,

by discarding half of the mis-specified probability mass. Solving the above results in a

tighter bound for the VMAX assumption.

Theorem 2 For two MDPsM and M̂ related as described in Equations 4.2 and 4.3,

whose reward functions satisfy 0 ≤ Rsa for all s and a, and for which the values are

bounded by V π
s , V̂

π
s ≤ VMAX for all policies π and states s, the following inequality

holds:

∀s, π : |V π
s − V̂ π

s | ≤
ϵR + γ ϵT

2
VMAX

1− γ(1− ϵT
2
)
. (4.13)

Furthermore, if ϵR ≤ (1− γ)VMAX this bound is tight.

We note that when VMAX = 1
1−γ

this bound exactly matches Theorem 2.
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4.2.1 Proof of Tightness

A similar MDP to the one constructed in section 4.1.4 proves the tightness of Theorem

2 in a restricted setting. M consists of two states, both of which transition to themselves,

with R(s1) = (1− γ)VMAX and R(s2) = 0. Thus, Vs1 = VMAX . We again construct M̂

so that V̂ (s1) is as small as possible given ϵR, ϵT , by setting R̂(s1) = (1− γ)VMAX − ϵR,

and transitioning from s1 to s2 with probability ϵT/2 (and thus self-transitions with

probability 1 − ϵT/2). Hence, V (s0) = VMAX and V̂ (s0) = (1−γ)VMAX−ϵR
1−γ(1−ϵT /2)

. Therefore,

V (s0)− V̂ (s0) =
ϵR+γ

ϵT
2
VMAX

1−γ(1− ϵT
2
)
, matching the above bound presented in Theorem 2 exactly.

We note that since R̂s ≥ 0 for all s, this example only satisfies our assumptions when

ϵR ≤ (1− γ)VMAX , and so while the bound in Theorem 2 is true in all cases, it is only

proven to be tight when ϵR ≤ (1− γ)VMAX .

4.3 Relationship to Broader Work

This chapter introduces the simulation lemma, and demonstrates that the original

proof dramatically overestimates value-error in all but the asymptotically-accurate case.

We introduce a proof that avoids this overestimation by treating estimation-error in

a multiplicative (decaying) way, rather than an additive way. The simulation lemma,

originally developed as part of an exploration algorithm, has a direct application for

constructing optimistic value functions. Indeed, bonus-based exploration as a methodology

for inducing optimism is derived from a quite similar line of reasoning as the original

simulation lemma proof.

This raises the natural question of whether an alternative to bonus-based exploration

can be created using a similar multiplicative procedure. In the next chapter, we introduce

a method for one such case, where we maintain optimism in deterministic continuous

control exploration problems.
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CHAPTER 5

Optimistic Initialization for

Exploration in Continuous Control

In Chapter 3 we develop machinery to generalize bonus-based exploration to the function

approximation setting. In this chapter, we do the same with another classical exploration

method, optimistic initialization. In optimistic initialization, unobserved transitions are

assumed to be maximally desirable until proven otherwise, thus encouraging the agent to

explore (Brafman and Tennenholtz, 2002; Jaksch et al., 2010). The difference between

adding a term to account for uncertainty (BBE), and pinning uncertain values to a high

number (optimistic initialization) is analogous to the one between the original simulation

lemma and our improved bound; in Chapter 6 we make this connection explicit.

In the discrete state-action settings, optimistic initialization is well understood and

leads to strong theoretical regret bounds (Strehl et al., 2006). When using function

approximation, however, näıve attempts at optimistic initialization are quickly learned

away due to generalization (Rashid et al., 2020; Machado et al., 2015). We introduce

Deep Optimistic Initialization for Exploration (DOIE), a novel, practical method for

optimistically initializing value functions over continuous states and actions that enables

precise control over the effect of generalization on optimism. Our method uses a nearest-
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neighbors-based optimism module that identifies the degree to which state-action pairs

are similar to those already observed by the agent. We then compute an optimistic value

function by using this similarity measure to interpolate between a learned value estimate

and an optimistic envelope that describes an upper bound of the optimal value function.

DOIE drastically improves exploration in sparse-reward domains, and is amenable to

principled approximation schemes which allow for its use over long time scales. In the

limit of complete exploration this method reduces to standard Q-learning and therefore

does not modify the fixed point optimal policy. At the other extreme, with no interaction,

the effective Q-function is the optimistic envelope, thus satisfying optimistic initialization.

We empirically investigate our method’s behavior on a variety of challenging sparse

reward continuous control problems, demonstrating state-of-the-art performance on a maze

navigation domain and improved sample-efficiency compared with exploratory baselines

on sparse-reward tasks in the DeepMind Control Suite (Tassa et al., 2018).

5.1 Optimistic Initialization in Continuous MDPs

The intuition behind DOIE is to construct a modified Q-function that takes on an

optimistic value for transitions far outside the agent’s experience, and smoothly relaxes

to empirical estimates for transitions near those which have been observed. This can be

achieved through the use of knownness, a quantity which equals 1 for observed transitions,

and smoothly decays to 0 for state-actions far away from any observations. Given a

knownness function κ(s, a) satisfying these properties, we can construct an optimistic

Q-function, Q+, as follows:

Q+(s, a) = κ(s, a)Q(s, a) + (1− κ(s, a))QMAX(s, a). (5.1)

Choosing an optimistic upper-bound where QMAX ≥ Q∗ everywhere ensures that

Q+(s, a) ≥ Q(s, a), and thus incentivizes the agent to explore regions of the state space
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with low knownness. QMAX frequently can be specified using commonly-known quanti-

ties of an environment. For example, when the maximum per-timestep reward rmax is

known, QMAX = rmax

1−γ
. When an episode terminates after achieving the reward, such as in

goal-directed tasks, QMAX = rgoal. We can then use this optimistic Q-function for both

bootstrapping and action selection:

Q(s, a)← r(s, a) + max
a′

γQ+(s, a′) (5.2)

πQ+(s) = argmax
a

Q+(s, a). (5.3)

We now describe the measure of knownness for a state-action pair. As stated earlier, we

would like knownness to quantify similarity of the state-action to previously observed

state-actions. We assume X is endowed with a metric, d(x1, x2), that quantifies such

similarity, as is common in many works in continuous RL (Ni et al., 2019; Asadi et al.,

2018). We define knownness as a function of the distance to the closest state-action which

the agent has observed:

κ(x) = β(dmin(x)) (5.4)

dmin(x) = min
x′∈X

d(x, x′). (5.5)

where β(d) is a kernel function such that β(0) = 1 and decays monotonically to zero as d

goes to infinity, and X is the set of all previously observed state-actions. In this work we

use

β(d) =
1

1 + (d/d0)2
(5.6)

where d0 is a lengthscale parameter that quantifies how quickly the value of Q can change.

This function mimics the Gaussian function near the origin, but does not fall away

exponentially as d increases.
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A natural metric for such a task is L2. We can make this metric more flexible by

allowing for different weighting of different state-action dimensions in the following way:

d(x1, x2) = |Ax1 − Ax2|2 (5.7)

We note that this definition of knownness is similar to one presented in prior work (Nouri

and Littman, 2009), except that ours modulates only the next-state’s value, rather than

the entire update target. This is more suited to continuous control, where domains are

often only mildly stochastic and thus every (s, a) in an agent’s experience will be largely

known, while the same cannot be said about every (s′, a′). Additionally, prior work has

investigated using the distance to the nearest observed state-actions for exploration in

continuous spaces. Most notably, Pazis and Parr (2013) constructs a bonus based on the

distance to the kth-nearest neighbor that, under assumptions of Lipschitz continuity over

T and R, results in a PAC-optimal exploration algorithm.

5.1.1 Covering Sets for Efficient Knownness

The computational complexity of a näıve implementation of our knownness calculation

scales linearly with the number of state-actions visited. For tasks which require substantial

interaction to solve, this quickly becomes infeasible. We introduce a simple approximation

algorithm which maintains a filtered set of state-actions that is an ϵ-covering of all seen

state-actions so far (Algorithm 2). A subset X̂ of X is an ϵ-covering if:

∀x ∈ X ∃x̂ ∈ X̂ s.t. d(x, x̂) ≤ ϵ.

We define d̂min(x) as the distance of x to the ϵ-ball around any member of the covering-set:

d̂min(x) = max

{
min
x′∈X̂

d(x, x′)− ϵ, 0

}
, (5.8)
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Algorithm 2 Iterative Covering Set Creation

Input: radius ϵ
Initialize X̂ = {}.
for each episode do
s← env.reset()
for each step do
a = π(s)
x = (s, a)
dmin = min

(x′)∈X̂
d(x, x′)

if dmin > ϵ then
X̂ ← X̂ ∪ {x}

end if
s ∼ T (s, a)

end for
end for

and analogously the approximate knownness as:

κ̂(x) = β(d̂min(x)). (5.9)

We choose dmin as such so that κ̂(x) is an efficiently-computable upper bound of the

true knownness (proof in Appendix A):

κ̂(x) ≥ κ(x). (5.10)

Furthermore, if X is a compact metric space, and X̂ is an ϵ-covering of X , it follows that

κ̂(x) = 0 for all x ∈ X . Thus, this approximation preserves the desirable property that

knownness goes to 0 everywhere in the limit of thorough exploration. Figure 5.1 diagrams

the filtering process and the relationship between κ̂(x) and κ(x), and provides intuition on

the lower bound of equation 5.10. We examine the time, space, and performance tradeoffs

of this approximation in our empirical results. Details for adaptive filtering in domains

where the scale of the state space is not known a priori can be found in Appendix B.
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Figure 5.1: A visualization of d̂min in a two-dimensional state-action space. Green points at
the center of each circle represent the filtered covering-set. Blue points represent observed
state-actions. Red points represent “query points”. The blue solid line is d̂min. Note that
d̂min = 0 for the red point within the covering-ball, and that d̂min ≤ dmin always. The
approximation d̂min is equivalent to assuming we have encountered every point in each
green ball. If the green balls cover the entire state-action space, then d̂min ≡ 0.

