Action-driven Learning of Structured Representations
for Sequential Decision Making
By
Rafael Alberto Rodriguez Sanchez
B.S., Universidad Simon Bolivar, 2016
M.S., Politecnico di Milano, 2018

Thesis
Submitted in partial fulfillment of the requirements for the Degree of Doctor

of Philosophy in the Department of Computer Science at Brown University

PROVIDENCE, RHODE ISLAND

May 2026



©) Copyright 2026 Rafael Alberto Rodriguez Sanchez



This dissertation by Rafael Alberto Rodriguez Sanchez is accepted in its present form by
the Department of Computer Science as satisfying the dissertation requirement for the
degree of Doctor of Philosophy.

Date

George Konidaris, Advisor

Recommended to the Graduate Council

Date

Michael Littman, Reader
Date

Ron Parr, Reader
Approved by the Graduate Council

Date

David P. Lindstrom, Dean of the Graduate School

111



Curriculum Vitae

Rafael A. Rodriguez Sanchez grew up in Venezuela. He studied Electronics Engineering
at Universidad Simon Bolivar, Caracas, Venezuela, and graduated summa cum laude
in 2016 with a Bachelor’s degree. He then transitioned to computer science, attending
Politecnico di Milano, in Milan, Italy, on a scholarship from the Italian Ministry of Foreign
Affairs and International Cooperation (MAECI), where he received a Master’s degree
cum laude in 2018 and developed his interest in Reinforcement Learning and Artificial
Intelligence. Afterwards, he attended Brown University in Providence, Rhode Island.
During his Ph.D, he interned at Amazon Alexa in Cambridge, Massachusetts in 2021. His
research focuses on action-driven representation learning and structured world models for
sequential decision-making.

v



To my parents



Acknowledgments

When I decided to do a Ph.D I did not truly know what I was getting myself into. It
has been a long journey with many lows, many highs and a lot of soul-searching. And,
though a Ph.D is, by nature, a solo journey deep into research and creativity, it definitely
would have been impossible without the support of so many people I am lucky to have

around.

I've never been the kind of person that has role models but I think, George, you have
become one for me. I thank you for taking a chance on me, your curiosity and courage
to pursue the hard problems truly inspired me all these years. Your optimism, support
in the lowest moments, and our (almost always) encouraging weekly conversations were

truly the foundation that made this dissertation possible.

Michael and Ron, thank you for being on my committee, and your support of this

thesis. John and Lauren, thank you for making the bureaucracy bearable and possible.

My life in Providence wouldn’t have been the same without many people that made

this journey easier and worth it.

First, the golden boys in CIT243. Saket, thank you for always being around and
motivating me to socialize, even at the moments I really needed it but did not want it.
Akhil, for every drama you heard from me, every deep chat about life and science, I thank
you. These truly made me happy and aware of how much I enjoyed science and research.

Sam, my last roommate, thank you for all the support and always being the optimistic

vi



soul we all needed around.

Anna, Anita, Ben, Alper, Cam, David P, and the IRL lab—thank you for every
conversation we had during these past years. Thanks to my second floor friends: Ashley,

Dominik, and Zhizheng.

Alessio, thanks for being a great roommate and friend, and for all those neat Diplo-
maticos we got to drink together at Preston St and elsewhere. Nedi, Gabby, Esen, your

friendship made life in Providence (and NYC weekend escapades) so much fun.

Ji Won, thank you for your friendship all these years, since that moment we met in
Preston St. Thank you for every time you unstuck us from CIT243 and made us go on
mini adventures. The realization of this delulu thesis could not have happened without

the daily support you gave me the last few months.

To the friends that have been cheering me on longer than I remember: Manu, Riccardo,
Francesca, Jose Manuel, Arturo, and Andreina. Thank you for the words of encouragement
and for receiving me in your homes every time I wanted to escape my Ph.D and Providence.

All our trips together really replenished my good spirits to keep going.

Gaby, it is incredible to think that you have been supporting me since we went to those
Math Olympiads when we were just little kids. Thank you for so much, for supporting
me, for our trips, for hosting me when I was stranded without a visa. There are truly no

words that can convey how much you helped through it all.

Jorge, thank you for your friendship and your support. Even the idea of a Ph.D at
Brown would not have been possible without your support. I am grateful to you and
Laura for all those weekend barbecues during your time in Boston. They got me through

a lot of things.

Finally, mama, papé, and Daniel. You have been supporting me since I was born and
encouraging me to pursue every short-lived, crazy project, and long-term hyper-fixations

that ended up with me pursuing this Ph.D. I am who I am today because of you. Gracias.

Vil



Abstract of Action-driven Learning of Structured Representations for Sequential Deci-

sion Making, by Rafael A. Rodriguez Sanchez, Brown University, May 2026

Generally intelligent agents must learn and adapt by interacting with a complex world.
In order to be generally capable of performing diverse tasks in their lifetime they must
perceive the world through rich, high-dimensional sensors and have access to adaptable,
fine controls. This, however, makes the learning problem intractable. In order to learn
and act efficiently, they must use abstractions of state and time: they have to focus only

on the relevant information and reason at the right time scale.

Traditionally we have provided the problem formulation to our agents; implicitly giving
them access to privileged knowledge about the abstractions and structure of the world.
However, agents must be able to learn about these by themselves. In this thesis, we will
focus on the problem of learning state representations directly from high-dimensional
observations and show that agents’ actions are the common thread, providing rich learning

signal across two axes: abstraction and factorization.

First, we focus on state abstraction: the agent must learn a representation that contains
only the relevant information for planning. Specifically, we propose an algorithm to learn
minimal continuous representations that are sufficient for planning with skills and show

empirically that the learned model can be reused effectively to plan for different tasks.

Second, we explore learning disentangled representations by discovering underlying
factors of variation from raw observations: we introduce a contrastive algorithm that
leverages the agent’s actions to discover the independently controllable factors directly
from pixels. That is, we leverage the agent’s interventions in the dynamics of the world to

uncover a signal that disentangles the controllable factors without any prior knowledge.

Next, we propose an approach to balance multiple sparsity conditions—action-effect

sparsity and temporal-dependency sparsity—to recover the Dynamics Bayesian Network

Viil



(DBN) by showing that the disentangled representation is the Pareto-optimal solution
of a cooperative game between multiple constraints over a shared encoder. Finally, we
generalize this idea to mechanism shifts that arise naturally in dynamical systems in which
contacts can create new relations in the DBN, providing additional structural signal for

disentanglement.
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CHAPTER 1

Introduction

The field of Artificial Intelligence (AI) has seen many breakthroughs since its inception,
every time pushing the limits of computation. We have seen the development of agents
capable of beating chess masters (Campbell et al., [2002), beat the humans at Go (Silver
et al., 2016, 2017)), Dota 2 and Starcraft (Vinyals et al,2019), Poker (Brown and Sandholm),
2018, 2019), Diplomacy (Meta Fundamental Al Research Diplomacy Team (FAIR) et al.,
2022) and, most recently, we have seen the birth of a new class of artificial agent, one
trained with so much more knowledge than any human on its own can ever absorb (Large
Language Models (Brown et al., [2020)) that has changed forever the way we work and

interact with machines.

However, the physical world remains the biggest challenge that artificial agents have
to face. Animals and humans are capable of learning to perform a wide variety of tasks in
an ever-changing complex world during a lifetime. Yet, they do not nearly need as much
computing power and massive amount of data of modern AI. However, this thesis will
focus on another problem, the problem of growing a mind (Tenenbaum et al.; [2011)) of an

interactive agent.



1.1 Embodied Agents and the Reinforcement Learning

Problem

Formally, this thesis centers the embodied agent in an unknown world. The agent
can act and interact with its environment through a set of actions and observe the world
continually through its sensors. This agent is on its own out in the world. It has to learn
from pure interaction how to maximize its own interests, represented by a reward function,
that the agent must accumulate during its lifetime. This is the reinforcement learning
problem (Sutton and Bartol [1998)) and it captures very generally the problem we still

have to solve.

This agent doesn’t come with a manual to understand its world or what it’s supposed
to do. It is not pretrained on the whole information available in the world. It begins from
scratch and has to grow to understand the environment, understand its actions, learn to

communicate, play chess, Atari...

To build this agent, we need to provide fine actuators that are flexible enough to adapt
to unknown tasks in the agent lifetime and we have to provide sensors that capture enough
information to understand the necessary elements of any task. This makes a hard problem
impossible. Learning to play chess while making decisions from images and controlling

muscles is definitely the wrong approach.

Abstractions are a necessity (Konidaris, 2019) and the agent must learn through

interactions how to build them. There are two types of abstractions:

Temporal Abstractions or Skills allow agents to deal with long-horizon problems by
encapsulating directed control policies that can be composed to reason, learn and
act more effectively. Skills are what allows us to think in chess moves and strategies

instead of muscle control (Sutton et al., |1999; Barto and Mahadevan, [2003));

State Abstractions (Li et al., 2006; Abel et al., [2018) is the complement. It’s the task



of compressing the observation into a summary of the information that is required
for the agent decision process, it must be (1) compact and minimal to allow the agent
to focus on what’s important (e.g., to reason about chess moves, the agent might
not need to think about the weather), and (2) it must reveal structural knowledge

of the world to enable the agent better understanding of its world.

But, how does the agent learn these abstractions? Traditionally, we provide them: we
formulate their tasks at the correct level of abstractions. For instance, we provide matrix
forms of board states for Go and Chess that only contain features that relevant for playing
and the actions are at the right temporal scale, we let them choose what piece to move
and where. Our Atari playing agent was given only the images of the game but it did not
have to learn how to use the joystick (Mnih et al., 2015)). Even language models are given
the right tokenization of language (Kudo and Richardson, 2018; Sennrich et al., 2016)
that supports their learning and reasoning. Agents must learn all these by itself through
interaction and they remain open challenges in Hierarchical RL’s skill discovery and state

representation learning. The latter is the focus of this dissertation.

1.2 Action as the driver of World Knowledge

Traditionally, the problem of state representation has been seen as the responsibility
of unsupervised and self-supervised learning: approaches like VAEs (Kingma and Welling],
2013), contrastive learning (Gutmann and Hyvérinen) 2010; |Oord et al., [2018a)), object-
oriented deep architectures (Locatello et al., [2020b; (Greff et al., 2019), BYOL (Grill et al.|
2020)) and, more recently, diffusion models (Ho et al., 2020)) have been ported to RL in the
hopes of separating the state representation problem from that of behavior learning. In
this dissertation, we take a different approach. Actions will be the drivers of representation

learning and structure discovery.

Our agents do not learn from static datasets of the world and they are not merely



passive observers of the world. They act. And their actions and decisions are interventions
in the causal structure of the world. A passive observer can only learn about correlations
in their observations, an acting agent can gain grounded knowledge of the world, that is,
the causal mechanisms that governs the world dynamics. This is what lies at the core of

every chapter that follows.

1.3 Contributions

In Chapter 3] we explore the problem of factorization and disentanglement from the lens
of control. When an agent receives high-dimensional observations, the relevant variables,
those that we would provide if we hand-design them, are entangled together—e.g., the door
state and positions are all represented in the segment of the image. We want the agent
to discover those variables. This chapter introduces Action Controllable Factorization
(ACF), a contrastive approach to disentangling the independently controllable factors.
It leverages the fact that agent actions create interventional shifts with respect to the

natural dynamics of the world as the factorization signal.

Chapter [4] addresses one limitation of ACF: not every important variable is indepen-
dently controllable, but inter-factor dependencies are naturally sparse. Revealing these
temporal relationships gives us two important things. First, it provides us an additional
signal to further improve the latent factorization, and second, it pushes our world models
to learn real relationship between the factors instead of capturing spurious correlation in
the dynamics. Naive optimization of action effect sparsity and temporal sparsity leads to
degenerate solutions. We introduce a novel cooperative framing to achieve factorization,
Nash-ACF, that finds a Pareto efficient solution to learning the latent Dynamics Bayes
Network (DBN).

In Chapter [5| we take a detour, and focus on hierarchical problem where the agent

has access to temporally-extended skills and how these drive representation. Precisely, we



introduce a sufficient, and necessary, minimal state abstraction required for planning with
the skills without simulating the low-level trajectories. We realize this via an information
maximization algorithm, Contrastive Abstract Model for Planning (CAMP), effectively
generalizing the Skills to Symbols framework (Konidaris et al., [2018; |Ahmetoglu et al.|
2025) to continuous latent states. The work presented in this chapter was previously

published at RLC 2024 (Rodriguez-Sanchez and Konidaris, 2024]).

Chapter [0 unifies our insights within one framework leveraging the concept of natural
mechanism shifts in dynamical systems. Chapter [3] assumed that variables are directly
controllable and Chapter [4] recovered the DBN but assumed that it held globally. Both
assumptions break easily. This last chapter acknowledges this and introduces the natural
mechanism shifts (NMS) as the missing interventional piece that allows factorization of
indirectly controlled variable via transient couplings and temporally-extended behavior.

This chapter introduces NMS-ACF, the multi-time extension of ACF.

Finally, Chapter [7] summarizes the insights developed in this dissertation and looks

forward to what this entails for the reinforcement learning agent problem.



CHAPTER 2

Background

This chapter introduces the foundational mathematical formalisms, concepts, and
tools used throughout this dissertation, and surveys the seminal works that shape the
literature it builds on. We begin with the reinforcement learning problem and its classical
formulation as a Markov decision process (Section [2.2]). We then refine this formulation
with factored structure, reviewing the line of work that exploits independence between
state variables for planning and learning. Because general-purpose agents must act from
high-dimensional sensors rather than enumerated states, we next discuss abstractions:
the classical theory of how to compress state and time without losing what matters for
decision-making (Section . Finally, we turn to representation learning (Section ,
the modern toolkit with which those abstractions are learned rather than designed. This
section introduces the self-supervised and energy-based methods the thesis uses, formalizes
identifiability as the property we want recovered representations to have, and reviews how

representation learning has been deployed within RL.



2.1 Notation

Throughout this thesis we adopt the following conventions. Variables are denoted by
lowercase italic letters and, unless stated otherwise, are vectors; the i-th component of a
vector is indicated by a superscript, so s' is the i-th factor of state s. Indexing over time
uses a subscript t, so s; is the state at time ¢ and s! its i-th factor. We write s’ := s;,; for
the next-step state when no ambiguity arises. Random variables are uppercase italic (.S,
A, 7). Sets, function classes, and aggregate quantities (losses, graphs) are calligraphic
uppercase (S, A, F, L, G); numeric cardinalities such as the number of factors K and the

option duration k are plain. Dimensions of spaces carry a subscripted d (ds, dg, d,, d.).

We reserve ¢ for the parameter vector of the encoder and # for the parameter vector
of the world model (energies, transition, reward). Functions are subscripted by their
parameters: f is the learned encoder, Ejy a (per-factor) energy, m,, a policy with parameters
w. Learned or estimated quantities carry a hat (f , é), abstract counterparts carry a bar
(5,S, M), and rotated or transformed quantities carry a tilde (2, H). Loss functions come
in two forms: pointwise losses evaluated at a single sample are denoted by lowercase script
lrame, and their expectations —the quantities actually optimized—by Liame := E[lname]-

Loss weights are written Apame throughout.

The unknown observation (mixing) function from the ground-truth factor space to
observations is g, : S — &X; the star distinguishes it from any learned decoder. Options
are denoted o € O, each specified by an initiation set Z C S, an internal policy ,
and a termination probability §; x denotes an option’s expected execution time and,
in Chapter 6, a multi-step horizon. The inverse-dynamics classifier under policy 7 is
\™(a | z,2'). The parent function in a dynamic Bayesian network is pa(s‘) by default;
when the graph is indexed by an action or a phase we write pa®(s’) or pa¥(s’), respectively.
Phases are denoted ¢ € @, and the set of factors whose mechanism changes across
a phase transition is J(yg, 1) C [K]|. The score of the transition is ¥(s',s,a) =

Vg logT(s' | s,a); its interventional difference relative to the observational action ag is



A%p(s')s) == (s, s,a) — (s, s,a0), and in the continuous-action setting of Chapter 6

we use the action-Jacobian J§ with [J5]7 = 0y /0a’.

2.2 The Reinforcement Learning Problem

This thesis is concerned with the problem of the generally-intelligent agent that interacts
with its environment in a continuous loop of interaction. This agent must learn about the
world, how it works and how to act accordingly to achieve its goals. The reinforcement
learning (RL) problem (Sutton and Barto|, [1998)) formalizes this agent concisely as an agent
that makes decisions sequentially to maximize a scalar reward function that represents its
goals. This formalization is driven by the reward hypothesis (Sutton and Barto, 1998}
Silver et al., |2021) that posits that a scalar signal is sufficient to represent any goals
the agent must learn to achieve. In this section, we introduce the formalization of these

concepts.

2.2.1 The Agent and its World: Markov Decision Processes

A Markov decision process (MDP; Bellman, 1954} Puterman), [1994)) is a fundamental
model of discrete-time, sequential decision-making and lies at the heart of the RL formu-

lation. Let A(X) represent the set of probability density functions (p.d.f.) over a set X.
An MDP M is defined as a tuple M = (S, A, T, R,~,po) where:

e S is the set of possible states of the world. For the rest of this thesis, we will consider

that S C R% for some dimension d; € N;

e A is the set of actions the agent can take to affect the world. This set can be discrete
set of possible actions—e.g., the buttons in a joystick—or, it could be A C R% for

some d, € N—e.g., the control signals in dynamical systems;

o 1:85xA— A(S) is the transition function and it models the dynamics of the

world, by giving a probability density function (p.d.f.) over the possible next states



s’ when action a € A is executed in state s € S;
e R:S x A— Ris the scalar reward function the agent must maximize;
e 7 is the discount factor;

e and, py € A(S) is the initial state p.d.f. or distribution.

2.2.2 Policies and Value Functions

A solution to an MDP is a policy 7 : S — A(A) that prescribes a behavior that
maximizes the agent’s expected return U. There are multiple definitions of return in the
literature. However, in this thesis we will focus in the most common case: the discounted

sum of rewards.

U= 'R (2.1)
t=0

where the discount factor v ensures convergence of the series and can interpreted as
geometrically encoding a preference for more recent reward than rewards far into the

future.

Policy Evaluation Given a policy 7, we can evaluate its goodness with respect to the
reward function by computing the expected return when the agent follows the policy.

Formally, we define the value function as v™ : § — R for policy 7 as

vV (s)=E[U | m,T,S) = s]. (2.2)

Therefore, the agent is concerned with learning the optimal policy 7* that maximizes

the expected return, that is,



*(s) € arg max v (s). (2.3)
e

Similarly, we can define an action-value function[|¢™ : S x A — S that is defined
as the expected value of taking action a € A in state s € § and the following policy 7.

Formally,

q"(s,a) := R(s,a) +~yE[v"(s)] (2.4)

Policy Improvement Interestingly, if we have access to ¢™, then we can actually

compute a better policy 7n’:
'(s) :== i ; 2.5
m'(s) := argmax q” (s, a); (2.5)

and it is guaranteed by the policy improvement theorem that ¢™ (s, a) > ¢™ (s, a) (Puterman,

1994).

The Bellman equation Therefore, the remaining question is how can we compute the
value function for a policy 7 in order to improve it. The value function v™ must satisfy

the following recursion, known as the Bellman equation,

v (s) = E[R(s,a) + " (s') |a~m, s ~T,S = s]. (2.6)

Value Iteration The value function has a very interesting property. For instance, if
we were to start with an estimate Vj of v™ and, iteratively, use the Bellman equation to

update our estimate:

We will use Q-function and action-value function interchangeably for the rest of this thesis.
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Voi1(s) < E[R(s,a) + 4V, (s') | 7, T, So = s] Vs € S; (2.7)

we are guaranteed to converge to v™ when n — oo. In fact, this algorithm is known as

value iteration, a foundational algorithm for MDP planning.

The Bellman optimality equation establishes a similar recursive relationship for the

optimal value function

g (5.0) = R(s,0) + 7E |maxq*(s.) | T, = 5, 4y = a (2.5)
a'e

Similarly, this holds for the value function

v¥(s) = rggidE [R(s,a) +~v*(s') | T, So = s]. (2.9)

2.2.3 Model-free RL

Without a model, we cannot fully compute the value iteration update. Instead, we
can estimate the value function directly from data generated from interacting with the
environment by taking an action following policy m and getting the experience tuple

(s,a,r,s")

TD Learning estimates the value function of a policy 7, V™ by leveraging the following

update rule:

Vi (s) «= Vii(s) +a(r+~V7i(s) = Vi(s)), (2.10)

where « is a step size and the difference § := r + 4V (s') — V.7 (s) is called the TD

(Temporal Difference; |Sutton and Barto, 1998) error. This update rule leverages previous
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estimates of the value function V™ to compute a new estimate, that is, it bootstraps from
its own estimates. This update rule is at the core of both classical and modern deep RL

algorithms.

Q-Learning estimates analogously the Q-function from experience using an update
rule based on the Bellman optimality equation to estimate the optimal Q-function. Let
(s,a,r,s") obtained by interacting with the environment with any policy w, then the

Q-Learning rule (Watkins and Dayan, |1992) is

Quaals.)  Quls.) o (1w Qusd) - Qo)) (211

where « is a step size and the error 0 := r + ymaxyea Qn(s,a’) — Qn(s,a) is the TD

error.

Modern algorithms such as DQN (Deep Q Networks; [Mnih et al.; 2015) and SAC (Soft

Actor-Critic; [Haarnoja et al. 2018) are based on this rule.

2.2.4 Model-based RL

Instead of directly estimating value from interactions, an agent can estimate a world
model, that is, an approximate transition and reward functions (T, }A%) directly from
interaction tuples (s, a,s’,r), and use this approximate model to plan. Model-based RL
(MBRL; Sutton, |1991) does exactly this. This approach effectively separates the problem
of learning about the world dynamics from the problem of learning an optimal policy for
a given reward function. Therefore, the world model can be re-used to learn multiple
policies with the same understanding of the dynamics. In principle, this promises more

sample-efficient learning.

The Dyna architecture (Sutton, [1991) instantiates this by interleaving dynamics

estimation with value-based planning. A long line of seminal work studies the theoretical
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properties and efficiency of this type of approaches (Brafman and Tennenholtz, |2002;
Kearns and Koller, |1999)). PILCO (Deisenroth and Rasmussen| 2011) scaled this idea to
continuous control using Gaussian processes and showed that sample-efficiency improved
by order of magnitudes over model-free baselines. However, model-based approaches
suffer significantly from compounding errors; a problem that is exacerbated when the
model is learned directly in the space of high-dimensional observations the agent receives.

Therefore, scaling model-based RL is an active area of research.

The modern deep MBRL algorithms leverage deep neural networks and state-of-the-art
generative modeling to scale MBRL agents and leverage different measure of uncertainty
to tame the compounding error problem (Chua et al., 2018; Nagabandi et al., 2018}
Janner et al., 2019). However, as the dimensionality of the observation space increases,
more capacity is wasted predicting unnecessary information (e.g., the shadows in an
image, the background evolution), exacerbating the compounding error problem and the

generalization capabilities of these models.

Hence, learning compact state representations has also been important for model-based
RL. Learning models in a more compact state space improves performance by enabling
simpler models, reducing computational cost of planning (models do not need to generate

full observations), and abstract away irrelevant details from the model.

VAEs (Kingma and Welling, [2013) have been used to compress the observations to
latent states that can be used for model learning (Ha and Schmidhuber] 2018). However,
these approaches do not take into account the temporal nature of the data. In contrast,
there have been VAE-based losses that do take the temporal properties of the data by
deriving ELBO bounds to estimate the transition dynamics (Krishnan et al. |2015; (Gregor
et al., [2018; Buesing et al. 2018; |Zhang et al., 2019)).

Dreamer V1 (Hafner et al., 2019), V2 (Hafner et al, 2021b)), and V3 (Hafner et al.,

2025) leverage this kind of formulation to learn recurrent transition functions both with
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continuous and discrete latent spaces.

MuZero (Schrittwieser et al., [2020) learns a latent representation that is sufficient
for reward and value prediction and learns a forward model over that representation.
Subsequently, EfficientZeroV1 and V2 (Ye et al., 2021; |Wang et al., [2024al) build on
top of MuZero by improving the representations by introducing a self-prediction loss
that ensures the next latent state is predictable from the current latent state and action.
Similarly, TD-MPC (Hansen et al. 2023, 2024) introduce a model-based approach for
continuous control that leverages representations learned without reconstructions that are

self-predictive and are value-preserving.

State-of-the-art MBRL shows that the world model can be very useful, if the represen-

tation is good.

2.3 Factored Reinforcement Learning

MDPs do not assume any type structure in the world. The state is treated as an atomic
unit. However, the physical world has natural decomposition that capture the causal
structure of the world. For instance, not every object dynamics depend on every other in

the world, we need a small subset of knowledge to understand an object dynamics.

This structure is quite appealing for many reasons. First, and the most obvious, is
the size of the state space and the planning complexity. The larger the state space the
more expensive is to plan. Think about it this way, if we have n binary state variables,
then we have a state that grows exponentially, 2", with the number of variables. However,
not every possible state carry new information about a given variable. For instance, the
dynamics of an object free falling is independent of the time of day. Hence, an agent does
not need to see the ball fall at every possible time of day. The agent can generalize to
every situation requiring less experience to learn effectively. Indeed, this is the insight

that underlies RL algorithms in factored settings. Moreover, this enables transferability
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and fast adaptation. The ball dynamics do not depend on every variable describing the

room the agent is in, thus, changing rooms will not change the ball dynamical model.

In this section, we formalize the model we need to exploit this structure. Factored
Markov decision processes (FMDP; Boutilier and Dearden, [1996). This will be the core

formalism we will be using throughout this dissertation.

2.3.1 Factored Markov Decision Processes

Consider that the state space is a set such that S = S! x --- x S¥ where for all
S' C R% for some dimension d; € N and they represent factors of the state. FMDPs
have a factorized transition function that can be represented graphically by a dynamic
Bayesian network (DBN; Boutilier et al., [1995)). It is called dynamic, because it shows the

relation between variables in a one-timestep slice.

A DBN is a bipartite directed acyclic graph G, = (V, ) where the two disjoint set of
nodes corresponds to V; = {S;}X, and Vi = {S;,,}X, that are the random variables
representing factors at time ¢ and t + 1, respectively. Edges £ in this network represent
temporal dependencies between factors. Moreover, given a FMDP with discrete actions,
we consider that for each action a € A we have a corresponding DBN G, = (V,,&,) where
V, = {A"}% are an element of action (continuous vector if action is continuous or one-hot
vector if actions are discrete). We will use adjacency matrices to represent these graphs

throughout this thesis: G, € {0, 1}**K and G, € {0,1}%*% for G, and G, respectively.