5.1.2 Value Shaping

An attractive property of optimistic initialization is that it allows for easy incorporation

of domain knowledge through specifying a shaped upper bound to the Q-function. At a

high level, optimistic initialization works by pinning the values of completely unknown

state-actions to QMAX, and “whittling down” the excess optimism through interaction,

until Q(s, a) approaches Q∗(s, a). How much whittling is necessary is a function of how

over-optimistic QMAX is. For example, if QMAX(s, a) = Q∗(s, a) then the initial policy of

Q+ will be optimal, and no further learning is necessary.

Clearly, being given Q∗(s, a) as an initialization is an unrealistic scenario, because

learning Q∗ is the goal of interaction. However, it is often possible to use domain knowledge

to lessen the distance between QMAX and Q∗ while maintaining the crucial property that

QMAX(s, a) ≥ Q∗(s, a) everywhere. In our empirical results, we provide an example of

56



value shaping which accelerates learning for a task where the agent has access to the

location of its terminal goal-state.

5.2 Empirical Results

We test our method on three sets of domains. First, we investigate our method’s

exploration performance in detail on a challenging point navigation task, achieving state-

of-the-art sample efficiency. We then compare our method to a variety of exploration

baselines on modified versions of the benchmark tasks in the DeepMind Control Suite

(Tassa et al., 2018). Finally, we investigate the efficacy of reward and value shaping in

MountainCar (Singh and Sutton, 1996). Details on architectures, training procedures,

resource usage and shaping functions are included in Appendix D. All code used to

generate results is included as supplementary material.

5.2.1 PointMaze

PointMaze (Trott et al., 2019) is a challenging continuous control problem with sparse

rewards where an agent attempts to navigate a 2D maze from the lower-left corner to

the upper-right corner. As in prior work, the agent has 50 steps before it is reset to the

starting region; an optimal agent would reach the goal in roughly 25 steps Trott et al.

(2019). Neither uniform random exploration nor ϵ-greedy training Sutton and Barto

(2018) solves this problem within 5,000 episodes, so some form of directed exploration is

necessary for efficient learning.

We compare against the following bonus-based exploration methods:

• Random Network Distillation (RND), a bonus derived from the error of predicting

a randomly-initialized neural network’s output Burda et al. (2019).

• Model-Predictive Error (MPE), a bonus derived from the error of predicting the

environment’s transition model Pathak et al. (2017).
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Figure 5.2: State visitation of the three best-performing models throughout the first
1000 episodes on PointMaze. Left: OPIQ, center: OMEGA, right: DOIE. Color denotes
episode number, with blue being near the beginning of training and yellow near the end.

• Pseudocounts with action-selection bonus (OPIQ), with counts calculated from a

discretization of the normalized state-action space (Rashid et al., 2020).

We also compare against a previous method which enforces optimistic initialization

through the value function’s bias term (OptBias) Machado et al. (2015), and against

OMEGA Pitis et al. (2020), a goal-conditioned exploration algorithm which achieves

previous state-of-the-art performance on this domain. For OMEGA we use publicly

available code; for all other methods we integrate the novelty-bonus or initialization into

an RBFDQN Asadi et al. (2021) base agent. Finally, we include ϵ-greedy RBFDQN and

a random agent as non-exploratory baselines. Details of all architectures and bonuses are

included in Appendix D.

Ability to Explore

We begin by investigating the ability of our method to efficiently explore the state

space. We visualize the agent’s trajectories through training in Figure 5.2. By the 1000th

episode, optimistic initialization has guided the agent through the majority of the state

space, while none of the baseline exploration methods have yet explored in the region of

the goal. We quantify this exploration in Figure 5.3 by partitioning the maze into a 40
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Figure 5.3: Fraction of state space explored by all exploration methods over 2000 episodes.
While both DOIE and OMEGA eventually cover the state space, DOIE accomplishes it
in roughly half the episodes.

by 40 grid, and tracking the number of these squares that each agent visits throughout

training. Optimistic initialization quickly covers the state space after 1000 episodes, while

the strongest baseline takes 2000 episodes to cover similar area.

Performance Results

Figure 5.4 demonstrates the learning performance of each method over 2000 episodes.

Besides OMEGA, the remaining baseline methods are unable to reach the goal even after

extensive hyperparameter tuning. This is consistent with the exploration graphs presented

in the prior section. OMEGA is able to reach the goal consistently, but first reaches the

goal nearly 300 episodes after our method.

Effect of approximation

Näıve nearest-neighbor calculations involve computing the distance between a query

point and every point the agent has encountered, and thus exact nearest-neighbors

is impractical for long learning interactions. Earlier, we described a filtering method

that makes this process much faster at the expense of the granularity of the knownness

calculation. We investigate the relationship between filtering amount and exploration
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Figure 5.4: Success percentage of Optimistic Initialization and baselines on PointMaze
over 2000 episodes. The shaded region represents the standard deviation over 5 runs.
Only OMEGA and DOIE reach the goal in the allotted time.

by plotting the speedup of the knownness calculation versus exploration amounts at 500

episodes for a variety of filtering radii (Figure 5.5). As expected, we see that increasing

the amount filtered decreases exploration performance. Our experiments are performed

with intermediate values of filtering, so as to train acceptably quickly while still providing

the benefits of exhaustive exploration.

Figure 5.5: Comparison of exploration amounts versus knownness speedup for various
approximation filter radii. As filtering becomes more aggressive, exploration is less
effective.
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5.2.2 DeepMind Control Suite

To gauge the general exploration ability of our method, we test our method on modified

versions of four sparse-reward tasks from the DeepMind Control Suite Tassa et al. (2018):

Pendulum, Hopper Stand, Acrobot, and Ball in Cup (Figure 5.6). Normally, each of

these environments would be initialized, on reset, to a random state, which actually

provides good coverage of the state space (including near the goal) and largely obviates

the need for directed exploration. To make the problems more challenging, we modify

the environments by performing 1000 no-op actions at the beginning of each episode in

order to settle to a state far from the rewarding region, thus increasing the exploration

required to solve the task. For more details on the environments, refer to Appendix C.

We compare to all methods used for PointMaze except for OMEGA, as these tasks are

not goal-directed. The tasks vary from low-dimensional (Pendulum, |X | = 4) to relatively

high-dimensional (Hopper Stand, |X | = 19). Our method performs competitively on all

domains, outperforming all baselines at early-stage learning on Acrobot, Ball in Cup, and

Figure 5.6: Performance on tasks in the DM Control Suite. The shaded region represents
the standard deviation over 8 runs. Colors correspond to the same methods across
domains.
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Hopper Stand, and learning more quickly than all but RND on Pendulum.

5.2.3 Value Shaping

We now demonstrate how our method allows us to incorporate domain knowledge

through specifying a state-dependent QMAX, which we call “value shaping.” We test our

method on MountainCar, a low-dimensional yet challenging continuous control exploration

problem that requires first moving away from the goal in order to build momentum. Using

the goal-position sg, the agent’s max speed vmax, and the reward for reaching the goal rg,

we can calculate an upper bound of the optimal Q-function Q∗:

QMAX(s, a) = rgγ
|sg−s|/vmax . (5.11)

We limit the episode length to 80 steps, which necessitates directed exploration in order

to reach the goal. Our results are presented in Figure 5.7.

Figure 5.7: Learning curves for uniform optimistic initialization (blue) as well as shaping
(brown) and anti-shaping (gold) on MountainCar. Optimistic initialization allows us to
use value shaping for more efficient learning, while eventually learning an optimal policy is
robust to value-shaping misspecification. In comparison to reward shaping, value shaping
is much more effective at finding a solution. For this task, OptBias and RBFDQN (not
shown) were unable to solve the task in the allotted time. The shaded region represents
the standard deviation over all 10 runs.
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In comparison to a uniform QMAX, when we provide a tighter upper bound through

value shaping we see the agent explore much more quickly. We also include a reversal of

this shaping (anti-shaping), which maintains the upper-bound property QMAX ≥ Q∗ but

sets the upper-bound value higher away from the goal. Though this deliberately provides

the agent with bad advice, the agent still learns to reach the goal, albeit more slowly.

While value shaping specifies regions of the state-space which should be explored first,

since the optimism is learned away the agent still eventually explores until it finds the

solution in all runs.

5.3 Relationship to Broader Work

This chapter introduces an instantiation of optimistic initialization in the deep rein-

forcement context. Key to this approach is an optimistic Q-value update rule, which

interpolates between an empirical estimate of value and VMAX depending on the “known-

ness” of a given state and action. This update rule looks remarkably similar to the

improved version of the simulation lemma derived in Chapter 4. In the next section, we

make this connection explicit, and create an optimistic Bellman equation based on this

reasoning. This new form of optimism uses the same novelty estimates as bonus-based

exploration, and thus can be used as a drop-in replacement, but produces much tighter

estimates of optimistic value.
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CHAPTER 6

From Additive Bonuses to VMAX

Interpolation

In chapter 4, we derive an optimally tight bound for the simulation lemma, a founda-

tional result in reinforcement learning relating model uncertainty to error in predicting

expected return. We improved the existing bound by noticing that transition misspecifi-

cation must be conserved: probability mass that ends up somewhere needs to come from

somewhere else. Therefore, if transition probability is taken from a low-value state and

moved to a high-valued state, there is less low-valued probability to be wrong about in

future timesteps. This sharply limits how much an incorrect model can degrade value

estimation.