Let PaY : V — V be the parent function that takes a factor (a node of G) and returns
the set of parents of the factors in G. To avoid clutter, whenever unambiguous, we will use
a and z as subscripts of pa to indicate parents of G, and G, Thus, the transition function

can be written as
K

T(ser1 | se,ai) = HT(Siﬂ | pa®™ (Siﬂ))- (2.12)

=1

This factorization of the dynamics is why the s;s are called factors. These are the
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variable where the independence relations hold.

2.3.2 Factored Planning and Learning

Naturally, there is a long line of work that used FMDPs for more efficient planning by

leveraging the ideas value iteration and policy iteration together with the structure encoded

in the DBN: Structured Value Iteration (Boutilier et al.,[1995| 2000) and Structured Policy

Iteration (Boutilier et al.; [1995; [Koller and Parr, 2000) extended the core algorithms to

the factored, tabular setting. |Guestrin et al.| (2003)) extended these ideas to use linear

function approximation to estimate the structured value functions.

In the context of RL, there has been work that leverages the knowledge of the DBN

and access to a factored planner to design efficient PAC RL algorithms such as factored

E3 algorithm (Kearns and Singhl, [2002). Similarly, a factored RMax algorithm (Guestrinl

, 2002) was proposed by leveraging factored linear value iteration (Guestrin et al.|

2003)). Further theoretical work includes regret bounds for factored RL in the episodic

(Osband and Van Roy} 2014; Tian et al., 2020) and non-episodic settings (Xu and Tewari,

2020)). This classical line of work showed theoretically that if we had access to the DBN,

we would have an exponential gain in sample efficiency.

The main limitation of these works, though, is assuming access to the DBN itself.

Therefore, the natural continuation was to estimate the DBN directly from data. Thus,

algorithms such as SLF-RMax (Strehl et al., [2007)), Met-RMax (Diuk et al., [2009)) and

SPITI (Degris et al., |2006) relax this assumption and learn the structure, the DBN

edges, directly from data. |Vigorito and Barto (2009) extends the structure discovery to

continuous state-action spaces.

Moreover, the notion of factors have been leveraged for other purposes such exploration

(Seitzer et all 2021 [Wang et all [2023), skill discovery (Vigorito and Barto, 2010}

et al., 2024; [Wang et al., 2024b; Chuck et al., [2024] 2025)), learning modular world model

that are robust (Wang et al., 2022; Ke et al., 2021)), non-parametric experience generation

16



by using the DBN structure to recombine factor values (Pitis et al., 2020, [2022).

Nonetheless, all these approaches assume that we have access to the variables where
the DBN can be learned. Unfortunately, this is almost never true. We want to our agents
to learn directly from their high-dimensional observations, where the DBN nodes—i.e.,
the factors—are not directly measured and must be inferred from the observation. This
dissertation is concerned with the problem of discovering those variables, where the

structural dependencies are effectively revealed.

2.4 Abstractions

The general purpose learning agents is meant to learn a wide variety of tasks during
its lifetime. Therefore, it needs to have information-rich sensors and fine-grained control
signals. Such is the case of an autonomous robot that sees the world from cameras
and LIDARs, and control its joints via 1KHz control frequency. Learning to play chess
through pixels and high-frequency control signal is impossible. Therefore, abstractions

are a necessity (Konidaris, 2019).

In this section, we define the two types of abstractions: temporal abstractions and
state abstractions. These sit at the core of hierarchical RL (Barto and Mahadevan, 2003;

Dietterichl 2000; Parr and Russell, [1997) and this dissertation.

2.4.1 Temporal Abstraction and the Options framework

The further a reward is into the future the harder it is to estimate the value of an
action now. This issue is pervasive in RL where the long-term credit assignment problem
makes value estimation intractable very quickly. In fact, recall the problem of playing
chess with a robot that has to make high-frequency decisions about the torques to apply
to its joints. It is clear that this is not the right way to learn how to play chess. However,

it is a valid and real setting for a general-purpose agent. Moreover, it is clear that the
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natural decisions the robot should be at the higher level of piece moves. This idea is
formalized by hierarchical RL (HRL) and temporal abstractions (Barto and Mahadevan,
2003).

The options framework (Sutton et al., [1999) formalizes this notion of high-level actions
as options that are formally defined as a triple (I, 7, ) where I C S is the initiation
set, the set of states where the option can start executing, 7 : S — A(A) is the option’s
closed-loop policy, and 8 : S — [0, 1] is the termination condition function that gives the

probability of the terminating the option’s execution at a given state.

To plan with a set of options we require an option model that describes the long-term
effects of executing an option. The option model for an option o is defined as the tuple
(R,, P,) where R, is the expected discounted reward accumulated during the option

execution from state s; until termination, i.e.,

R,(s;) = E

T
nyTt'r’T] , (2.13)
T=t

and P, represents the discounted probability of ending in state s’ when executing

option o from state sy, i.e.,

Py(s' [ s)=> +*p(s k| s,m), (2.14)
k=1

where p(s', k | s,m,) is the probability of ending in s’ after k steps following the option’s
policy (Sutton et al. |1999)). This option model is known as the Multi-time model of
options (MTM). A simpler option model is the expected-length model of options (Abel
et al., [2019). This model simplifies MTM by modeling the option’s length, or duration of
execution, independently from the next-state distribution. We will use this approximation

in Chapter [5] to build abstract models automatically.
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2.4.2 State Abstractions and Representations
The dual abstraction is state abstraction.

The state space of an MDP can become intractably complex. In fact, general-purpose
agents—e.g., robots, must perceive the world from sensors that provide high-dimensional
signals. However, MDP planning and learning scales poorly with the size of the state
space (Kearns and Koller, 1999; Brafman and Tennenholtz, |2002)); tabular RL methods
become impractical quickly. State abstractions aim to alleviate the problem by noticing
that grouping similar states effectively reduce the overall size of the state space leading

to gains in computational complexity and generalization.

Formally, state abstractions (Sutton and Barto, |1998; |Li et al., 2006; |Abel et al., [2016,
2020) are non-injective functions f : S — S that map ground state s € S to a new
abstract state 5 € S. These functions are necessarily lossy; the ground state cannot
be fully recovered from the abstract state. This is a desired characteristic because by
only focusing in the relevant information contained in the state the agent can learn more
efficiently. However, if the abstraction filters out relevant information for the task, it can

hurt the final performance.

More recently, deep reinforcement learning (Tesauro et al., [1995; Lillicrap et al., 2016;
Haarnoja et al., 2018; [Schulman et al., [2017) alleviated the problem of having to hand-
design state abstractions (Sutton, [1995; Konidaris and Osentoski, 2009; Mahadevan and

Maggioni, 2007) by learning end-to-end from raw observations to actions.

However, it has become clear that state abstractions are important and representation
learning has become an active research field within deep RL (Jaderberg et all 2016).
In this thesis, we will take a comprehensive approach to representation learning and we

develop methods to learn deep latent representations that are both abstract and structured

for RL.

In the next few sections, we will introduce the most relevant concepts in state repre-
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sentation learning in RL that will be important in the development of this thesis.

Bisimulation and Model-preserving Abstractions
A bisimulation relation is an equivalence relation, defined as follows:

Let 51,589 € S be two different states and let B be an equivalence relation. Moreover,
let S/ =p be an element of the quotient, the partition of the set into equivalent classes s.

Moreover, we refer to a particular state in an equivalent class as s € s.
s1 =g So if and only if it the following holds:
1. R(s1,a) = R(sq9,a) Va € A,
2. Y s P(s' | s1,a0) =3, P(s' | s9,a) Va€ A,5€ S/ =5

The abstraction defined by the quotient set defined by the bisimulation relations are

also known as model-preserving state abstractions (Li et al., 2006)).

However, because bisimulation relations are defined by exact equivalences they are not
amenable to optimization and they are sensitive in practice to approximate abstractions.
Therefore, bisimulation metrics soften these relations (Ferns et al., 2004, 2011} |Castro and
Precup, 2010) by introduce a pseudo-metric space based on a distance function defined
over the rewards and transition functions, that measures how close two states are from

being bisimilar.

d(s;, s;) = max(1l — ¢)|R(s;,a) — R(s;,a)| + cWi(p(- | si,a),p(- | s55,a);d), (2.15)

acA

where ¢ € [0,1) and Wy(+,-;d) is the 1st Wasserstein distance using the distance

function d.

Both bisimulation metrics and bisimulation relations have been used to learn represen-
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tations in RL. Deep Bisimulation for Control (DBC;(Zhang et al., [2020)) used Equation
to learn a reconstruction-free representation. Bisimulation relation conditions are
leveraged by DeepMDP (Gelada et al., 2019) and Markov state abstractions (Allen et al.,
2021)). Finally, the following two sections will leverage more of the model-preservation
(bisimulation) conditions to learn representations while leveraging techniques developed

in self-supervised learning.

Contrastive Representations in RL

Contrastive approaches have been extensively applied to self-supervised learning and
RL. This is because contrastive learning allows learning representations without the need
for explicitly reconstructing the observations without getting collapsed representations

that lose too much information to make them impractical.

Contrastive representations for RL (CURL; |Laskin et al., [2020) introduced an auxiliary
task based using InfoNCE to learn representations directly from pixels by creating negative
samples and positive samples by random image perturbations (e.g., noise, color jitter,
cropping, translations). Therefore, CURL requires some domain knowledge about the

observations for the algorithm to work.

Temporal predictive coding (TPC; Nguyen et al., 2021)) modifies InfoNCE to learn
representations that makes a transition predictable from the current latent state. In
this way, it guarantees Markovianity with respect the transition dynamics. In changes
the perspective with respect to CURL because it uses the temporal nature of the data
to generate negative samples (fake transitions) instead of domain knowledge about the

observations.

Contrastive learning has also been used for goal-conditioned RL, where the problem of
estimating goal-conditioned value function is reframed as leveraging NCE or InfoNCE to
estimate the discounted probability of future states (Eysenbach et al., 2021 2022; Zheng

et al., 2024)).
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Self-predictive Representations in RL

Although contrastive learning approaches work in practice, they can become impractical
because mining for negative samples can become a complex task. Moreover, large batch

sizes are required to improve losses like InfoNCE.

Therefore, a new class of representations, self-predictive representations, was proposed.
These are mostly inspired by Bootstrap Your Own Latent (BYOL; |Grill et al., [2020),
a self-supervised framework that differentiates itself from contrastive learning by only

needing positive samples.

Naively, these could cause the latent representation to collapse: there’s no learning
signal to learn the difference between samples. However, BYOL introduced the idea
of using a previous version of the encoder (in practice an exponential moving average
of the encoder) to generate a prediction target. The method consists in generating
augmented views of a positive sample (e.g., random crops, color jitters, random noise)
and predict from its encoding the latent representation of the original view. Hence, the
learning proceeds by improving the representation by leveraging a previous version of the
encoding: bootstrapping the previous encoding. This should encourage the network to

learn transformation-invariant representations without the need of negative samples.

In a similar vein, self-predictive representations (SPR; (Schwarzer et al.; 2021)) are the
result of an auxiliary task that leverages this BYOL approach to improve representations
for both model-free (Schwarzer et al., [2021)) and model-based approaches (Ye et al., 2021}
Hansen et al., 2023). However, instead of learning to predict a different view of the sample
datum, it must predict the next latent state from the current latent state and action. In
fact, this method encourages the network to learn a latent representation that is sufficient

to predict the effect of the action; encouraging the representation to be Markov.
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Probabilistic State Abstractions

So far, we have reviewed state abstractions that are formally non-injective functions.
That is, these abstractions aggregate states into abstract states and no two states can

belong to different abstract states.

A more general class of state abstractions was introduced in the context of classical
planning with PDDL (Younes and Littman, 2004)) in the framework of Skills to Symbols
(S2S; Konidaris et al., 2018)). This work takes a constructive approach to state abstractions
and builds the minimal set of symbols that are required to plan with a set of skills. This
work effectively bridged classical symbolic planning with the options framework (Sutton
et al., 1999)). In this section, we briefly introduce one of the fundamental innovation in

the skills to symbols framework: probabilistic state abstractions.

Let S be a set of abstract states, or symbols in the S2S framework, and, as usual, S
the ground state space. Instead of partitioning the state space S, as usual abstractions
do, S2S introduces a grounding operator G that given an abstract state s would return
a probability density function over the state space: G(5) € A(S). This defines a more
expressive family of abstractions: now a state s can belong to more than one abstract
state § and its grounding G(5) fully represents the weight each ground state s contributes
to the abstract state. This grounding approach to abstract state naturally comes from the
necessity to compute the probability of success of a plan; without probabilistic groundings
there would be no way to determine how likely is to be in a ground state s when only

planning at the abstract level.

In this thesis, we will take this probabilistic approach to define abstract models driven

by temporally-extended actions in Chapter [5]
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2.5 Representation Learning

This section will introduce the most relevant techniques for learning representations
in self-supervised learning (SSL;Balestriero et al| (2023))—learning generalizable rep-
resentations by leveraging prediction tasks with unlabeled data—, and unsupervised
learning—Ilearning density models, generative models directly from unlabeled data. That

will serve as the toolbox that we will use to develop the methods in the following chapters.