Many instantiations of optimism in the face of uncertainty (OFU) are derived analo-

gously to the simulation lemma: enforcing optimism by assuming that any estimation

errors are in the direction that increases value the most. This connection is unsurprising,

as the simulation lemma was originally developed as part of a PAC-MDP exploration

algorithm. It is natural to ask whether the lesson from chapter 4 can be applied to produce

tighter optimistic value estimations for the purpose of exploration.
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In this chapter, we draw a connection between the two approaches to proving the

simulation lemma, and the two PAC exploration algorithms presented in the paper An

Analysis of Model-Based Interval Estimation for Markov Decision Processes (Strehl and

Littman, 2008). The first algorithm, model-based interval estimation with exploration

bonuses (MBIE-EB), serves as the theoretical basis for bonus-based exploration (BBE)

in deep reinforcement learning. The second algorithm, model-based interval estimation

(MBIE) has attractive theoretical advantages in its optimistic estimates, but presents

difficulties when porting to sample-based training.

Our primary contribution in this chapter is presenting two different update rules

for approximating this tighter form of optimism in the deep reinforcement learning

setting. The first of these reproduces MBIE-EB exactly using a version of distributional

Q-networks (Dabney et al., 2018; Bellemare et al., 2017). The second of these provides

missing theoretical motivation for the knownness-based objective presented in Chapter

5, and generalizes it to serve as a drop-in replacement for BBE. We then empirically

demonstrate the advantages of this optimistic objective, which we call VMAX Interpolation,

over equivalent BBE learning rules on a variety of bonuses and methods presented earlier

in this thesis. Due to its generality and simplicity, VMAX Interpolation shows promise as a

simple tool that can improve many existing exploration bonuses.

6.1 Background

As this work builds upon prior PAC algorithms, we describe their core ideas in more

detail here.

6.1.1 The Empirical MDP

Both PAC algorithms described below work by modifying the empirical MDP M̃ such

that the modified MDP M̂ has optimistic values for all states and actions. The empirical
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MDP is simply the MDP whose transitions and rewards exactly match the distribution

observed so far. Let B = {(st, at, rt, st+1) : 0 ≤ t ≤ T − 1} be the collection of observed

transitions after T timesteps. Then,

R̃(s, a) = E{rt∼B|st=s,at=a}[rt]

and

T̃ (s, a, s′) = Pr(st+1 = s′|st = s, at = a)

Because the parameters of the empirical MDP are derived from the agent’s experiences,

a randomly sampled batch of experiences definitionally has the same average statistics

as the empirical MDP. Therefore, minibatch training from a replay buffer, as is common

in deep reinforcement learning (Mnih et al., 2015), is an approximation to solving the

empirical MDP.

6.1.2 Model-Based Interval Estimation with Exploration Bonus

The heart of MBIE-EB is constructing a bonus for each state and action such that,

if all other Q(s, a) are optimistic (or correct), each execution of bootstrapping or value

iteration is optimistic as well. We can construct such a bonus using reasoning similar

to Equation 4.6. Using Hoeffding’s Inequality from Equations 2.2, 2.3, we define high-

confidence intervals ϵR(s, a) ∝
√

1
N(s,a)

, ϵT (s, a) ∝
√

1
N(s,a)

. From these, we construct a

bonus B(s, a) = β(ϵR(s, a) +
γVMAX

2
ϵT (s, a))

1.

MBIE-EB constructs an optimistic MDP M̂ by augmenting the empirical MDP with

this bonus:

R̂(s, a) = R̃(s, a) + B(s, a).
1MBIE-EB derives its confidence intervals using Hoeffding’s Inequality in a tighter way that does not

depend on ϵR, ϵT directly, however the same
√

1
n scaling, and overestimation arguments hold. See Section

Lemma 7 of Strehl and Littman (2008)
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Value iteration on M̂ produces optimistic Q-values with high confidence. By acting

greedily with respect to the optimistic Q values, the agent efficiently explores its environ-

ment. As described above, since T̂ = T̃ , this optimistic learning procedure can easily be

ported to the deep reinforcement learning context through minibatch experience replay

(Bellemare et al., 2016; Mnih et al., 2015).

Similarly to the looser form of the simulation lemma, this bonus is constructed to upper-

bound Q(s, a) at each step of value iteration, but can be quite loose when considering how

the optimism compounds. This is because the bonus must be large enough such that Q(s, a)

is optimistic even when, for example, all other Q(s′, a′) are accurate (not optimistic).

When other Q(s′, a′) are also also optimistic, this bonus leads to vacuously high optimism

in exactly the same way as Equation 4.4. As a contrived example, if each (s, a) has

been encountered once, B(s, a) ≈ VMAX. This ensures that each step of value iteration is

appropriately optimistic, but when converged on will produce Q(s, a) ≈ VMAX/(1− γ).

6.1.3 Model-Based Interval Estimation

MBIE modifies both the reward and transition function of the empirical MDP, as

opposed to only the reward function. For each state, reward and transition confidence

intervals ϵR(s, a) and ϵT (s, a) are created. The empirical reward function is made optimistic

by choosing the tail of this confidence interval:

R̂(s, a) = R̃(s, a) + ϵR(s, a).

At each step of value iteration, the empirical transition function is likewise modified, to

produce the highest values while respecting the ϵT (s, a) confidence interval:

T̂ (s, a) = argmax
|T̂ (s,a)−T̃ (s,a)|1≤ϵT (s,a)

∑
s′

T̂ (s, a, s′)V̂i(s
′), (6.1)
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where V̂ (s) = max
a

Q̂(s, a). A T̂ that satisfies Equation 6.1 moves ϵT (s,a)
2

probability mass

from the lowest-value successor states of each (s, a) to a VMAX state2. At the ith step of

value iteration, MBIE then performs the following optimistic backup:

Q̂t(s, a)← R̂(s, a) + γ
∑
s′

T̂ (s, a, s′)V̂i−1(s
′)

=
∑
s′

T̂ (s, a, s′)
(
R̂(s, a) + γV̂i−1(s

′)
)
. (6.2)

At most, using T̂ in place of T̃ increases the target of value iteration by γVMAX

2
ϵT (s, a),

in the case where an observed successor to s has value exactly 0. However, since the

probability added to a VMAX state must have come from somewhere, the effective optimism

can be much smaller when the empirical successors of (s, a) themselves have high value.

Note that early in exploration, all states will have high value before optimism is whittled

away. Thus, especially early in training this leads to much tighter optimistic Q-value

estimates. Additionally, just as in Chapter 4, this reweighting scheme naturally bounds

learning targets below VMAX, an intuitively desirable property for bounded optimism.

However, since T̂ ̸= T̃ , there is no clear way to approximate this learning target by

sampling from a replay buffer. In the next section, I develop a way to compute this target

with only sampled transitions, using a variant of distributional reinforcement learning

(Dabney et al., 2018; Bellemare et al., 2017). I then provide an approximation to this

optimistic target that generalizes my DOIE algorithm from Chapter 5 to a wider variety

of novelty estimates.

2In MBIE, the probability mass is transferred to the state with highest estimated value. Assuming
there is a state with exactly value VMAX simplifies our argument, and is equivalent to augmenting the
MDP with a self-transitioning state with value VMAX.
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6.2 Deep Learning Analogs to MBIE

I now demonstrate an implementation of MBIE that does not require directly estimating

the optimistic transition function. This allows us to implement an approximation to

MBIE in the deep learning setting. For simplicity, in the remainder of this chapter I

assume that reward is deterministic—a common assumption since confidence intervals

surrounding reward are generally dominated by those arising from transition uncertainty

(Abel et al., 2021; Wang et al., 2020).

6.2.1 VMAX Interpolation

Recall that at each step of value iteration MBIE performs the backup specified by

Equation 6.2, which involved modifying the empirical transition function to put more

weight on high-valued successor states. However, as described above, this learning target

cannot be easily estimated using experience replay, as it requires modifying the empirical

transition function. In Appendix D.1, I present an exact implementation of MBIE

amenable to sample-based training, which relies on an optimistic distributional Q function

(Dabney et al., 2018; Bellemare et al., 2017) instead of an optimistic transition function.

Below, I further simplify that update rule to work with a standard Q function, in a way

that maintains the intuitive benefits of MBIE while losing the perfect analogy to this

PAC-MDP method.

Computing T̂ from Equation 6.1 exactly is challenging: it requires linear programming

and does not generalize well to the sample-based regime (Strehl and Littman, 2008).

However, if we settle for a transition function that is guaranteed to be optimistic compared

to M̃ but not necessarily toM, this task becomes much easier. Instead of drawing ϵT (s,a)
2

probability from the lowest-value successor states, we draw from all successor states in

proportion to their empirical likelihood:
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T̂ (s, a, s′) = (1− ϵT (s, a)

2
)T̃ (s, a, s′).

We then reassign the remaining ϵT/2 probability as entering an absorbing state smax,

where V (smax) = VMAX:

T̂ (s, a, smax) = ϵT (s, a)/2.

This leads to a simplified update rule that only requires the empirical transition

function:

Q̂(s, a)← R̃(s, a) + γ
(ϵT (s, a)

2
VMAX + (1− ϵT (s, a)

2
)
∑
s′

T̃ (s, a, s′)V (s′)
)

= R̃(s, a) + γ
∑
s′

T̃ (s, a, s′)
(ϵT (s, a)

2
VMAX + (1− ϵT (s, a)

2
)V (s′)

)
. (6.3)

I call this method VMAX Interpolation (VMI) because the uncertainty measurement

interpolates between the empirical next-value distribution and VMAX. Instead of acting as

a bonus, the uncertainty measure acts like an additional discount, putting less weight on

value estimates of states that the agent has not frequently visited. We note that in Jiang

et al. (2015) it is shown that using a lower discount factor leads to better planning when

using a mis-specified model—we expect to see similar benefits in this context.

6.2.2 Relationship Between VMAX Interpolation and Bonus-Based

Exploration

Consider some estimate of novelty or uncertainty, B(s, a). This could be a pseudocount

(Bellemare et al., 2016; Lobel et al., 2023), a model-prediction error (Pathak et al., 2017),

or another novelty-prediction methodology (Burda et al., 2019). In the BBE framework,

we add to the task-specified reward this novelty measure, scaled by a hyperparameter κ,
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as an exploration bonus. Thus, the BBE optimistic update rule can be written as follows:

Q+(s, a)← R(s, a) + κB(s, a) + γV (s′)

which adds κB(s, a) to the empirical bootstrapping. Alternatively, we could use this

same measure of uncertainty within the VMI update rule. Scaling B(s, a) by a new

hyperparameter λ produces the analogous VMI update rule:

Q+(s, a)← R(s, a) + γ
(
λB(s, a)VMAX + (1− λB(s, a))V (s′)

)
= R(s, a) + γλB(s, a)

(
VMAX − V (s′)

)
+ γV (s′), (6.4)

which adds γλB(s, a)
(
VMAX − V (s′)

)
to the empirical bootstrapping at each step. Just

as the original simulation lemma bound can be viewed as a linearized upper bound to our

improved result, so too can the BBE bonus be viewed when compared to Equation 6.4.

Setting

λ =
κ

γVMAX

(6.5)

produces an identical one-step update when V (s′) is small, and so the above relation

allows us to set up a one-to-one correspondence between bonus methods and their VMI

equivalents. But as optimism compounds, V (s′) will grow larger, in which case BBE can

converge to be over-optimistic by a factor of up to 1/(1− γ). In contrast, by construction

VMI stays bounded by VMAX.

6.3 Experimental Results

The results from Chapter 5 demonstrate the frequent superiority of Deep Optimistic

Initialization for Exploration (DOIE), to a variety of optimistic baselines including an

instantiation of bonus-based exploration from pseudocounts. However, these results did
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not distinguish between the impact of the two major innovations within DOIE. First,

DOIE quantifies uncertainty using a nearest-neighbors module especially well suited for

continuous control. And second, DOIE uses the VMAX Interpolation update rule from

Equation 6.4 to train the optimistic Q function in place of BBE.

Here, we attempt to clarify the impact of these two contributions on the learning

process. We investigate all four combinations of two uncertainty-modules from Chapter

5 (DOIE’s nearest-neighbors module, and OPIQ’s discretized counting module) and the

two update rules (BBE and VMI), at a variety of uncertainty-bonus scales. For each

method and environment, we adopt the same training configuration as used in the prior

chapter, for example characteristic lengths for discretization and knownness calculation.

To compare BBE and VMI we set the relative bonus scale according to Equation 6.5, and

sweep over κ. Figure 6.1 presents a sweep of bonus scales on the four continuous control

domains used to evaluate DOIE in Chapter 5, for both uncertainty modules listed above.

As expected, we find that performance of both algorithms track each other closely for

small κ scales. However, VMI successfully learns for a much larger range of bonus scales

than BBE, successfully learning at 10x the value of κ with which BBE training collapses3.

This provides evidence that VMAX Interpolation serves as a more robust instantiation of

optimistic exploration than its bonus-based counterpart, and that the VMI update rule

can be successfully applied to a broader class of uncertainty measurements than were used

for training DOIE.

3Note that we clip Q value targets at VMAX during bootstrapping as this substantially improves
stability and performance for both methods.
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Figure 6.1: Performance on tasks in the DM Control Suite. Each data point represents the
average return throughout training (as opposed to a final score), for a given method and
optimism scale, averaged over 5 seeds. The shaded region represents the standard error.
The x-axis represents the bonus-scale κ: VMI scale λ is computed using Equation 6.5.
(TOP): Uncertainty B is computed using DOIE’s nearest-neighbor uncertainty module.
In many environments, VMI training remains stable at larger optimism scales than BBE,
whose performance sharply degrades. (BOTTOM): Uncertainty B is computed through
discretized counting, as used for OPIQ in Chapter 5. VMI is similarly more robust to
uncertainty scale than BBE for this method of computing uncertainty.
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6.4 Relationship to Broader Work

This chapter builds on the one before, providing a better-grounded theoretical source

for the DOIE update rule, and generalizing it to a broader class of uncertainty estimates.

Most importantly, I show how this generalization, which I call VMAX Interpolation, is a

modification to bonus-based exploration that comes from reasoning more carefully about

compounding transition misspecification.

This chapter serves to tie the prior three works together in a single algorithm. The

careful reasoning about compounding transition misspecification was inspired by my

modified simulation lemma (Chapter 4), and the improvements come from the same

source. The resulting algorithm generalizes DOIE (Chapter 5) to work with many ways

of estimating novelty. In particular, I apply it to a (discretization-derived) count-based

bonus, where it stabilizes learning over a wider range of bonus scales. In future work I

intend to similarly modify my CFN -derived pseudocount bonus (Chapter 3), which will

cleanly integrate the most important ideas of this dissertation in one project.
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CHAPTER 7

Conclusion

A hallmark of reinforcement learning, the source of its generality as well as its difficulty,

is that a reinforcement learning agent must gather its own training data. Though an

agent is usually equipped with a reward function that judges the quality of its current

policy, it is not given a way to know a priori which parts of its environment are important

to visit as part of learning. That is the problem with which this dissertation concerns

itself: how can an agent determine what is worth learning more about, and how can it

use that knowledge to learn?

This dissertation is a small but concrete step forward for one of the most important

problems in deep reinforcement learning, that of efficient exploration in large-scale domains.

The challenge of exploration starts at the beginning: in deep RL, even identifying what

parts of the world are novel or unknown is the subject of active research. The first

contribution in this dissertation is a method for estimating novelty in environments with

rich observation spaces. To do this, we derived a rigorous connection between random

sampling and novelty estimation that is amenable to function approximation. We turn

this insight into an algorithm by way of an exploration bonus, that rewards the agent for

visiting new parts of the environment. We then move our focus towards how to use a given

novelty estimate for better exploration. By deriving an improved form of the simulation
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lemma, we formalize a way in which bonuses can lead to over-optimistic values. Finally,

we apply this logic to deep RL to create a class of exploration algorithms that offer a

general alternative to bonus-based exploration. This dissertation serves as a toolkit for,

and advances our understanding of, how to do optimistic exploration in deep reinforcement

learning.

The challenge of exploration for interactive agents is evergreen. As reinforcement

learning methods are applied to larger models and more general domains, the goal shifts

from discovering a narrowly-defined optimal policy to growing the class of tasks that

an agent can solve. In particular, modern foundation models begin with an incredible

amount of world knowledge, and the next generation of exploration techniques must

take advantage of this starting point and expand from there. Novelty estimation directly

over states is in some sense a tabula-rasa approach; RL exploration in this new world

requires an exciting new toolkit. This dissertation introduces simple methods for using

prior knowledge such as value shaping in Chapter 5, and insights such as the uncertainty

estimation on which CFN is based are finding exciting application in these more general

domains. Much work, however, needs to be done to discover how to best explore and use

that exploration in these large interactive models. At the time of this writing, pretrained

foundation models remain largely bounded by the knowledge encoded in their initial

training data, despite its breadth. Exploration is the mechanism by which these systems

can move beyond static competence toward open-ended growth through interaction.
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Appendix A

Flipping Coins to Estimate

Pseudocounts for Exploration

A.1 Proofs

A.1.1 Any Zero-Mean Unit-Variance Distribution can be Used

for Counting

Let zn = 1
n

∑n
i=1 xi where xi ∼ X . Assume that the distribution X is such that

E[X ] = 0 and Var[X ] = 1. In many cases we make use of the fact that E[xixj] = δij

(Kronecker delta function), because if i ̸= j, then E[xixj] = E[xi]E[xj] = 0.

E
[
z2n
]
= E

[( 1
n

n∑
i=1

xi

)2]
=

1

n2
E
[ n∑

i=1

n∑
j=1

xixj

]
=

1

n2
E
[ n∑

i=1

xixi +
n∑

i=1

n∑
j ̸=i

xixj

]
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=
1

n2
E
[ n∑

i=1

x2
i

]
+

1

n2
E
[ n∑

i=1

n∑
j ̸=i

xixj

]
=

1

n2
(n+ 0)

=
1

n

This proves the well-known fact that the variance of the sample mean scales inversely

with the number of samples.

A.1.2 Functional Form of the Variance of z2n

We now know that z2n is an unbiased estimator of 1
n
, the inverse count. What is the

variance of this estimate?

Var
[
z2n
]
= E

[
z4n
]
− E

[
z2n
]2

= E
[
(
1

n

n∑
i=1

xi)
4
]
− 1

n2

=
1

n4
E
[
(

n∑
i=1

xi)
4
]
− 1

n2

E
[
(

n∑
i=1

xi)
4
]
= E

[∑
i

∑
j

∑
k

∑
l

xixjxkxl

]
= E

[ ∑
i=j=k=l

x4
i +

∑
i=j,k=l ̸=i

x2
ix

2
k +

∑
i=k,l=j ̸=i

x2
ix

2
l

+
∑

i=l,j=k ̸=i

x2
ix

2
k +

∑
remaining

xixjxkxl

]

where here we have broken the summation across all indices i, j, k, l apart into four sets of

terms with even exponents, and one set which all have at least one odd exponent (and

thus has expectation 0). There are n elements in the first sum, and n(n− 1) elements of
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the second, third, and fourth sum. Thus:

E
[ ∑
i=j=k=l

x4
i

]
= nE

[
X 4

]
E
[ ∑
i=j,k=l ̸=i

x2
ix

2
k

]
= n(n− 1)E

[
X 2

]2
E
[ ∑
remaining

xixjxkxl

]
= 0

and therefore,

E
[
(

n∑
i=1

xi)
4
]
= nE

[
X 4

]
+ 3n(n− 1)E

[
X 2

]2
= nE

[
X 4

]
+ 3n2 − 3n

Plugging into the original equation we arrive at a functional form of Var[z2n]:

Var
[
z2n
]
=

1

n3
E
[
X 4

]
+

3

n2
− 3

n3
− 1

n2

=
1

n3
E
[
X 4

]
+

2

n2
− 3

n3
(A.1)

A.1.3 Proof that Using the Coin-Flip Distribution Yields the

Lowest-Variance Estimator of 1
n

Above, we show that to reduce Var
[
z2n
]
the only knob we can turn is reducing the

4th moment, because E
[
X
]
= 0 and E

[
X 2

]
= 1 by construction. The 4th moment of the

coin-flip distribution x ∼ C ∈ {−1, 1} is simply

E[C4] = 1

2
14 +

1

2
(−1)4 = 1.
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Plugging this into Equation A.1 yields, for x ∼ C:

Var
[
z2n
]
=

2

n2
− 2

n3
.