2.5.1 Variational Autoencoders

Autoencoders (Rumelhart et al. [1988; Hinton and Salakhutdinov, [2006)) are the simplest
deep learning architecture for learning to represent data using a deep embedding vector

by leveraging an information bottleneck.

An autoencoder is composed of two neural networks with parameters (6, ¢): an encoder
fo: X = Z and a decoder g, : Z — X, where X and Z C R" are the observation space,
e.g., pixels, and the latent space, respectively, that correspond to n-dimensional real

vectors.

These functions are trained to learn a lower-dimensional encoding that allows the

decoder to reconstruct the observation by minimizing the mean square error loss (MSE).

mmin B, o — g, fo(2) (216)

Variational Autoencoders (VAEs) (Kingma and Welling, |2014) improve upon the vanilla
autoencoder by reformulating the problem as a latent-variable model from a Bayesian
perspective. Instead of mapping each input x deterministically to a single point in the
latent space, VAEs assume that each input is generated from a distribution over latent

variables z. Formally, we consider the generative process
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z~pe(z), = ~po(z|2), (2.17)

where py(z) is typically chosen as a standard Gaussian prior N'(0, ), and pg(x | 2) is

the likelihood parameterized by a neural network (the decoder).

Since the true posterior py(z | ) is intractable, VAEs introduce an approximate
inference network, or encoder, g4(z | ), which is also modeled as a Gaussian with mean
and variance predicted by a neural network. Learning is performed by maximizing the

evidence lower bound (ELBO):

L(0,¢;2) = Eq,2a) [ Log po(x | 2)] = KL(gg(z | 2) | po(2)) , (2.18)

which balances two terms:

e a reconstruction term, encouraging the decoder to faithfully reconstruct x from

latent samples z, and

e a regularization term, encouraging the approximate posterior g4(z | ) to stay

close to the prior pg(z).

VAEs and variations lie at the core of many algorithms, because it allows to learn
an effective lower-dimensional embedding that contains sufficient information from the
observations to be reused for other downstream tasks. As we will see in the next section,
VAEs also lie at the heart of representation learning in RL and proven to be useful in

many state of the art model-based deep RL algorithms.

2.5.2 Contrastive Representation Learning

Autoencoders rely heavily in a reconstruction task and the information bottleneck, i.e.,

the dimensionality of the embedding vector, to compress the observation. However, the
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information represented in the representation might not align well with the downstream
task. That is, the information required to reconstruct might not be the information
required for another task. Moreover, in practice, training decoders are computationally

expensive, and VAEs are plagued with mode-collapse problems.

Contrastive methods (Hadsell et al., 2006; |(Gutmann and Hyvarinen| 2010; Oord et al.,
2018aj; [Lee et al., |2021; |Laskin et al., 2020) learn useful representations without decoders
and reconstructions. It is based on the simple idea that useful representations must
capture the important features of the observation as opposed to irrelevant variations such

as noise and color jitters.

Consider a dataset of samples D = {z;}. For each sample z;, contrastive methods
generate a negative sample z; and then train a classifier to discriminate between the
negative and positive samples. This is known as Noise Contrastive Estimation (NCE;
Gutmann and Hyvarinen| 2010). Formally, we consider that we have access to a noise
distribution p(z~) from which we can sample negative samples and the real data distribu-
tion is p(z) and can sample a dataset D~ = {z; } of negative samples. Negative samples
can be generated by applying transformations to the observations that do not modify
the actual generating factors such as Gaussian noise, color jitters, random cropping and

translations, etc.

Moreover, we consider the encoder fs : X — Z C R". NCE trains a discriminative
network gy : Z — [0, 1] that learns to predict whether a sample is a real sample from the

latent representation:

min———— 3" loga(g(fo())) (2.19)

%o [D]+|D7| zeDUD-
where o is the sigmoid function.

An important extension of this contrastive idea is InfoNCE (Oord et al.| [2018a)). In this
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case, the task is to learn a representation that can be predicted from a context variable
c. This context variable can be an aggregation of past observation in time series, or

information about neighboring patches or pixels in an image.

In practice, training proceeds by creating a batch of samples with n — 1 negative

samples and 1 positive sample.
Let g4 : Z x C — R, hence we minimize

096 (fo(a™).0)

o1
Iﬁtﬁnﬁxz —log T (eselho@)e) 1 3 eanola ) (2.20)

Importantly, the InfoNCE estimates the mutual information between the context

variable and the observation (Poole et al., 2019).

1 eg¢<fe<x+> )
E | = log 5
N i (egqb fo(zt) + Z e9é (fo(z C))

< I(X;C) <logN (2.21)

2.5.3 Energy-Based Models

The contrastive estimators of the previous section belong to a broader family of models
that we will use throughout this thesis: energy-based models (EBMs). An EBM defines an

unnormalized probability density over a space X through an energy function Fy: X — R,

po(z) = w, 2(0) = /X exp(—Ey(2')) da. (2.92)

where Z(6) is the partition function that ensures the density integrates to one (LeCun
et al., 2006; Hinton, 2002]).

EBMs are attractive because any real-valued function—in particular, any neural
network—can serve as an energy. This is a meaningful departure from classical parametric

density models, where the architecture must encode normalizability: Gaussians, mixture

27



models (Bishop and Nasrabadi, |2006)), autoregressive factorizations (Larochelle and Murray,
2011; Germain et al., 2015; Van Den Oord et al., 2016), and normalizing flows (Rezende
and Mohamed, [2015; Dinh et al, 2017) all impose structural constraints on the function
approximator so that Z is tractable by construction. EBMs drop this constraint and let
the modeller choose any architecture that is convenient for the data. The cost is that
Z(0) becomes intractable for arbitrary Ejy, and both training and sampling must avoid

computing it.

Training Much of the recent progress in deep generative modeling can be understood
as scalable algorithms to train EBMs without evaluating Z. Noise-contrastive estimation
(Gutmann and Hyvarinen, 2010)) and its information-theoretic variant InfoNCE (Oord
et al., 2018al), introduced in the previous Section , are EBM estimators: they recast
density estimation as a classification problem between samples from the model and samples
from a noise distribution, which cancels Z in the decision ratio. Score matching (Hyvérinen
and Dayan, 2005; |Song and Ermon) [2019) takes a different route, fitting the gradient of the
log-density V, logpy(z) = —V,FEy(x) rather than the density itself, which also removes
any dependence on Z. Denoising score matching (Vincent, 2011) and its multi-scale
variants (Song and Ermon, 2019), diffusion models (Ho et al., 2020; Song et al., 2020), and
flow matching (Lipman et al., [2023)) are refinements of this theme: each parameterizes a
neural network that plays the role of a (conditional) energy gradient at one or more noise
scales, and trains it with a loss that never evaluates the partition function. The scalability
of these methods to high-dimensional image, audio, and video distributions is what makes

EBMs a practical rather than purely theoretical tool today.

Compositionality. Beyond training convenience, the energy parameterization offers
a property that is especially useful for structured representations: energies compose
additively. If z = (z1, ..., 2x) and we write Ey(x) = S.1, Ej(x;), the resulting density

factorizes as a product pp(x) o [], exp(—FEj(x;)). The same observation underlies the
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compositional guidance used at sampling time in diffusion (Du and Mordatch, |2019; [Du
et al 2020) and the ability to combine conditional and unconditional score networks in
classifier-free guidance (Ho and Salimans, 2022). In this thesis, we exploit exactly this
additive structure: we associate one energy function with each latent factor of a factored

MDP and train them jointly while preserving per-factor semantics (Chapters 3| [4} and [6]).

Chapter [3| parameterizes the transition dynamics of a factored MDP as a sum of per-
factor energy functions and trains them with InfoNCE, making the contrastive training of
Section 2.5.2 an EBM estimator of the factored transition function. Chapter [4] retains the
same parameterization and adds structural sparsity constraints on the energies. Chapter [6]
extends the parameterization to multiple timescales, so that a single family of energy

functions scores transitions over variable horizons.

2.6 Identifiable Representation Learning

Representation learning would be considerably easier if the data alone pinned down the
“right” latent variables—i.e., the variables we need to learn the DBN of our FMDP. Given
enough observations, we would like to claim that a learned encoder f4 : X — Z recovers
the ground-truth generating variables S. This property, known as identifiability, asks
whether the true sources can be determined uniquely—at least up to natural symmetries—
from the observed distribution. It is the concept that unifies the two lines of work reviewed
in the remainder of this section, nonlinear ICA (Comon, [1994; Hyvérinen and Pajunen,
1999) and causal representation learning (Scholkopf et al. [2021)), and it is the central

formal property we pursue throughout the thesis.

Definition 2.6.1 (Identifiability up to Permutation and Component-wise Bijection).
Let the ground-truth sources factorize as S = S; x --- X Sk and let a learned encoder
f:X = Zwith Z = Z; x -+ X Zk produce latent coordinates z = f(z). We say f

identifies S if there exist a permutation p : [K] — [K] and component-wise invertible
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maps h; : Z; — S, such that h;(2;) = S, almost surely.

Identifiability up to permutation and component-wise bijection is the strongest symme-
try one can always expect to remain: the labels of the latent dimensions are arbitrary, and
each coordinate can be monotonically reparameterized without changing what it represents.
Stronger notions, such as identifiability up to affine or linear maps, are characteristic
of linear ICA (Comon, (1994); weaker notions, such as block-wise identifiability, allow
recovering groups of dimensions rather than individual ones (von Kiigelgen et al.| 2021}

Lachapelle et al., 2024b; 2022)). Throughout this thesis we use the component-wise notion

unless explicitly stated otherwise.

Unfortunately, identifiability is not easy to attain. A central result by [Locatello et al.
(2019) re-shaped the field: without inductive biases beyond a factorized prior, the unsuper-
vised learning of disentangled representations (Higgins et al., [2017a,b)) is fundamentally
ill-posed. Specifically, for any factorized generative model p(s) =[], p(s;) and any obser-
vation function g : § — X, there exist infinitely many alternative latent spaces—related
to the true one by a volume-preserving diffeomorphism—that produce the exact same
observation distribution p(x) and remain factorized under it. The factorized prior alone
leaves a large equivalence class of valid “disentangled” solutions, and the observational
distribution cannot distinguish between them. This is deep learning counterpart of the
classical nonlinear ICA impossibility (Hyvarinen and Pajunen, |1999): without additional

assumptions, the mixing is fundamentally non-identifiable.

Hence, we need more information: the way out of this impossibility is to enrich the
data with information beyond the marginal observation distribution. Nonlinear ICA
recovers the sources by conditioning on an auxiliary variable u—such as time, class label,
or environment index—under which the sources are conditionally independent (Hyvérinen
and Moriokal 2016; |[Hyvérinen et al.| 2019; Khemakhem et al., 2020). Causal representation
learning (Scholkopf et al., 2021)) recovers the sources by exploiting interventional data,

where a mechanism p(s; | pa(s;)) is altered while the others remain fixed (Scholkopf
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et al., [2021; Varici et all 2024} Lippe et al., 2022b| 2023; Locatello et all 2020a). Both
approaches break the symmetries that observational data alone leaves behind, and both
recover a latent structure that is not only a statistically convenient factorization but one

that aligns with the data-generating process itself.

The alignment is not just an interpretability preference: the causal variables are the
ones that most naturally reflect the structure of the world. Moreover, the independent
causal mechanisms (ICM) principle (Peters et al., 2017, Scholkopf et al., [2021)) establishes
that a mechanism p(s; | pa(s;)) can change independently of the others. A representation
that identifies the causal variables, therefore, isolates the units of change in the world: a
new environment, a new task, or a new distribution typically differs from training in a
sparse subset of mechanisms, not in the joint distribution as a whole. A representation that
merely fits p(x) has no reason to respect this modular structure and will generally break
under any such shift. A representation that identifies the causal variables, by contrast,
localizes the change to the factors actually affected, and can be updated accordingly. This
is why causal variables are the variables we care about—they are the ones that generalize

and transfer.

This is the thread followed throughout this dissertation. The agent’s actions are the
auxiliary signal—interventions, in a precise causal sense (Pearl, 2009)—that break the

symmetries left by observational data and reveal the factors of the world that transfer.
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CHAPTER 3

Agents Intervene to Disentangle

Disentangling Independently Controllable Factors via Energy Models

Imagine a simple desk lamp with two separate switches: one toggles the lamp’s power,
flipping it on or off, while the other cycles the bulb’s color between warm and cold light.
If you leave both switches untouched, the lamp may still occasionally flicker on or change
color on its own, but with a significantly lower probability. By observing the lamp when
you flip only the power switch versus doing nothing, you isolate the “on/off” factor; likewise,
by pressing only the color switch versus leaving it alone, you isolate the “color” factor.
Because each switch only affects one property while the other property evolves naturally,
you can disentangle these two characteristics simply by contrasting action-driven changes
with natural behavior. The lamp might have other characteristics like volume, weight,
and shape; however, these are not factors that can be controlled by the agent. Here we

focus on disentangling factors that are controllable.
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3.1 Problem Formulation

Setting We consider that the agent does not have access to the ground truth factored
state space §. Instead, it gets high-dimensional observations that are generated by an
unknown diffeomorphism g, : § = X C R% . Hence, we are concerned with learning from
the observed samples of T'(x¢+1 | 24, a;) an encoder f, : X — Z, where Z factorizes as

Z =Z! x ... x ZE that identifies the underlying factors (See Definition [2.6.1)).