This holds for all n ≥ 1. Therefore, Var
[
z21
]
= 0, which is easy to confirm. Since

variance must always be positive, this means that E[x4] ≥ 1 for all X satisfying our

assumptions, and hence using the coin-flip distribution achieves minimum possible variance

in its estimation of 1
n
.

A.1.4 Proof that Variance Scales Inversely with Vector-Length

We have another, simpler method for reducing variance: we can increase the number

of trials (equivalently, the number of coin flips), and average the results together.

Let {zni|i ∈ 1, ..., d} be a set of d independent draws of zn. Then

E
[1
d

d∑
i=1

z2ni

]
=

1

d

d∑
i=1

E
[
z2ni

]
= E

[
z2n
]
=

1

n

as expected (the average of i.i.d samples is simply the expectation). Similarly:

Var
[1
d

d∑
i=1

z2ni

]
=

1

d2

d∑
i=1

Var
[
z2ni

]
=

1

d
Var

[
z2n
]

This is a well-known fact of how variance scales with samples. Therefore, we can decrease

the variance of our estimator in two ways: picking a good distribution (coin-flip is best)

and also increasing the number of trials.

A.2 Analysis of Linear Coin Flip Network

We now analyze the solution to Equation 3.3 when our function approximator fϕ

is a linear mapping between states and coin flips. Our goal is to recover an intuitive
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understanding of how bonuses are estimated when the model has to generalize across

inputs. For simplicity, we consider the case of a single coin flip per encountered state.

We represent each state s as a p-dimensional vector, with S being the n× p matrix of all

encountered states , and c ∼ {-1, 1}n being the n-dimensional vector of sampled coin flips.

Thus, fϕ(s) = s · ϕ, where ϕ is the weight vector that parameterizes fϕ. Under this

formulation, Equation 3.3 reduces to solving the following linear least-squares regression

problem:

ϕ = argmin
ϕ′
∥Sϕ′ − c∥2.

For the following derivation, we assume that S has rank p (and n > p) in order to recover

a unique solution, however this result can be generalized by replacing the inverse with the

pseudo-inverse. The solution to this linear regression (Golub and Reinsch, 1971) is

ϕ = (STS)−1STc.

We now rewrite S using its singular value decomposition (Golub and Reinsch, 1971):

S = UΛVT , where U is the n× n orthonormal “left singular vector” basis, V is the p× p

orthonormal “right singular vector” basis, and Λ is a n× p rectangular diagonal “singular

value” matrix. Thus, STS = VΛTUTUΛVT = VΛTΛVT. Therefore:

ϕ = (STS)−1STc

= (VΛTΛVT)−1VΛTUTc

= V(ΛTΛ)−1VTVΛTUTc

= V(ΛTΛ)−1ΛTUTc

= VΛ−1UTc

where Λ−1 is the pseudo-inverse of Λ, which in the case of a rectangular diagonal matrix

91



is simply the element-wise reciprocal of the diagonal entries, transposed.

Recall that fϕ(s) = s · ϕ. We can gain more intuition about fϕ by representing s

using the orthonormal basis V: s =
∑

i(s
T ·VT

i )V
T
i = pVT where p says how much

of each basis vector there is in s. Now we can derive a simple formula for the expected

inverse-count of s:

E[
1

N (s)
] = E[∥fϕ(S)∥]2

= E[sϕϕT sT]

= E[pVTVΛ−TUTccTUΛ−1VTVpT]

= pVTVΛ−TUT E[ccT] UΛ−1VTVpT

Since each element of c is independent of all others, E[ccT] = I. Furthermore, U and

V are orthonormal bases and so UTU = I and VTV = I. Thus, we get the following

simplification:

E[
1

N (s)
] = p(ΛTΛ)−1pT.

In other words, when using a linear model, CFN stores in its weights how much of

each singular vector is present in the dataset S. When presented with a new state s, it

computes an inverse count for each singular vector, and returns a linear combination of

those, weighted by how much of that singular vector is present in s.

This matches intuition in the tabular case. If each s ∈ S is represented by a one-hot

vector, then STS is a diagonal matrix that counts how many times each unique state

has been seen, and p(ΛTΛ)−1pT returns the the inverse count of a given state. In the

more general linear case, counting simply happens over a different basis than the identity

matrix.
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A.3 Environment Details

Visual Gridworld. We used a 42x42 gridworld, observations were 84x84 images (each

grid-cell was visualized using 2x2 pixels). The player always started the episode at the

bottom-left and the goal was at the top-right. Episodes lasted a maximum of 150 steps,

unless the agent reached the goal, in which case the episode terminates with a sparse

reward of 1. For the stochasticity experiments in Figure 3.4(right), the maximum number

of steps per episode was determined by 150
1−η

where η is the action-noise probability. We

did this to make sure that more stochastic versions of the task still had long-enough

episodes to be solvable by a reasonably good agent: with this scaling the agent has the

same number of actions under its own control in a given episode, independent of η.

Visual Taxi. We used two variants of the Taxi—one with a 5x5 grid (as in the default

version) and another with a 10x10 grid (Diuk et al., 2008); episodes lasted a maximum of

50 steps in the former and 100 in the latter case. Similar to visual gridworld, the agent

observed images of the game state; to show that the passenger was inside the taxi, we

shaded the taxi differently and included a black border around the image.

Fetch and Adroit Manipulation. As mentioned in Section 3.2.4, we first sparsified

the reward function—this means that there are no shaping rewards for reaching the object

or for moving it to non-goal locations. To set the goal locations for the non-default

versions of the tasks, we first visualized the environment and rendered the effect of random

actions. The exact goal locations that we settled on can be found in our linked code (file

wrappers.py). In the Relocate task, we truncate the episode when the ball leaves the

table.

Ant U-Maze. D4RL randomly sets the goal location to a small distribution around

(x = 0, y = 8) and the ant’s location to a small distribution around (x = 0, y = 0).

Predictably, we used the sparse-reward version of the task. Episodes last a maximum of
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1000 steps.

Montezuma’s Revenge We followed the experimental protocol of Machado et al.

(2015) which means that we used sticky actions, a frame stack of 4, action repeat of 4,

grayscale images of shape 84x84 and a training budget of 200 million frames (50 million

agent-environment interactions).

A.4 Hyperparameters, Architecture and Training De-

tails

The final values of hyperparameters for all experiments have been set as the default

values in our configuration files, which can be found in the configs/*.gin files in our

codebase. The file intrinsic motivation/intrinsic rewards.py contains architectural

details such as number of layers and layer sizes, and unless otherwise noted are the same

as presented in (Taiga et al., 2020). The neural network architecture of CFN is chosen to

match that of RND’s prediction network.

All hyperparameters not listed are chosen to match the default Rainbow Hessel et al.

(2018) and SAC Haarnoja et al. (2018) implementations. For each task group, the tested

hyperparameters are listed; multiple value indicate a grid search, with the chosen value

listed in bold. On Montezuma’s Revenge we use the best reported RND and PixelCNN

hyperparameters from (Taiga et al., 2020).

A.4.1 Shared Hyperparameters

We used Rainbow for Visual Gridworld (Section 3.2.3) and Montezuma’s Revenge

(Section 3.2.5) and SAC for all the continuous control experiments (Section 3.2.4). The

hyperparameters for these base agents are reported below:
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Rainbow Hyperparameter Gridworld Atari

Discount Factor γ 0.99 0.99

Adam LR 1.25e-4, 1e-5 1.25e-4, 6.25e-5

Adam ϵ 1.5e-4 1.5e-4

Multi-step return n 3 3

Min history to start learning 1,000 20,000

Distributional Atoms 51 51

Distributional Min/Max values ±10 ±10

Batch Size 32 32

SAC Hyperparameter Fetch Adroit Ant

Discount Factor γ 0.99 0.99 0.99

Adam LR 3e-4 1e-4 3e-4 3e-4

Adam ϵ 1e-8 1e-8 1e-8

Multi-step return n 3 3 3

Min history to start learning 10,000 10,000 10,000

SAC Reward Scale Factor 1.0 1.0, 3.0, 10.0, 30.0 0.1

Batch Size 256 256 256
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A.4.2 CFN Hyperparameters

Hyperparameter Gridworld Fetch Adroit Ant Atari

Intrinsic
Reward Scale

0.001, 0.003
0.01, 0.03

0.001, 0.003
0.01, 0.03

0.001, 0.003
0.01, 0.03

0.001, 0.003
0.01, 0.03

0.001, 0.003
0.01, 0.03

Reward
Normalization∗ Yes, No No No No No

CFN
learning rate 1e-4 1e-4 1e-4 1e-3 1e-4 1e-5

CFN replay
buffer size 1e6 1e6 1e6 1e6 2e7

CFN
batch size 1024 1024 1024 1024 512

CFN
update period 1 1 1 1 4

Number of
coin flips d 20 20 20 20 20

∗ Reward normalization. In Visual Gridworld, we found it helpful to use reward

normalization (Burda et al., 2019), which normalizes the exploration bonus by subtracting

its running mean and dividing by its running variance.

A.4.3 CFN Replay Buffer Size

Note that we used a much larger CFN replay buffer for Montezuma’s Revenge. Usually,

a small FIFO queue is used to implement the replay buffer. As shown by Zhang and Sutton

(2017), larger replay buffers hurt RL performance because it makes the Q-learning updates

more off-policy. Since the CFN objective is a standard regression problem (and does not

use bootstrap targets), larger buffers almost always improve performance. Furthermore,

shorter CFN buffers often cause high-count states to be removed from the replay buffer and

eventually re-appear as novel to the agent; a problem that is mitigated with larger buffer

sizes. In future work, we would like to revert to smaller replay buffers by implementing a

“forgetting” strategy in which low novelty states are discarded from replay with higher

probability.
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Figure A.1: Analyzing the impact of large replay buffer for CFN: while a very large buffer
size of 2e7 leads to better performance, a smaller buffer size of 5e6 still performs well.
Results are averaged over 6 random seeds.

Figure A.1 shows that while a very large replay buffer does indeed yield better

performance in Montezuma’s Revenge, a moderately sized replay buffer also performs

respectably.

A.4.4 PixelCNN Hyperparameters

Hyperparameter Gridworld Atari

Intrinsic Reward Scale 0.1, 0.5, 1.0 0.1

Prediction Gain Scale 0.1, 0.5, 1.0, 5.0 1.0

PixelCNN learning rate 1e-4 1e-4

A.4.5 RND Hyperparameters

Hyperparameter Gridworld Fetch Adroit Ant Atari

Intrinsic Reward Scale
5e-5,1e-4,
5e-4,1e-3

5e-5,1e-4,
5e-4,1e-3

5e-5,1e-4,
5e-4,1e-3

5e-5,1e-4,
5e-4,1e-3 5e-5

RND learning rate 1e-4 1e-4 1e-4 1e-4 1e-4
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A.4.6 Compute Resources

The wallclock time of all intrinsic reward methods is roughly similar, however on Atari

domains CFN requires significantly more memory—see Section A.4.2 for discussion. All

experiments are performed on a slurm cluster using nodes equipped with 4 CPUs and 1

3090-Ti NVIDIA GPU. We reserve 16GB of memory for all experiments except for CFN’s

Montezuma’s Revenge, where we reserve 160GB.

A.5 Additional Experiments

A.5.1 Counts on Visual Taxi

We report count reconstruction-accuracy on visual versions of both the 5x5 and the

10x10 Taxi environments in Figure A.2. See Appendix A.3 for environment details.

These tasks are visually more complex and have many more possible states than Visual

Gridworld. Since the policy used to collect data is a confounding variable when comparing

counting accuracy, in these experiments all interaction is performed with a random policy,

and only the bonus modules are trained. For both domains, we present bonuses computed

after 200, 000 interactions, with each method taking one training step per interaction. In

this time, the random policy visits approximately 900 unique states in the 5x5 domain,

and approximately 6, 500 unique states in the 10x10 domain. We note a similar trend as

in Gridworld, where CFN procudes more accurate bonuses than PixelCNN and RND.
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Figure A.2: Bonuses for CFN, PixelCNN, and RND on both Taxi domains.

A.5.2 Effect of Random Prior Without Coin Flips

Can the accuracy of the predicted exploration bonuses in Figure 3.2 solely be attributed

to the use of the random prior (discussed in Section 3.1.5)? To answer this question, we

devised an experiment in which we removed the randomness introduced by the coin-flip

vectors by setting them to {0}d instead of sampling them from {−1, 1}d.

Figure A.3 shows the result of this experiment: states seen for the first time get a high

exploration bonus, implying that the random prior initializes their pseudocount near 1

(as intended). On the other hand, states visited more than once get almost no exploration

bonus; this highlights the importance of the full CFN objective to get an exploration

bonus that falls off smoothly as 1/
√
N (s).
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Furthermore, notice that states with true bonus of 1 form two distinct clusters—with

high and low predicted bonus respectively. We posit that states in the lower bonus cluster

were encountered less recently and thus have been sampled by CFN, which has wiped out

the effect of their optimistic initialization.

Figure A.3: CFN bonus prediction versus ground-truth bonus on the 42x42 Visual
Gridworld domain using c ∼ {0}d.

A.5.3 Prioritization and Random Prior Ablation Count Plots

Figure A.4 shows the importance of prioritized sampling and optimistic bonus initial-

ization. Using both methods results in the most accurate bonus predictions across the

entire range of novelty. When only random prior is used, CFN does not train as frequently

on novel states, and thus underestimates their count. When only prioritization is used, a

novel state may be first inserted into the dataset with low novelty (and thus low priority);

so, the state may not be sampled for training, which retains its underestimate of novelty.

When neither prioritization nor random prior are used, bonuses are still accurate for states

observed more than 5 times, but are inaccurate for very novel states.
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Figure A.4: True versus approximate bonus of including/excluding random prior and
prioritization.
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Appendix B

An Optimal Tightness Bound for the

Simulation Lemma

B.1 Full Proof of the Simulation Lemma

For completeness, we include the proof of the simulation lemma found in Jiang (2018).

We adopt notation from Section 4.1.

|V π
s − V̂ π

s | = |Rπ
s + γ⟨P π

s , V
π⟩ − R̂π

s − γ⟨P̂ π
s , V̂

π⟩|

≤ ϵR + γ|⟨P π
s , V

π⟩ − ⟨P̂ π
s , V

π⟩+ ⟨P̂ π
s , V

π⟩ − ⟨P̂ π
s , V̂

π⟩|

= ϵR + γ|⟨P π
s , V

π − 1

2(1− γ)
⟩ − ⟨P̂ π

s , V
π − 1

2(1− γ)
⟩+ ⟨P̂ π

s , V
π⟩ − ⟨P̂ π

s , V̂
π⟩|

≤ ϵR + γ∥P π
s − P̂ π

s ∥1 · ∥V π − 1

2(1− γ)
∥∞ + γ∥P̂ π

s ∥1 · ∥V π − V̂ π∥∞

≤ ϵR +
γϵT

2(1− γ)
+ γ∥V π − V̂ π∥∞

=⇒ |V π
s − V̂ π

s | ≤ ϵR
1− γ

+
γϵT

2(1− γ)2
.
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This proof makes use of Hölder’s inequality to bound inner products with L1 and L∞

norms, as well as centers the value 0 ≤ V π
s ≤ 1

1−γ
through subtracting the midpoint for

improved bounds.

B.2 Application to the Finite-Horizon Setting

We now extend our improved bound to the finite-horizon, undiscounted setting, where

an agent interacts with an environment for H steps. One difference in this setting is that

policies are conditioned on timestep as well as state; hence we define π = [π0, . . . , πH−1].

Existing bounds in the finite-horizon setting establish a relationship between values at

subsequent timesteps. Noting that 0 ≤ V π
h,s ≤ H − h (and defining V π

H,s = 0), Then,

|V π
h,s − V̂ π

h,s| = |Rπh
s + ⟨P πh

s , V π
h+1⟩ − R̂πh

s − ⟨P̂ πh
s , V̂ π

h+1⟩|

≤ ϵR + |⟨P πh
s , V π

h+1⟩ − ⟨P̂ πh , V π
h+1⟩+ ⟨P̂ πh , V π

h+1⟩ − ⟨P̂ πh
s , V̂ π

h+1⟩|

= ϵR + |⟨P πh
s , V π

h+1 −
H − h− 1

2
· 1⟩ − ⟨P̂ πh , V π

h+1 −
H − h− 1

2
· 1⟩

+ ⟨P̂ πh , V π
h+1⟩ − ⟨P̂ πh

s , V̂ π
h+1⟩|

≤ ϵR + ∥P πh
s − P̂ πh

s ∥1 · ∥V π
h+1 −

H − h− 1

2
· 1∥∞ + ∥V π

h+1 − V̂ π
h+1∥∞

≤ ϵR + ϵT
H − h− 1

2
+ ∥V π

h+1 − V̂ π
h+1∥∞

=⇒ |V π
h,s − V̂ π

h,s| ≤
H−1∑
i=h

ϵR + ϵT
H − i− 1

2

=⇒ |V π
0,s − V̂ π

0,s| ≤ ϵRH + ϵT
H(H − 1)

4

For our bound, the only change from the discounted setting is replacing the discounted

infinite sums of Section 4.1.3 with finite undiscounted ones. Redefining P t =
∏

0≤i<t P
πi ,

and WLOG assuming that V π
0,s0
≥ V̂ π

0,s0
we can show:
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|V π
0,s0
− V̂ π

0,s0
| = V π

0,s0
− V̂ π

0,s0

=
H−1∑
t=0

⟨P t
s0
, Rπt⟩ − ⟨P̂ t

s0
, R̂πt⟩

=
H−1∑
t=0

⟨P t
s0
− M̄ t

s0
, Rπt⟩+ ⟨M̄ t

s0
, Rπt − R̂πt⟩+ ⟨M̄ t

s0
− P̂ t

s0
, R̂πt⟩

≤
H−1∑
t=0

⟨P t
s0
− M̄ t

s0
, Rπt⟩+ ⟨M̄ t

s0
, Rπt − R̂πt⟩

≤
H−1∑
t=0

∥P t
s0
− M̄ t

s0
∥1 · ∥Rπt∥∞ + ∥M̄ t

s0
∥1 · ∥Rπt − R̂πt∥∞

≤
H−1∑
t=0

∥P t
s0
− M̄ t

s0
∥1 + ∥M̄ t

s0
∥1ϵR

=
H−1∑
t=0

∥P t
s0
∥1 − ∥M̄ t

s0
∥1 + ∥M̄ t

s0
∥1ϵR

≤
H−1∑
t=0

1 + (ϵR − 1)(1− ϵT/2)
t

=⇒ |V π
0,s0
− V̂ π

0,s0
| ≤ H − (1− ϵR)

2

ϵT
(1− (1− ϵT/2)

H)

Again, we note that Taylor expanding this relation at ϵR = 0 and ϵT = 0 recovers the

original bound.

B.3 Proof of Hierarchy Bound

This proof exactly mirrors the one in the main body, with additional care taken to

handle multi-time models. We first describe the ϕ-relative options framework (definitions

largely taken from Abel et al. (2020)), and then provide a tighter bound on value loss.