3.1.1 Action Effect Sparsity

In many problems, the agent’s actions have sparse effects on the environment: just a
few factors are controlled, while others just follow their natural transition, unaffected by
the agent. To help the agent understand its environment, we assume that the agent has a
special action ay that corresponds to a no-op (or observe) action that allows the agent to

observe the natural evolution of the environment without intervening.

Transition Dynamics Let ¥(s,a) =S x A — P([1,2,..., K]) be the set of variables

affected by action a in state s. We assume the transition dynamics factorize as follows,
T(ser | sna) = [ TG lswa) [ Tl | seao); (3.1)
i€W(se,at) JEY(st,at)

where T'(s},; | s, ap) represents the natural (or observational) dynamics. In here, we will
consider conditioning the transition dynamics on the full current state s;, instead of just

the parents, given that T'(s},, | s, a:) = T(si, | pa(si,) , a).

Moreover, for the unknown observation function g,, a diffeomorphism, we know that

the observed dynamics follow (Boothby| 2003):

T(l’t+1 ’ :l:t,at) = ]det (Jg*—1<l't+1)TJg:1($t+1)) ‘1/2T(8t+1 | St,&t>, (32)

This equation relates the observed dynamics T'(x¢y1 | 24, a;) to the underlying ground
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truth state dynamics T'(s;11 | st a¢) by the Jacobian matrix J ,~1, whose determinant
quantifies the change in volume between the two spaces. This relation will allow to

formalize the ACF algorithm in the next section.

3.2 ACF: Action Controllable Factorization

In this section, we describe the core contribution of this chapter: an algorithm to

recover the independent controllable variables directly from the agent’s observation.

3.2.1 Learning the Latent Dynamics

We parameterize the encoder by fs(x) — 2z, with parameters ¢, and, more importantly,

we parameterize the transition function as the sum of energy functions (unnormalized

probability densities; see Section [2.5.3)) such that,

K
T(2t41 | 21, a0) o< exp (Z Eé(#ﬂﬂt&t)) ;

=1

with ¢ € [K| and parameters 6. This sum of energies reflects the factorized structure

where each energy represent the transition dynamics of latent variable z°.

Learning a Markov Representation In order to estimate these energy functions from
data and learn a Markov representation suitable for decision making (Allen et all 2021),
we optimize the following training objectives. Firstly, we estimate the inverse dynamics /™

using our energy functions, as follows,

T(2ze41 | 2, a)m(ay | 2)

7 _ . 3.3
L (at | Zt; Zt+1) Za, T(Zt_;’_l | th a/)ﬂ'(a, | Zt) ) ( )
€xp (ZZ E@(ZEH, Qy, Zt)) W(Gt ’ Zt)

x : :
Za’eA eXp (Zz EG(Z§+1, (I/, Zt)) 71'(&/ | Zt)

(3.4)
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and because our action set is discrete, we can use a softmax multiclass classifier to learn

our inverse function by minimizing the cross entropy loss:

fﬁﬁ(ztﬂtyztﬂ) = —log " (as | 2, ze41). (3.5)

Secondly, we use InfoNCE (Oord et al., [2018b)) to maximize the mutual information
between z; and z;,1: we use a batch B of N — 1 negative samples and 1 positive samples,

and minimize the following loss,

oxp (3, (i1, s, 21)
£¢,9 Z , a , Z —— lo 1 n N .
i ) = 108 5 e (5, (20, a1, )

(3.6)

Optimizing these losses guarantee that we learn a Markov representation that preserves
the relevant information for action effects prediction (Allen et al., 2021) without requiring
an explicit reconstruction loss. However, they do not ensure that the representation will

align with the controllable factors.

To see this, consider an invertible mapping g : & — Z between the ground truth state s
and another representation z. The relation between the densities is given by the following
change of variable formula: T'(s;41 | 8¢, ;) = | det Jy(s141)|T (2141 | 21, ar). Therefore, if
| det Jy(se41)| =1 (e.g., g is a rotation), the distribution will match even in the case we
use a factorized prior (for an extended discussion, see [Locatello et al| (2019); Hyvérinen

et al.| (2023)).

Therefore, we can achieve observational equivalence: our model can match the statistical

properties of the data, but we are not yet guaranteed to identified the controllable variables.

3.2.2 Factorizing the Controllable Variables

We formalize our intuition and exploit the sparsity of the actions’ effects to learn a

latent representation Z that identifies the controllable factors.
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The core idea is to contrast the effect of an action, the distribution T'(zyy1 | x4, ar),
against the natural dynamics T'(z;41 | x4, a0), where aq is the no-op action, using the

following ratio:

T($t+1 | T, at)

logry(xip1,2¢) = lo 3.7
87a(Tre1, 71) gT<xt+1 | 24, a0) (3.7)
— log |det(Jg;l($t+1)TJg;l($t+1))|1/2 HiT(SiH | Staat). (3.8)
| det(J -1 (2e1) T Tt (e )2 T T (i | 815a0)
_ T(ngrl | St, at) 7 (39)
T(si41 | st,a0)
= logr.(s¢41, 5t), (3.10)

where s{ 41 is the factor affected by a; when executed in s,. Therefore, this ratio is a

function of the factor s +1 and not the rest.

In practice, we can estimate these ratios from observed transitions using Noise Con-
trastive Estimation (NCE; Gutmann and Hyvarinen| 2010; [Hyvarinen et al.l 2019 and

leveraging our energy parameterization:

log 7a(2t41, 2t) = log Ta(fo(Te41), f¢>(xt))

= Z EG’('ZZJA? at, Zt) - EG(Zerl’ Qo, Zt)'
i

Therefore, we train our energy functions to match the observed ratios by training
|A| — 1 classifiers computed by o(log r4(z141, 2¢)) where ¢ is the sigmoid function. We use
the transitions of other actions as negative samples and minimize the following binary

cross-entropy loss:
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ffl’fgn(zt, ag, 2411) = Z 1[a’ = ay]log o (logr, + sg(Ca)) + (3.11)

a’'€eA
1[a’ # a;]log (1 — o (logra +s8(Ca))) ; (3.12)
(o :=log %; (3.13)

where 1[] is indicator functions that is 1 when the condition holds, and (, are correction
weights to account for the policy used to collect the data. In practice, we estimate the
policy from the dataset and use the estimate to compute the loss. Finally, we minimize a
weighted sum of these losses and use AdamW as out optimizer (Loshchilov and Hutter,

2019). Algorithm |1| formalizes the method.

3.2.3 Identifiability Guarantees

The core assumption of ACF is that variables are independently controllable, that is,
for every state variable s°, there exists a context s € S and action a € A, where the action
effect is sufficiently different from the natural dynamics of the variable (aq effect). The
following theorem establishes identifiability of independently controllable factors if the

solution found is sparse.

Theorem 3.2.1 (Identifiability of the Independently Controllable Factors). Let the learned

encoder f : X — Z be a diffeomorphism. If the following conditions hold

1. 8§ C RE is connected and the unknown observation function g, : S — X is a

diffeomorphism.

2. The action effects are sufficiently different from the natural dynamics. That is,

there exists i € K]
0 Ti(spyq | s, a0)
85% T(S%—H ’ St; CLO)

£0
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for s, € S C S, almost surely. Moreover, there exists at least an action that affects

each s (independent controllability)

3. All energy function approzimate the factor forward dynamics E(z), |, s, z)

log T(244.1 | 21, a1);

4. (Sparsity) The score differences (gradients of the energies)

? aBr=s0-
0z 41 0zi14

[E<zrﬁ+17 at, Zt) - E('zz-&-l? o, Zt)} 7é 0

for at most one variable i and all actions.

then, there exists a factor-wise diffeomorphism h: S — Z between the underlying ground

truth factors of variation S and the learned encoding Z

Theorem is the full-identification specialization of |Lachapelle et al. (2024a,
Theorem 2), the more general partial disentanglement results for discrete actions. We
derived our specialization independently before becoming aware of their general result; for

the thesis we defer the proof to theirs, since ours is strictly subsumed.

Under sufficient variability, and by enforcing the sparsity of action’s effects and requiring
that the desired factors are independently controllable—i.e., there exists a state and action
in which a factor is controlled independently from the others— we can guarantee that the

ground truth representation is identified.

We conjecture that the binary classifiers arising from L}, (see Equation promote
sparsity by competing to capture what makes each action distinct (the action effect not
explained by ag). Because L,jg, uses transitions from other actions as hard negatives,
each classifier is pushed to rely on a different latent dimension—the one specifically
influenced by its action—since sharing dimensions with another classifier would reduce

discriminability.

In the following section, we will show empirically cases where this might not hold but
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our algorithm still manages to identify some of these variables.

Algorithm 1 Action Controllable Factorization (ACF).

Require: Dataset D = {(z4, a;, 2441)}, encoder f,, set per-factor energy models {E5 }E_ |,
policy m,, Learning rate o, weights Aalign, Atwd, Ainv, Ax
1: for minibatch {(z",a™, 2")}_; ~ D do
Encode: 2"« fs(a™), 2" < fu(z"™)
Noise: 2"«—2" +¢e", 2/« + "
Negatives: N = {(z, a7, 2") | i,j=1,...,N}
Energies: Ej;(a) = 32, E§(2*"7,a,2Y) ‘v’z,j € [N,ke[Kl,ae A
Policy logits: 7 = Tw(2") Vn > Diagonal values are energies of real transitions
Ratios: logr™ = E,n(a) — Enn(ao)
Policy weights: (" = log Ten2")

m(aoz")

9 Latign = —% >3 (la"=allog or(log i + sg(C2))

+ [a"#a] log(1 — o(log 2™ + sg((1))) )
1 eEnn(a")
0 Lo = = o W
n | z ))6Enn(a’ﬂ)
11: 1nv - 1 !
N Z o sg a’ | Z”))(EE"”(CL)

1 e
12 Lr=-—— Zlog —Z o Megisl]
13: L= )\ahgn‘cahgn + )\fwdﬁfwd + /\mv‘cmv + )\ ‘C
14: Update: (¢,0,w) «— AdamW ((¢, 0, w),a, VL)

15: end for

3.3 Evaluation

In this section, we empirically evaluate ACF in classical RL test domains. We consider
a visual variation of the classical Taxi domain (Dietterich, 2000)) and visual Minigrid
environments (Chevalier-Boisvert et al., [2023): FourRooms (Sutton et al., [1999)) and

DoorKey![]

Baselines We consider GCL (Generalized Contrastive Learning; Hyvérinen et al., 2019)

that can be seen as a vanilla contrastive-based disentanglement algorithm, and DMS

We use Minigrid JAX (Bradbury et al. [2018) re-implementation (Pignatelli et al., 2024)
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Figure 3.1: Disentanglement Metrics: ACF disentanglement consistently outperforms
other three benchmarks, across all four domains (DOORKEY, FOURROOMS, GRID2D,
and TAXI). ACF achieves perfect disentanglement at GRID2D — a perfectly disentangled
representation with respect to the ground truth would have modularity and compactness
metrics close to 1. Further details in Table @

(Disentanglement via Mechanism Sparsity; |Lachapelle et al., [2022), a VAE-based (Kingma,

and Welling, 2014)) method that explicitly maximizes sparsity in state dependencies

and action effects to drive disentanglement. Moreover, we consider MSA (Markov State

Abstractions; |Allen et al. 2021)), a contrastive-based algorithm that leverages both forward

and inverse dynamics to learn Markovian representations but does not explicitly optimize

for disentanglement.

Evaluation Protocol To measure disentanglement, we consider test datasets of pairs
of {(s*,2")}; where s is the ground truth representation and z is the corresponding learned
latent representation. Then, we fit factor-wise regressors (parameterized by feed-forward
networks), h;;(z*) — 7. The performance of h;; is limited by the amount of information
2" contains about s/, therefore we measure the quality of the learned regressor using the
coefficient of determination R%. Therefore, for each method we have a matrix R? (see
Figure ; this matrix would have 1 in the diagonal and low off-diagonal values if the
ground truth variables were perfectly identified. We tune all methods via random search

in their respective hyperparameter space and train 5 seeds for each method.
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Ground-truth factor s;

2l 0.04 0.01 0.00 0.01

acf Mean R?
[UK¢)d 0.03 0.02 0.03 0.07 0.01 0.02
0.02/0.59 0.04 0.01 0.05 0.12 0.26|
0.03 0.18[18£510.23 0.46 0.00 0.03
00 0.01 0.000.33 0.03 0.01 0.10|
0.080.13 0.02
0.00 0.19 0.00 0.06 0.05 0.55 0.09|

0.01 0.06 0.01 0.06 0.00 0.01 0.49

doorkey
dms Mean R? gcl Mean R?
0.17 0.03 0.01 0.02 0.02 0.01 0.03 JX:¥80.01 0.18 0.02 0.12 0.00 0.12

markov Mean R?
0.42 0.09 0.01 0.05 0.21 0.03 0.19|

0.07 0.20 0.05 0.15 0.04 0.05 0.1640.08 0.51 0.03 0.13 0.13 0.08 0.16§0.03 0.11 0.03 0.01 0.01 0.03 0.04

0.02 0.01 0.00 0.00 0.00 0.00 0.0040.01 0.03 0267 0.01 0.02 0.00 0.00§0.07 0.10 0.47 0.14 0.15 0.17 0.15

0.01 0.06 0.01 0.24 0.04 0.01 0.23§40.00 0.03 0.00 0.06 0.02 0.05 0.13§0.00 0.01 0.01 0.09 0.00 0.01 0.03
0.16 0.07 0.11 0.18 0.50 0.05 0.24§0.06 0.03 0.01 0.20 0.28 0.03 0.10§0.02 0.00 0.00 0.00 0.01 0.00 0.01
0.100.43 0.40 0.20 0.14/0:68 0.130.02 0.38 0.03 0.27 0.280:70/0.16§0.01 0.02 0.00 0.00 0.00 0.00 0.00

0.030.050.030.18 0.06 0.01 0.3140.00 0.12 0.01 0.06 0.02 0.07 0.19§0.02 0.01 0.00 0.01 0.00 0.00 0.08|

Ground Truth
§N000] 0.02 0.01 0.00 0.05 0.00 0.01

0.01 m(},(}Z 0.03 0.00 0.07 0.20]
0.00 0.020.00 0.00 0.00 0.00
0.00 0.04 U.UUU.OU 0.000.21

0.05 0.00 0.00 0.00 ¥8[0] 0.00 0.00

0.000.19 0.00 0.00 0.00U.UU

0.020.21 0.01 0.22 0.00 0.00 M}

Figure 3.2: Factorization matrices for DoorKey. Mean R? matrices over 5 seeds.

Table 3.1: Modularity and Compactness: A perfectly disentangled representation
with respect to the ground truth would have modularity and compactness close to 1. We
report the mean values over 5 seeds and 95% CI.

DoorKey FourRooms Grid2D Taxi
Method M C M C M C M C
ACF 0.47+0.04 0.48+0.08 0.62+0.05 0.64+0.06 1.00+0.00 1.00=+0.00 0.62+0.05 0.49+0.08
DMS 0.25+0.05 0.27£0.03 0.28+£0.07 0.68+0.08 0.194+0.08 0.20£0.06 0.31£0.04 0.24+£0.04
GCL 0.27+0.08 0.29£0.07 0.20+£0.05 0.24+0.12 0.994+0.01 091+0.16 0.56=£0.08 0.43+0.06
Markov 0.16+0.05 0.224+0.06 0.124+0.04 0.33+£0.06 0.30£0.14 0.73+£0.12 0.38+0.03 0.33+0.02

Quantitative results Given a R? matrix, we search a permutation that maximizes the
diagonal using the Hungarian algorithm (Kuhn| [1955). We then aggregate the matrices
into two scores, the mean diagonal value, % Zf{ R? and the mean off-diagonal score
=5 (1 — R/, Rl-zj). The former measures how well a latent factor represents the
ground truth factor, and the latter measures how much of the latent factor’s information
is concentrated off the diagonal value. Ideally, this would mean a score of 1 for the
mean diagonal and 0 for the off diagonal if the identification is perfect and the factors
are fully independent. However, this is only an upper bound on perfect performance in
many environments; e.g. taxi and passenger’s position are not fully independent because
the passenger can only move if it moves with the taxi. Figure [3.1] shows the results for
all methods and domains. Table 3.2 summarizes the R? matrices for all domains and

Figure [3.3| and Figure show qualitative visualizations of the effects of traversing the

latent variables learned via ACF.

The factor affected by an action depends on the current state s. Grid2D
and FourRooms have different factorizations: In grid2D the agent can move up, down,

left and right and 2 dimensions are enough as controllable factors, but in FourRooms
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Figure 3.3: Taxi latent traversals. In this Taxi rendering, the taxi is represented by a
hollow square, the passengers are circles with colors matching their goal positions. When
a passenger is in the taxi, the border of the frame is highlighted with stripes. By varying
the value of a latent variable (columns), we can see its effect on the mean observation.
Each row represents different latent variables.

(Minigrid variant) can rotate, move forward, backward, left or right and, hence, 3 factors
are required. More importantly, the factor an action affects is relative to the agent’s
orientation and, this, change causes difficulties for all baseline methods. In particular,

DMS, which assumes a global sparse graph, struggles to converge.

Factors are not independent In the Taxi domain, factorization is more challenging
because the taxi’s position and the passenger’s location are inherently coupled; the
passenger can move only if it moves with the taxi. Our method outperforms the baselines
in this case. Figure[3.3]shows qualitatively the effect of traversing the identified passengers

position variables.
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Identifying non-controllable variables In the DoorKey domain, not all factors are
controllable by the agent: the door’s position is sampled at the start of each episode and
kept fixed throughout the episode. Although the agent must perceive the door’s location
to open it, that factor need not be disentangled. In fact, as seen in Figure [3.2] the door
y coordinate is not identified. DMS, instead is able to partially identify these variables
because it’s not constrained to controllable elements and uses the sparsity of the state

dependencies.

Table 3.2: Factorization Metrics: ACF mean diagonal value is closer to 1—the ideal
factorization—than that of all three methods across all four domains. A mean diagonal
value close to 1 and a maximum off-diagonal value (mean + 95% CI across 5 seeds) close
to 0 indicates perfect factorization.

Method Metric Grid2D FourRooms Taxi DoorKey
Diag 1 0.996+0.000 0.792+0.090 0.635+0.091 0.494+0.042
ACF Off |  0.000+0.000 0.003+0.002  0.024+0.009  0.032+0.007
Max | 0.000+0.000 0.014+0.013  0.348+0.136  0.709-+0.149
Diag T 0.982+0.024  0.15140.003  0.532+0.061  0.402+0.057
GCL Off | 0.001+0.002  0.016+0.012  0.038+0.009  0.037+0.014
Max |  0.002+0.003  0.083+0.057  0.526+0.082  0.457+0.077
Diag 1 0.632+0.096  0.000+0.000  0.215+0.046  0.220+0.027
DMS Off | 0.049+0.056  0.000+0.000 0.019+0.007  0.039+0.009
Max |  0.072+0.087 0.000+0.000 0.221+0.068 0.517+0.096
Diag + 0.52140.016  0.081+0.119  0.281+0.062  0.128+0.103
Markov Off | 0.464+0.016  0.013+0.019 0.016+0.007 0.015+0.016
Max |  0.874+0.026  0.061+0.092  0.313+0.140  0.310+0.302

3.3.1 Ablation: All ACF Losses are Important

We performed an ablation study in the Minigrid-DoorKey domain, the most challenging
environment considered in the previous experiments. Table [3.3| shows that each loss term
plays an important role in improving factorization. In addition, we evaluate the Factored
Markov variant, which combines our unified factored energy parameterization with the
MSA losses (forward and inverse). This variant achieves improved factorization compared

to the original MSA, highlighting the importance of the our proposed parameterization.
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Figure 3.4: DoorKey latent traversals. For this domain, we show a random sample
from observations that have a particular value of the latent dimension. We only show
the controllable elements in DoorKey, that includes the agent position and orientation,
the key and the door state. Different rows correspond to different latent variables and
different columns represent different values for the corresponding latent variable.

Table 3.3: Ablation on Minigrid-DoorKey Environment over 5 seeds.

Experiment Diag (Mean + 95%CI) + MaxOff-Diag (Mean + 95%CI)|

ACF (Full) 0.5650 £ 0.0423 0.2499 4+ 0.0213
Factored Markov 0.4861 £ 0.0491 0.2635 4+ 0.0339
No Forward 0.1987 + 0.0588 0.1028 + 0.0340
No Inverse 0.5294 + 0.0274 0.1918 + 0.0280
No Policy 0.4630 + 0.0694 0.2301 + 0.0543
No Ratio 0.5083 + 0.0767 0.2353 + 0.0352

3.4 Planning with ACF Factors

To measure the quality of the learned representations for decision making, we train
Gaussian predictive models on top of the learned representations in the Taxi domain.
We first train the encoder on data covering the state-action space and then freeze it
before training the transition and reward models. We consider two model variants: a
vanilla model that does not assume the representation to be factored, and a factored

model that learns the DBN structure using the ENCO discovery algorithm (Lippe et al.|
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2022a). The latter learns independent predictors for each factor and uses the DBN to
mask out unnecessary dependencies, effectively learning a factored transition model. We
tune model-learning hyperparameters by randomly sampling the hyperparameter space
and training over 5 seeds. We evaluate these models along two dimensions: (1) prediction
error, measured by the mean squared error normalized by the variance (NMSE), and (2)

planning performance.

To plan, we use two simple planning methods: random shooting (RS; Rao (2009);
Nagabandi et al.| (2018))) and the cross-entropy method (CEM; Busoniu et al.| (2017))).
We evaluate 20 episodes for all models across different planning horizons (Figure [3.5).
Figure shows the best-performing horizon averaged over 5 seeds and 20 episodes with
a 95% CI. The expert representation—the one used in the identifiability experiments—
achieves the highest performance, and ACF consistently achieves the second highest. The
closer a learned representation is to the expert, the better the resulting model; this holds
across both planning methods. Perhaps more interesting is the fact that ENCO performs
significantly better on ACF than on the baseline methods—i.e., a method that relies on
having access to a factored representation works significantly better with ACF, which

obtains a factorization closer to the expert.

Finally, a similar pattern holds when evaluating prediction quality (Figure [3.5b)): the
expert achieves the lowest NMSE, while ACF achieves the third lowest, just above GCL.
However, GCL’s lower planning performance relative to ACF suggests that it may lose

task-relevant information despite having less compounding prediction error.

3.5 Closing Thoughts

ACF showed that, even in simple environments and dynamics, an agent that can
sparsely intervene in its environment is able to recover meaningful latent variables from

high-dimensional observations—without prior knowledge about what those factors should
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Figure 3.5: Representation Quality: We measure the quality of our learned represen-
tations on their capacity to build useful world models. On the left, we show the best
performance achieved by the models using CEM and RS. On the right, we show the
accumulation of prediction over horizon. Both plots show that ACF’s structure enables
models that are better for planning in Taxi.

bel

CRL (Scholkopf et al., 2021; Locatello et al., 2019; Varici et al., 2024; Lachapelle et al.,

2022, has studied identifiability under various interventional assumptions, but
the connection to embodied agents has remained underexplored. ACF showed that by
recognizing the agent’s ability to intervene through their actions, we can ground CRL
knowledge in RL and decision-making leading to methods that can actually recover useful

representations for latent factored world models. However, this is not the end of the story.

In this chapter, we worked under the assumption that we had access to a set of actions
that could independently control all factors that we were interested in; a tall order for
real environments. In fact, our empirical evaluations directly violated this assumption.
Remember, in incredibly simple and ubiquitous domain of RL benchmarks, we immediately
found a violation: in the Taxi domain, the passenger can only be controlled via the Taxi.
We will see in Chapter [6] that this is a very natural situation and, in fact, it is an important

signal for learning factored models.

On the other hand, we assume that our per-factor energy functions, modeling the
transition dynamics in latent space, have complete knowledge of the current state. Statis-

tically, conditioning on extra information is harmless. But when learning a representation,
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it allows the encoder to embed spurious correlations into the factors, obscuring the true

temporal structure. Chapter [4] will tackle this issue head on.
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CHAPTER 4

Recovering the Dynamics Bayesian

Network: A Cooperative Approach

Disentangling via Sparse Temporal Dependencies

Consider an agent that has learned, through the methods of the previous chapter, that
the door state is a factor it can control. ACF told the agent that its actions can change
whether the door is open or closed; it identified the door as an independently controllable
factor. But the agent still does not know how to open the door. It does not know that
to change the door state, it must first possess the key; that the key’s position depends
on the agent’s grasp; that the door is indifferent to the position of every other object in
the room. This is the parent structure of the factored transition dynamics, the dynamic

Bayesian network, and ACF does not recover it.

The problem is not that ACF failed. ACF did exactly what it was designed to do: it
found which factors change under each action. But knowing that something changed is not
the same as knowing what caused it to change. For planning in a factored MDP, the agent
needs the full dependency graph: which factors influence which, under what conditions.

This chapter is about learning a representation that reveals those dependencies.
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The information is, in principle, available in the transition dynamics. If the door’s next
state depends on the key but not on the cube, then the cross-derivative 9% log T'/ s 955>
is zero while 9?log T/ 83?%@5?” is not. The sparsity pattern of these cross-derivatives
1s the DBN. However, recovering this pattern from learned representations turns out to

be subtle, because there are two very different kinds of sparsity at play, and they do not

cooperate naturally.

4.1 Two Types of Sparsity

The agent has access to two sources of structural information, and they have funda-

mentally different character.

The first is action sparsity, the signal that ACF already exploits. When the agent
takes an action, only some factors are affected. The interventional score difference
Ay = Vg, logT(se41 | s¢,a) — Vi, logT(si41 | s¢,a0) is sparse because each action
intervenes on a small number of factors (Varic1 et al., 2024} |Lachapelle et al. [20244).
This sparsity is interventional knowledge: it is tied to the causal structure of the world
because the agent’s action physically affects certain variables and not others. No change
of representation can make an action affect a factor it does not physically touch. Action

sparsity is grounded.

The second is temporal sparsity, the new signal in this chapter. The cross-Hessian of
the transition score, H;; = 9?log T(s;+1 | st,a)/0si,,0s], captures which factors influence
which. If sg is not a parent of s, in the DBN, then H;; = 0. The sparsity of H
encodes the parent structure. But unlike action sparsity, temporal sparsity is observational
knowledge: it reflects statistical dependencies in the dynamics that are not anchored to

the agent’s interventions. And observational knowledge is ambiguous.