An option o ∈ O is an abstract action defined by the tuple (Io, βo, πo), where Io ⊆ § is
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the subset of the state space the option can initiate in, β0 ⊆ § is the subset the option

terminates in, and πo is a policy. For a given state abstraction ϕ : § → §ϕ, an option oϕ is

said to be ϕ-relative if and only if ∃sϕ ∈ §ϕ such that

s ∈ sϕ =⇒ s ∈ Ioϕ s /∈ sϕ =⇒ s ∈ βoϕ ∀s ∈ sϕ, πoϕ(s)→ ∆(A).

In words, a ϕ-relative option is one that executes from anywhere in one abstract state,

and terminates upon leaving that abstract state. Furthermore, Oϕ denotes a set of only

ϕ-relative options, with at least one option that executes at each abstract state.

Let O∗
ϕ be a set of ϕ-relative options o∗ that can be composed to form an optimal

policy in the base MDP. Let Ôϕ be a set of options that approximates O∗
ϕ in that

∀o∗ ∈ O∗
ϕ ∃ô ∈ Ôϕ :

∀s, s′ |P o∗

s,s′ − P ô
s,s′ | ≤ ϵT and |Ro∗

s −Rô
s| ≤ ϵR

(B.1)

where Ro
s and P o

s,s′ represent the multi-time reward and transition functions described in

Sutton et al. (1999):

Ro
s = Ea∼o[

∞∑
t=0

γtrt] P o
s,s′ =

∞∑
t=1

γt Pr(st = s′, tβ = t).

In words, Ro
s is the expected discounted reward accumulated over the course of an

option execution, and P o
s,s′ is the total discounted probability that an option terminates

in s′ when starting from s. Crucially,
∑

s′∈§ P
o
s,s′ ≤ γ < 1. We also note that the ϵT

bound is per-entry, not per-vector. This was the form of the conditions in the original

simulation lemma (Kearns and Singh, 2002), which was replaced with a vectorized version

in subsequent work (Kakade et al., 2003).

Since ∥P o
s ∥1 may take on different values for different options and starting states, we

can no longer directly use a relation similar to Equation 4.8. However, we can augment
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the MDP by adding an absorbing state sx, and modify each option such that

Ro
sx = 0 , P o

s,sx = γ −
∑
s′ ̸=sx

P o
s,s′ .

By doing this, ∥P o
s ∥1 = γ without modifying the behavior of the given option in the

base MDP. This allows our proof to proceed treating options in roughly the same way

as we do actions in the main body. Noting that since P o
s,s ≡ 0 by construction, for two

options o∗, ô∗ satisfying the relations of Equation B.1 we have that:

|P o∗

s,sx − P ô
s,sx| ≤

∑
s′ ̸=sx,s

|P o∗

s,s′ − P ô
s,s′ | ≤ (|S| − 1)ϵT .

Thus we can recover a condition similar to that of Equation 4.2:

∥P o∗

s − P ô
s ∥1 =

∑
s′∈§+sx

|P o∗

s,s′ − P ô
s,s′| ≤ 2(|S| − 1)ϵT .

Due to the addition of sx, we can now describe the above bound in terms of overlap.

Defining P̄ o∗,ô
s,s′ = min(P o∗

s,s′ , P
ô
s,s′), we can produce a similar relation to Equation 4.9:

∥P̄ o∗,ô
s ∥1 ≥ γ − (|S| − 1)ϵT .

Let ΠOϕ
be the set of abstract policies representable by Oϕ. Let πo∗ be a policy within

ΠO∗
ϕ
that is optimal in the base MDP. Let πô be a policy in ΠÔϕ

produced by replacing

each o∗ chosen by πo∗ with an option ô satisfying the relations of Equation B.1. Then, we

can follow the same algebraic steps as in the main body to produce the following bound:

|V πo∗
s − V πô

s | ≤
RMAX

1− γ
− RMAX − ϵR

1− γ + (|S| − 1)ϵT
.
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B.3.1 Proof of Tightness

We can generate an abstract MDP that achieves this bound using a similar recipe as in

Section 4.1.4. We construct an abstract MDP where each option o∗ transitions uniformly

to each other state with discounted probability γ
|S|−1

, receiving a reward of RMAX . We

then construct a new set of options that uniformly transition with discounted probability

γ
|S|−1

− ϵT , receiving reward RMAX − ϵR. This exactly reproduces the provided bound.

107



Appendix C

Optimistic Initialization for

Exploration in Continuous Control

C.1 Proofs

Proof of Equation 11: Since β(d) decays monotonically for d ≥ 0 and κ̂(x) =

β(d̂min(x)), to prove κ̂(x) ≥ κ(x) we can show that d̂min(x) ≤ dmin(x).

Let x∗ ∈ X be the closest point to x, meaning dmin(x) ≡ |x− x∗|. Let x̂∗ ∈ X̂ be (one

of) the points in the covering set for which |x̂∗ − x∗| ≤ ϵ. Then,

|x− x̂∗| ≤ |x− x∗|+ |x∗ − x̂∗|

|x− x̂∗| ≤ |x− x̂∗|+ ϵ

|x− x̂∗| − ϵ ≤ |x− x∗|.

Now, we can relate d̂min with dmin. If

min
x′∈X̂

d(x, x′)− ϵ ≤ 0,
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then d̂min = 0 ≤ dmin. Otherwise,

d̂min(x) = min
x′∈X̂

d(x, x′)− ϵ

≤ |x− x̂∗| − ϵ

≤ |x− x∗|

= dmin(x).

C.2 Adaptive Filtering

When the approximate size of the state space is known, one can normalize the state

space as in equation 8 and choose an appropriate length-scale d0 through domain knowledge

or hyperparameter sweep. However, in many problems the relative sizes of each dimension

may vary significantly and are not known in advance. For example, in the Acrobot domain

the velocity features take on roughly 50x the range of values compared with the position

features. Without prior knowledge, we would like to explore along each dimension equally,

however in such situations a single feature dominates the knownness calculation. To

overcome this imbalance, we use a simple adaptive rescaling procedure: after each episode

we update the distance metric with a new diagonal normalizing matrix A based on the

current minimum and maximum values observed for each feature,

Aii =
1

max
x∈X

xi −min
x∈X

xi + δ
,

where δ is a small constant (we use 10−6) to prevent divide-by-zero errors when a feature

has a constant value. This transforms the interaction data so that each feature has a range

close to 1 during parameter updates. Since the denominator is monotonically increasing,

this ensures that updates to A only ever shrink the distances between points; thus any

summarizing set S which covers interaction history X under At will still cover X under

109



the updated At+1. Therefore we can use Algorithm 1 with either fixed or adaptive scaling.

C.3 Policy Gradient Methods

We focus on value-function-only methods in this chapter because for this class of

methods, optimism in the Q-function is immediately represented in the policy. In contrast,

for more standard policy-gradient methods, optimism must first be distilled to the policy

network before it affects exploration. Therefore, value-function-only architectures such as

RBFDQN (Asadi et al., 2021) are a cleaner testbed for bonus-based exploration methods.

Despite this extra machinery, we find that we achieve qualitiatively similar results when

each of our exploration methods (ours and baselines) are applide to TD3, a state-of-the-art

policy gradient architecture. We report these results in Figure C.1.

Figure C.1: Learning curves for all exploration methods applied to a TD3 base-architecture,
on the Hopper Stand task.
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C.4 Architectures and Hyperparameters

Here we describe the architectures we use for all experiments. All experiments were

run on a cluster, with each job having access to a 12GB GPU, 32 GB RAM, and 2 CPUs.

Complete implementations and instructions for running experiments can be found in our

code submission. All hyperparameters not listed are shared between all experiments, and

can be found in the hyperparameters directory.

C.4.1 OMEGA

We use publicly available code with reported hyperparameters, to re-run experiments

with OMEGA on the PointMaze domain Pitis et al. (2020).

C.4.2 RBFDQN

For the results in Chapter 5, we apply all exploration methods besides OMEGA using

an RBFDQN base agent Asadi et al. (2021). We also include comparisons with RBFDQN

using a decaying ϵ-greedy exploration strategy for all experiments, as a non-directed

exploration baseline.

C.4.3 TD3

To demonstrate our method’s applicability to policy-gradient methods we run an

additional set of experiments using Twin-Delayed Deep Deterministic Policy Gradient

(TD3) as a base agent (Fujimoto et al., 2018). TD3 trains a policy network to maximize

a Q-function, and reduces overestimation bias by using the minimum value of two Q-

functions when bootstrapping. Our implementation of TD3 is included in the Code

Appendix. For bonus-based methods we optimistically modify both Q-function using the

same optimism module. As TD3 uses a policy network for action selection, applying a

bonus during interaction for action-selection has no effect. Hyperparameters for TD3 on

the “Hopper Stand” domain are included in the tables below.
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C.4.4 DOIE

Our method, Deep Optimistic Initialization for Exploration (DOIE), modifies the

effective Q-function for bootstrapping and action selection, as detailed in equation 3 and

equation 4. Unless otherwise specified, we choose QMAX = rgoal for goal-directed tasks,

and QMAX = rmax

1−γ
otherwise. We use RBFDQN as our base agent. For tasks with known

sizes for the state and action spaces, we normalize the spaces to have range 1. Otherwise,

we use the adaptive scaling procedure described above. We further scale the action space

by some constant α, which is chosen through hyper-parameter search. The length-scale

d0 is also chosen through hyperparameter search. We choose the filtering-radius ϵ on a

per-task basis such that learning is sufficiently fast. All hyperparameters are listed below.

When multiple values are in a cell, it represents the values swept, with the reported value

in bold.