Here is the problem. A sufficiently powerful encoder can find a representation in which

the cross-Hessian is diagonal, perfectly sparse, even when the underlying factors have
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genuine dependencies. The encoder rotates to align with the dynamics, diagonalizing
H at the cost of mixing the true factors. In this basis the temporal dependencies look
maximally sparse, but the “factors” are normal modes of the dynamics, not the physical
quantities the agent needs for planning. Temporal sparsity, on its own, is ungrounded: it
can be trivially satisfied by an encoder that aligns with the dynamics rather than with
the causal structure. To make matters worse, the sparsity condition on the cross-hessian
H is local a powerful encoder can change the basis of the representation continuously in

the latent space and achieve (approximately) maximum sparsity.

Action sparsity is what anchors the representation. The agent’s action, which in
the ground truth affects only one factor, now affects all of them, because each factors
were mixed to diagonalize the cross-Hessian. The action effect becomes dense. The
ground-truth factored representation is the only one where both signals are simultaneously

satisfied: the actions are sparse and the temporal dependencies reflect the true DBN.

4.1.1 A Simple Example

To make this concrete, consider two factors s; and s, with transition dynamics and its

DBN
S%+1 = fl(s%a CL) + €1, (41)
S?+1 = fQ(Sia 8?) + €2, (42)
1 0 1
Gs = Ga = 3 (4 3)
11 0

where s; is a parent of s7,; (but not vice versa) and the agent has an action that affects
s; only. In the ground-truth basis, the cross-Hessian has Hy; # 0 and Hpy = 0, reflecting

the asymmetric dependency s} — s, .

For simplicity, consider a rotation z = Rys. In the rotated basis, the cross-Hessian
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becomes H = RyH R(;r. For the right angle @, the encoder diagonalizes H: Hys = Hy = 0.
Temporal sparsity is perfect. But the action, which in the ground truth produced the
sparse score difference A = (6,0)7, now produces A = (§cosf,dsind)". It is dense. The

rotation that fixed temporal sparsity broke action sparsity.

The only angles where both are satisfied is 0 € [—7/2,0,7/2,7]: the ground-truth
basis and any signed permutation. These are the Pareto solutions: any other rotation

that improves one objective necessarily worsens the other.

In the following sections, we will show that this pattern holds more generally, in

particular, when we train via gradient descent and expressive neural networks.

4.2 Pitfalls of Sparsity Optimization

4.2.1 Preliminaries

We will build on the theory of |Lachapelle et al.| (2024a). We will include the equivalence

relations

Let ¥ = (¢, 0) be the parameters of our latent model, ¢ for the encoder and 6 for the

dynamics model Tj.

Definition 4.2.1 (Observational equivalence). We say that two models are observationally

equivalent 9 ~obs ¥ if and only if the induced distributions over observed distributions

(Equation are the same.

Ty(z | z,a) =Ty(z" | x,a);
1/2

et (,-+() T 1(2) ‘1/ T | 5a) = et (7,0 1,0) | 1 | 200,

That is, both models match the observed distributions. This is what we achieve when
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we train a latent representation that preserves the information of the observations and

match the transitions dynamics.
Now, we define what it means to be consistent with the action and temporal graphs.

Definition 4.2.2 (a- and z-consistency). Let G* € {0,1}%*4 denote the ground-truth
action-to-next-state sparsity pattern and G* € {0, 1}*% the previous-state-to-next-state
pattern, with learned counterparts G and G*. A learned model is a-consistent with 0
if 0 ~opbs B and G matches G¢ up to a permutation of latent indices, and analogously

z-consistent for the temporal pattern. We write ~, and ~, for the induced relations.

Finally, we assume that we have sufficient variation in the dynamics to guarantee we

have enough information to disambiguate the latent structure.
Assumption 4.2.3 (Action-Temporal Sufficient Variability; Lachapelle et al. (2024a,
|Chg|

Assumption 7,8)). For almost all z € R% and every £ € [d,], there exist {(2,, a,, ao)},_;

and where a, and aq differ only in coordinate ¢ such that

|Ch7|
spam{Vzr+1 log T(ZT_H ‘ Ze, aT)T - V. logT(z ! Zr, aO)T} - ]Rcézh?.

r=1

Analogously for temporal sufficiency, for almost all z € R4 and every £ € [d.], there

. Chz
exist {(z, ar)}LZf‘

|ChF|
dz
span{Her’zr log T(zTH ‘ Zry ar)} .= RC}@.

r=

Lachapelle et al] tells us that under Assumption [.2.3] observational equivalence, and
maximizing sparsity of the induced graphs G* and G*, we can recover representations that
are a, z-consistent. However, as we will show next, maximizing sparsity is hard in practice.
In fact, ACF success can be partially attributed to the fact that sparsity is maximized

implicitly in the algorithm design and not as an explicit objective of the loss function.
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4.2.2 Maximizing Temporal Sparsity

If we optimize only for temporal sparsity, minimizing the off-diagonal entries of the
cross-Hessian, the encoder finds can approximate to the representation that would give us
the eigenbasis E] This is not a subtle failure; it is the expected behavior. The eigenbasis is
the representation that diagonalizes the dynamics, and that is exactly what the optimizer
is being asked to do. The resulting “factors” are linear combinations of the true factors
with no causal meaning, and the action effects become dense. The temporal signal drifts
to a mathematically correct but causally meaningless solution. This intuition holds more
generally, as we will see next, and it is exacerbated when the encoder approximator is

highly expressive—e.g, a neural network.

Consider how the encoder acts on the cross-Hessian H. The cross-Hessian H;; =
0?log T2, ,07] has its two indices on two different tangent spaces—the next-state space
and the current-state space—and a nonlinear encoder applies its Jacobian separately at
2141 and at z;. Under the change of variables Z = f,;(2) with Jacobian J,(2) := 0f,/0z,

the transformed cross-Hessian is

H<§t+1a a, 2t> = J¢(zt+l)_T H(thrl’ a, Zt) J¢(Zt>_17 (4'4)

where z, = fgl(ét), Zip1 = f(;l(étﬂ). (4.5)

The encoder’s Jacobian at z;.; multiplies on the left, the Jacobian at z; multiplies on
the right, and these are different matrices evaluated at different points in latent space.
In the simpler case of linear encoder f,(z) = Wz, the transformation is the simpler
W-THW !, This restriction is what creates the only apparent obstacle to diagonalization:
the antisymmetric part of H, which this congruence cannot eliminate. In the general

nonlinear encoder case, the obstacle is gone.

To separate the algebra from the function-approximation machinery, fix a single

'If the cross-Hessian is has distinct eigenvalues.
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realization of (z¢41,2,a) and let H € REXK be the corresponding cross-Hessian. Let
A,B € GL(K) play the abstract roles of Jy(z:41)" " and Jy(2;)~!, and consider the

off-diagonal loss

Liemp(A, B) == > [AHB] . (4.6)
i#j

The identity is (A, B) = (I, ]> with Ltemp(LI) = ||HH;OH'

Proposition 4.2.4 (Two-sided sparsity is always locally reachable). For any H € RE*K

inf = 4.
A,BéréL(K) Ltemp<A7 B) 07 ( 7)

and the infimum is attained at an orthogonal pair (A*, B*) € O(K) x O(K).

Proof. Take the singular value decomposition H = UXV" with U,V € O(K) and ¥

diagonal and non-negative. Set
A =U", B*:=VT, (4.8)
Both are orthogonal, hence in GL(K). Direct computation gives
AHB)T = UT(UsvV = UTU)2(V'V) = 5, (4.9)

which is diagonal. All off-diagonal entries vanish, 80 Liemp(A*, B¥) = 0. Since Liemp > 0

is a sum of squares, this is the infimum and it is attained. n

Remark 4.2.5 (Penalty-agnostic). Lemma uses only that the SVD makes every
off-diagonal entry of H exactly zero. Consequently, for any penalty O : R — [0, 00) with
Q(0) =0,

inf (K)ZQ([AHB l;) = 0, (4.10)

A,BEGL(K) “—
i#j

attained at the same SVD pair. This covers the squared Frobenius loss ((z) = x?),
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the ¢; LASSO penalty (2(x) = |z|; Tibshirani, |1996), the Hoyer ¢, surrogate used in
Section [4.5.3] (Hoyer], [2004)), and the £,.

This result holds locally, and a powerful enough encoder can warp the latent representa-
tion to attain approximately diagonal cross-Hessians. Moreover, the two-sided transform in
Equation [4.4]is the same structure that Lachapelle et al. (2024a)) use in their identifiability
proof for temporal sparsity: their Equation (22) reads H = Duv(z1)  H Duv(z) with
Jacobians evaluated at two different points. This is precisely why they can extract both
G .-preservation and (G.) -preservation of the entanglement map, which is what resolves
directional ambiguity between (i — j) and (j — i) edges. The pitfall (Lemma [£.2.4) and
Lachapelle et al./s identifiability (their Theorem 3) are two sides of the same coin: the very
freedom that lets the encoder chase spurious minima is the freedom that lets structural
zeros uniquely pin down the ground truth, provided sparsity is used as a constraint rather

than a loss to be minimized.

Therefore, in practice, we need to maximize sparsity of the cross-Hessian while respect-
ing the true edges of the DBN. In practice, we need to guarantee not to maximize sparsity
beyond the true causal graph. However, naively, this would require knowing the DBN
beforehand! Fortunately, we can adopt a cooperative game formulation to optimize the
sparsity, and we will show that the Pareto set coincides with the set of G-preserving repre-
sentations (Theorem . Therefore, by using methods that guarantee Pareto solutions

we can design algorithms with more stable dynamics to learn our desired representation.

4.2.3 Maximizing Action Sparsity

Action Sparsity maximization is also prone to degenerate solutions. However, it is not
as bad as the temporal one. The mechanism is factor collapse. If an action affects two
factors jointly, an encoder is free to pick a basis in which the action appears to target a
single “combined” factor, gaining one zero for free. This is intuitive. If two variables are

always affected together by the actions, we do not have any signal to separate them.
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Lemma 4.2.6 (Action sparsity is always reachable). Let A, € RE be the score difference
of action a with support S, == {j : (A4); # 0}. For any target index 1* € [K]| there exists
an orthogonal W € O(K) with

WA; =0  forall j #i*. (4.11)

In particular, whenever S, > 2 the single-action off-{i*} cost 37, [WA,]? vanishes,

while the corresponding identity-basis quantity i #*(Aa)Z is strictly positive.

J

Proof. Build W by Gram—Schmidt: take the first row to be A /||A,]| and complete to
an orthonormal basis. Then WA, = ||A,|| 1. Permute rows to move the nonzero entry to

position ¢* if required. All other entries vanish by construction. O

This is the one-sided version of Lemma [4.2.4, Where the temporal sparsity exploits
two-sided congruence to diagonalize H, the action pitfall exploits a single orthogonal

rotation to concentrate A, on one coordinate.

The one-sided nature of the transformation makes it harder for the encoder to achieve
maximum sparsity. However, it can still create practical problems when it is not compatible
with the temporal constraints, leading to bad local minima and training instabilities In
Chapter[3] we showed that this ambiguities happen in practice when the latent variables are
not independently controllable. This can create optimization instabilities when training for
sparsity explicitly as DMS (Lachapelle et al., 2022). In fact, ACF better performance can
be attributed to the fact that there is no explicit sparsity optimization—e.g., optimizing

action masks.

4.3 A Cooperative Solution

The ground truth, or its equivalents, are the solutions where both objectives are

simultaneously satisfied. The problem is that naive optimization cannot find it because
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the two signals conflict locally. By re-framing the problem of maximizing action and
temporal sparsity as a multi-objective optimization, we can keep over-sparsification in
check. In this section we will show that the identifiable representation, the one we are
interested in recovering, is actually a Pareto-optimal solution of this multi-objective

problem.

4.3.1 Negotiating over the Encoder

Let’s consider each sparsity constraint as a player that negotiates over a shared
resource: the encoder fy. Each factor ¢ € [K] wants to have sparse effects from the actions
(interventional sparsity) and depend on as few as possible parents (temporal sparsity).

Therefore, we can define players as follows.

The observational sparsity factor-players want to minimize the non-zeros they see in

their cross-Hessian. That is, each factor-player ¢, has utility

U (Ze41, 0, 20) = || H (2151, 0, 21) |lo (4.12)
0*E}
=Y =5+ 0] Vi € [K], (4.13)
j#i 82§+182t

and they can always achieve maximum sparsity on their own. However, when cooperation
fails, the action-players can cause maximum dependency. Hence, if cooperation can
provide the factor-player more utility than the disagreement point of dy = K — 1 zeros,

then cooperation succeeds.

The interventional sparsity action-players ¢ want to maximize the sparsity of the score

differences that affect factor i.

; d (B} ~ E}
g;ction(zt-l—l? Zt) = Z |: ( O(Zt'i‘l) a, Zta)Zl G(Zt-i-la ap, Zt)) 3& O (414)
ac€A\ag t+1
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and when cooperation fails, the factor player can try to achieve maximum sparsity, as we
showed before. Giving each action player a disagreement point of d, = | A| — 1, maximally

dense vertors.

We will now show that under this formulation, the Pareto optimal solutions coincide
with the desired representation. Moreover, we can optimize for Pareto optimal solutions

using the Nash Bargaining Solution (see Section [4.5} [Nash et al. [1950) as our objective.

4.4 Identifiability via the Sparsity Game

4.4.1 The Sparsity Game

Let ¥ = (gx, p) denote the ground-truth causal model with injective decoder g, : Z — X,
transition p(z;41 | 2, a;), and sparsity pattern G = [G., | G,] € {0, 1}5x(E+da) A Jearner

fits O = (g, p) with induced sparsity G. We write 0 ~gps 9 for observational equivalence.