PointMaze Pendulum Acrobot
Ball In
Cup Hopper MountainCar

TD3
Hopper

Updates
per episode 100 1,000 1,000 1,000 1,000 1,000 1,000

Action
scaling

0.01, 0.03,
0.1, 0.3,

1.0

0.5, 1.0,
2.0, 3.0,
4.0

0.5, 1.0,
2.0, 3.0,

4.0

0.5, 1.0,
2.0, 3.0,

4.0

0.5, 1.0,
2.0, 3.0,

4.0
0.5, 1.0,

2.0
0.5, 1.0,
2.0

d0

0.1, 0.3,
1.0, 2.0,

3.0

0.1, 0.3,
1.0, 2.0,

3.0

0.1, 0.3,
1.0, 2.0
3.0

0.1, 0.3,
1.0, 2.0

3.0

0.1, 0.3,
1.0, 2.0
3.0

0.1, 0.3,
1.0

0.1, 0.3,
1.0, 3.0

Adaptive
filtering No Yes Yes Yes Yes No Yes
Filtering
radius 0.001 0.1 0.25 0.75 0.25 0.0 0.5

Training time
per run 2h 45m 3h 45m 7h 15m 3h 30m 6h 15m 1h 15m 5h 15

Table C.1: Hyperparameters for Deep Optimistic Initialization for Exploration (DOIE)

C.4.5 OPIQ

We implement a count-based bonus using the update rule introduced in OPIQ (Rashid

et al., 2020):

112



θ ← θ + αδ∆θQ̂(s, a; θ)

where δ = r +
β√

N(s, a)
+ γmax

a′
Q̂+(s′, a′; θ)−Q(s, a; θ)

and Q+(s, a) = Q(s, a) +
C

(N(s, a) + 1)M

As in DOIE, Q+ is used during action-selection as well as bootstrapping. The term

modulated by β is the standard count-based bonus, and the modification to Q+ ensures

optimistic bootstrapping even of state-action pairs which appear zero times in the agent’s

experience. As is common for counting-based bonuses, we calculate our counts by

discretizing the state-action space and tracking the number of visited (s, a) within each

bin (Rashid et al., 2020; Ecoffet et al., 2021). For fair comparison, we use the same

normalization procedure described in Appendix B, and discretize this normalized space

into hypercubes of side-length d0. We treat d0, β, and C as hyperparameters, and use

M = 2 as recommended by the original OPIQ paper. We additionally scale the action-

space by some constant α as we do for DOIE. All hyperparameters are listed below. When

multiple values are in a cell, it represents the values swept, with the reported value in

bold.

C.4.6 RND

We implement Random Network Distillation Burda et al. (2019)(RND) using RBFDQN

as our base agent. RND modifies the effective reward used for training:

rt(s, a) = r(s, a) + αRND(s)

where α is a scaling hyperparameter. RND(s) is the calculated by determining the L2

distance between two neural network outputs, one randomly initialized and frozen, and
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PointMaze Pendulum Acrobot Ball In Cup Hopper TD3 Hopper

Updates
per episode 100 1,000 1,000 1,000 1,000 1,000

Action scaling
0.01, 0.1,

1.0
1.0, 2.0

4.0
1.0, 2.0,

4.0
1.0, 2.0,

4.0
0.5, 1.0

2.0
0.5, 1.0

2.0

d0

0.1, 0.3,
1.0, 2.0,

3.0
0.03, 0.1,
0.3, 1.0

0.03, 0.1,
0.3, 1.0

0.03, 0.1,
0.3, 1.0

0.1, 0.3
0.5, 1.0

0.1, 0.3
0.5, 1.0

β

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01

0.1 1.0

0.0001
0.001, 0.01

0.1 1.0

C

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01
0.1 1.0

0.0001
0.001, 0.01
0.1 1.0

Adaptive
filtering No Yes Yes Yes Yes Yes

Training time
per run 1h 30m 2h 0m 6h 30m 3h 30m 6h 45m 5h 15m

Table C.2: Hyperparameters for Optimistic Pessimistically Initialized Q-Learning (OPIQ)

the other trained to mimic the first’s output. Following the original implementation,

we normalize the outputs of this network so that E[RND(s)] = 0 and Std[RND(s)] = 1

over the current replay buffer. We update the trained network with the same data and

frequency as we update the RBFDQN base agent. We learn a single value head which

estimates the intrinsic and extrinsic expected reward. All hyperparameters are listed

below. When multiple values are in a cell, it represents the values swept, with the reported

value in bold.

PointMaze Pendulum Acrobot Ball In Cup Hopper TD3 Hopper

Updates
per episode 100 1,000 1,000 1,000 1,000 1000

RND scaling

0.01, 0.03,
0.1, 0.3,

1.0

0.01, 0.03,
0.1, 0.3,
1.0

0.01, 0.03,
0.1, 0.3,

1.0

0.01, 0.03,
0.1, 0.3,

1.0

0.001, 0.003,
0.01, 0.03,
0.1, 0.3, 1.0

0.001, 0.003,
0.01, 0.03,
0.1, 0.3, 1.0

Training time
per run 45m 2h 0m 6h 0m 1h 30m 4h 0m 3h 45m

Table C.3: Hyperparameters for Random Network Distillation (RND)
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C.4.7 MPE

A variety of methods augment the training reward using the error of a learned transition

model Stadie et al. (2015); Pathak et al. (2017):

rt(s, a, s
′) = r(s, a) + αMPE(s, a, s′)

MPE(s, a, s′) = |ϕ(s′)− Tθ(s, a)|

where ϕ maps states to a compact latent space, Tθ is a function approximator trained to

mimic the transition function, and α is a scaling hyperparameter. Since, unlike images,

our inputs already are a compact feature space, we set ϕ to the identity transformation.

We implement Tθ as outputting the residual between s and s′, which we find models the

environment more accurately since the state only changes slightly per timestep. Unlike

RND, MPE does not generally have reward normalization. Thus, we manually inspect rMPE

and choose our hyperparameter sweep such that the effective intrinsic reward generally

lies between 0.01 and 1.0. The exception is for the Hopper task, for which we could not

generate strong results without the normalization procedure. All hyperparameters are

listed below. When multiple values are in a cell, it represents the values swept, with the

reported value in bold.

PointMaze Pendulum Acrobot Ball In Cup Hopper TD3 Hopper

Updates
per episode 100 1,000 1,000 1,000 1,000 1,000

MPE scaling

0.01, 0.03,
0.1, 0.3,

1.0

300, 1,000,
3,000, 10,000,

30,000

1.0, 3.0,
10.0, 30.0,

100

0.3, 1.0
3.0, 10.0,

30.0

0.003, 0.001
0.03, 0.01
0.3, 0.1

0.003, 0.001
0.03, 0.01
0.3, 0.1

Training time
per run 45m 2h 0m 6h 0m 1h 30m 4h 0m 3h 45m

Table C.4: Hyperparameters for Model-Predictive Error (MPE)
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C.4.8 Value Shaping

We investigate the effect of value-shaping on learning speed in the MountainCar domain.

Value shaping does not introduce any hyperparameters to the algorithm: besides changing

QMAX, we use the architecture and hyperparameters tuned to perform will with DOIE.

Using the goal-position sg, the agent’s max speed vmax, and the reward for reaching the

goal rg, we can calculate an upper bound of the optimal Q-function Q∗:

QMAX(s, a) = rgγ
|sg−s|/vmax .

We also include a reversal of this shaping, which we refer to as anti-shaping:

QMAX(s, a) = rgγ
−|sg−s|/vmax .

This maintains the upper-bounding property, but directs exploration away from the

true goal.

C.4.9 Reward Shaping

We additionally implement a dense reward for MountainCar, which we add to the

sparse reward during training as a shaping signal. The dense reward is derived from a

state-based potential function:

rdense(s, a, s
′) = γV (s′)− V (s)

with

V (s) = |s− sg|

being the difference in the position dimension between one state and the next. We modify

the training reward by adding the dense reward with the environment’s reward, modulated
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by a hyperparameter α:

rt = r + αrdense

We choose α = 10. as the best-performing value from the range (0.1, 0.3, 1.0, 3.0, 10.0, 30.0, 100.0).

As rdense is a potential-based shaped reward, it does not modify the fixed point of Bellman

updates Ng et al. (1999).
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Appendix D

From Additive Bonuses to VMAX

Interpolation

D.1 Distributional MBIE

At each step of value iteration, MBIE performs the following backup:

Q̂t(s, a)← R̃(s, a) + γ
∑
s′

T̂ (s, a, s′)Vt−1(s
′)

=
∑
s′

T̂ (s, a, s′)
(
R̃(s, a) + γV̂t−1(s

′)
)
, (D.1)

where V̂ (s) = maxa Q̂(s, a), and T̂ of Equation 6.1 moves ϵT/2 probability mass from the

lowest-value successor states to VMAX . Since this can be written as the expectation with

respect to the distribution of r + γV target values, this backup can be simplified through

the notion of a distributional Q function, which instead of representing a scalar value

represents a probability distribution over values:
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QD(s, a, q) = Pr
[
R̃(s, a) + γV (s′) = q

∣∣∣ s′ ∼ T̃ (s, a)
]
. (D.2)

The standard Q value is then the expectation of this distribution:

Q(s, a) =

∫ VMAX

0

q ·QD(s, a, q)dq.

The benefit of this representation is that it can be be made optimistic without modify-

ing the underlying transition, by moving ϵT/2 of the lowest-value probability mass to

QD(s, a, VMAX). Let Vϵ be the value for which there is ϵT (s, a) probability mass below:∫ Vϵ

0
QD(s, a, q)dq = ϵT (s, a). Then, we can easily construct our optimistic Q value:

Q̂(s, a) = R̃(s, a) + γ
(ϵT (s, a)

2
VMAX +

∫ VMAX

Vϵ

q ·QD(s, a, q)dq
)
, (D.3)

and likewise V̂ (s). This cleanly represents the process of moving probability mass to

a high-value successor state, and can be trained purely using the empirical transition

function. Therefore, with a deep distributional Q function (Bellemare et al., 2017) trained

to represent Equation D.2, we can implement MBIE’s optimism in the deep learning

context. As described in Section 6.1.3, this bound naturally controls the degree to which

error compounds, and especially early in training produces much tighter optimistic values

than MBIE.
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