Definition 4.4.1 (G-sparsity game). For G € {0, 1}%*? a sparsity pattern derived from

(g%, ), the G-sparsity game has
e Players j € [K], one per latent dimension.
e Strategy J with feasibility J ~obs V.
e Loss of player j the row-sparsity EJG({(}\) = |(§j,.|0.

-~

e Objective minimize the loss vector £(1) € N¥ in the Pareto sense.

Theorem 4.4.2 (Sparsity game achieves G-preservation). Let G € {0,1}*? be a sparsity

pattern satisfying, under J ~obs U and Assumption the row-wise support inclusion

(P'G). 2 |J Gi.. Vielr], (4.15)
i:C5 ;70
1

for a permutation P aligning the reparameterization Jacobian J, = D(g,

0g), with
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C = J, - P having nonzero diagonal. Under Assumption ‘a every Pareto-optimal I

of the G-restricted sparsity game satisfies:

(i) G-preservation: PTG* = G.

(ii) Irreducible loss vector: € = (]Gg(m.]o, oy |Gk, 0) for some o € Sk.

(i1i) Flat Pareto front: every Pareto point attains £° up to the permutation action of
Sk.
Proof sketch. The argument proceeds in five steps, detailed in Appendix [A]

Step 1 (reduction to C'). Observational equivalence gives a latent reparameterization
v = g;'og, and Lachapelle’s alignment lemma supplies a permutation P making C' = J,- P
diagonally nonzero. |Lachapelle et al.’s support-inclusion result, rewritten in P-aligned

coordinates, is precisely Equation [£.15]

Step 2 (row floor). Taking cardinalities in Equation yields a lower bound on

~

each player’s loss: £;(0) > | Ui:cj#o G;.lo =: M;(C). Under Assumption |A.1.1} this floor

is achievable by zeroing slack parameters in p, reducing the game to minimization of

M(C) over binary support patterns with nonzero diagonal.

Step 3 (dichotomy). Each off-diagonal C;; # 0 is classified as G-preserving if
G;. C G;. (harmless: contributes nothing new to row j’s floor) or non-preserving
otherwise (strictly inflates row j’s floor by at least one). Zeroing all non-preserving entries
in a single row j* is a row-local modification: row j*’s floor strictly decreases while every

other row’s floor is untouched.

Step 4 (Pareto forces preservation). If C* has any non-preserving entry, the
row-local modification of Step 3 produces a feasible Jt with strictly smaller ¢;« and
unchanged ¢ for k # j* — a Pareto improvement. Pareto optimality of J* thus forbids

non-preserving entries, i.e. C* is G-preserving. Consequently every row’s floor collapses

2Unconstrained-encoder assumption, stated in Appendix
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to |Gj7.‘0.

Step 5 (cardinality pinch). The inclusion Equation m gives (PTG*)]-V. 202G
Step 4 forces equality of cardinalities |(PTG*) i-lo = |Gj.]o- Set inclusion plus cardinality

match gives set equality, hence PTG* = G. This is (i).

Flatness. Every G-preserving C' produces the same floor vector, so the Pareto set in

loss-space collapses to a single Sk-orbit. This gives (ii) and (iii). O O

The intuition is that the row-wise support inclusion in Step 1 converts sparsity into a
combinatorial problem on the binary pattern of C'. The row-local dichotomy in Step 3 is
what makes Pareto optimality useful here: non-preserving entries are strictly reducible by
a single-row perturbation, so Pareto optimality sparsifies them them one row at a time.
G-preservation emerges not as an assumption but as the only obstruction-free support
pattern compatible with Pareto optimality. Identifiability then follows from cardinality

matching in Step 5.

Corollary 4.4.3. Specializing Theorem [{.4.9 to the sparsity patterns relevant to Nash-
ACEF:

e G = G*: a-consistency — identifies the action— latent graph. Equation (4.15)) follows

from |Lachapelle et al.’s interventional argument restricted to action columns.

e G = (G*: row-side z-consistency— dentifies next-state row supports of the la-
tent cross-Hessian. Equation follows from the left-multiplicative side of H=
Jo(ze41) " H Jy(2) (Lachapelle et all,|2024a).

e G = (G*)T: column-side z-consistency —identifies current-state column supports.

The inclusion is the row inclusion applied to HT.
e G = [G* | G%: joint row-side consistency.

Each specialization inherits the three conclusions of Theorem [{.4.2

60



Remark 4.4.4 (Joint preservation across all three is strictly stronger). Two algebraic

decompositions clarify the relationship between flavors:

G-preserving <= G®-preserving A G*-preserving, (4.16)

directed-G* identification <= G*-preserving A (G?)'-preserving. (4.17)

Equation follows because the row-inclusion G;. C G;. in [K + d,] decomposes into a
latent-part inclusion in [K] and an action-part inclusion in [K + 1, K + d,]. Equation [4.17]
captures directional identifiability of the latent graph: G?*-row-preservation alone permits

edge flips (i — j) <> (j — 7) that preserve row supports while inverting column supports.

The strictest preservation is therefore G?-preserving AG*-preserving A (G*) "-preserving,
equivalent to the Pareto set of the composite sparsity game whose players are the union
of row-players for {G* G*,(G*)"}. Using Equation [4.16] this is achievable with 2K
players: K row-players on G (simultaneously covering G and G?*-row-preservation) plus
K row-players on (G*)T (column-side z-preservation). The G-only sparsity game of

Definition delivers joint row-side consistency but not column-side z-consistency.

Remark 4.4.5 (Flatness of the Pareto front and selector independence). Theorem [4.4.2](iii)
asserts that every Pareto point attains the same loss vector (up to permutation). Con-
sequently every reasonable Pareto selector— sum-of-losses, max-of-losses, Chebyshev
scalarization, or NBS—agrees on the sparsity vector at optimality. The specific 9* chosen
may differ across selectors, but the row-sparsity counts of G* are invariant. Selector choice

is a training-dynamics question not an identifiability question.

4.5 A Cooperative ACF

By framing our optimization problem as a cooperative game, the Nash bargaining

solution (NBS; Nash et al., [1950) provides exactly this.
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4.5.1 Preliminaries: NBS

Setup Consider n players that can cooperate to achieve some outcome in a feasible set
of solutions S C R". There exists also a disagreement point d € R"; the payoff each player

get if negotiation fails.

Nash et al.| proposed an axiomatic bargaining approach to this problem based on the

following desirable axioms:

Pareto Optimality : the solution must lie in the Pareto frontier. There is no other
feasible point where some player is strictly better without making any other player

WOrse;

Symmetry : if the feasible set S and the disagreement point are symmetric with respect

to the players, then the solution must give all players equal utility;

Invariance to Affine Transformations of the Utilities : if the utilities are scaled
or shifted, the solution transforms accordingly. That is the solution should not

depend on arbitrary changes of scale or origin;

Independence of Irrelevant Alternatives: if we reduce the feasible set to S’ € S and
the optimal solution is s* € S/, then s* is also the solution to the reduced problem.

That is, removing irrelevant options shouldn’t change the solution;

and proved that the unique solution satisfying all these axioms is the NBS:

n

s* =arg max ||(s; —d;). (4.18)

Corollary 4.5.1 (NBS identifies ¢#). The Nash Bargaining Solution of the composite
sparsity game over {G% G*,(G*)"} is Pareto-optimal (Nash et al., |1950), hence simul-
taneously a-consistent and directionally z-consistent with O by Theorem [{.4.9 applied to

each component.
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4.5.2 Nash-ACF

Nash-ACF is the cooperative instantiation of ACF. This algorithm is designed to
incorporate the observational temporal dependencies to guide factorization while grounding

our factors in the interventional knowledge provided by the agent’s actions.

As in ACF, we learn an encoder f;: X — Z and a set of per-factor energy functions
Ej(z}1,a,2). Let K be the number of latent factors. We optimize the forward and

inverse losses,

Lacf((bv 9) = ]Ezt+1,a,zi [)\fdefwd + >\invLinv + AalignLahgn] (419>

to estimate our energy function and encoder. Chapter [3| showed that these losses allow
to learn simultaneously an encoder and the energies that model the latent transition

dynamics while aligning with the independently controllable factors.

4.5.3 A Smooth ¢, Surrogate

As is common in sparsity optimization, the ¢, is not a norm and is not continuous;
it is a discrete object. In order to optimize via gradient descent, we need a smooth

approximation.

We can count zeros smoothly via the inverse participation ratio (Wegner} 1980)), also

known as the Hoyer measure (Hoyer, 2004; |Hurley and Rickard, 2009),

=N

_ el
ol

Mhoyer (U)

, (4.20)

NN

that smoothly counts the effective number of non-zeros in vector v. Mjeyer has some

nice properties that help our optimization:
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Bounded 0 < Mjyer(v) < n. Moreover, Myoper(v) = 1 if and only if v has exactly one
non-zero element, and Myye(v) = n if and only if all elements of v are non-zero

and equal magnitude;

Exact Counting : M (v) = s € {0...n} is exactly the number of non-zeros if all

non-zeros have the same magnitudes;
Scale Invariant : Mygyer (V) = Myoyer(v) for all a # 0;
Smooth : My (v) is infinitely differentiable if |jv||s # 0.

Therefore, we can use the following surrogate,

Kgoyer(v) = n — Mpoyer (V) (4.21)
[v]|7

Sp— Ly (4.22)
[v][3

that smoothly counts the effective number of zeros of v.

4.5.4 The Algorithm

We integrate ACF and NBS in two phases (Algorithm :

ACF pretraining phase We learn a first encoder g, : X — Z and its corresponding
energies Eg using the ACF loss (Chapter . This will give us a first representation and

its energies that we will need in order to compute the NBS losses.

NBS phase We learn an adapter encoder fy : Z — Z by optimizing the Nash log sum

objective. We build cross-Hessian matrices,
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O*FE

[H(Z',a,Z)]i; = W’

H(Z,a,2) = J; () H(Z,a,5) T} (3);

and the score matrices,

5,(3,2) =V2E(%,a,2)

AY(Z,3) = 5,(7,2) — 54, (%, 2);

A(Zlv Z) = J]‘_T<§/>[Aal | Y I AG\A\]

(4.23)

(4.24)

(4.25)
(4.26)

(4.27)

Finally, we can compute the NBS objective and optimize the encode fy via gradient

ascent:
g;ction =E [Mhoyer(Ai,-)] )
gf“ow-xh = E[MhOyer(Hi,-)];

Ceorsn = E[Muoyer ([H '];,)];

Enash = Z IOg (da - g;ction) + Z log (df - giow—xh) + Z lOg (df - giol—xh)
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Algorithm 2 Nash-ACF (two-phase).

Require: Dataset D = {(x,a,2’)}, factors K, actions A, baseline ay
Require: Disagreement points d,, dy

1: // Phase 1: ACF pretraining

2: Initialize encoder g, : X — Z and per-factor energies {E”
3: for each pretraining step do

4: Sample {(z,a,2")} ~ D; encode Z = g,(z), 2’ = g,(z')
9 £acf — /\dewad + )\invLinv + )\alignLalign

6: Update (¢, 0) by gradient descent on L,.¢

7: end for

8: // Phase 2: Adapter learning under Nash sparsity

9: Freeze (g,, Fy); initialize bijective adapter f, : Z — Z

10: for each adapter step do

11: Sample {(z,a,2')} ~ D

12: Encode and adapt: Z = g,(x), 2 = g,(2'); 2z = f4(2), ' = fs(Z')
13: Adapter Jacobians: J = J;, (%), J' = J;,(Z)

14: // Z-space sparsity signals (frozen energies)

15: A, =VsE(#,a,2) = VaE(# ay, %) forac A\ {ag}

16: H € REXK with rows H;. = V: V~;Ei(2£,a,2)

17: // Pull back to z—space

18: A, =J°T Aa; assemble A € RUAFDXE with A;. the i-th factor’s responses

across actions
190 H=J"THJ!
20: // Per-factor utilities (Hoyer ¢, surrogate)

21: O ciion < E[Moyer (A;))] > factor ¢ across actions
22: giow xh < E[Mhoyer(Hi,-)]
23: C o < B[ Mpoyer ([H ;)] > Z;-column

24: // Nash product
25: £nash < Zz IOg( Egctlon) + Zz IOg (df - glifow—xh) + Zz IOg (df - giol—xh)~

26: Update ¢ by gradient ascent on L. > gy, g frozen

27: end for

4.6 FEvaluation

We evaluate on controlled domains where the ground-truth factored structure is known,

allowing direct measurement of whether the learned representation recovers the DBN.
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(a) Diagonal (b) Lower Triangular (c) Coupled Actions (d) Dense DAG (e) Two-Cycle

S S S S o
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So (s (s S (88 So (s s So (S8 So (s s

Figure 4.1: Toy domains that explore different configurations of temporal sparsity and
action sparsity as defined by |[Lachapelle et al.| (2022).

4.6.1 Metrics

For each pair of learned latent dimension z; and ground-truth factor s;, we fit a
nonlinear regressor h;; : z; — s; and measure the coefficient of determination Rfj. A
perfectly factored representation yields an R? matrix that is a permutation of the identity.
Because ground-truth factors may be naturally correlated (passenger position is correlated

with taxi position when the passenger is riding), we correct for these baselines:

B2 _ max(R?; — by, 0)’ (4.32)

corr,ij 1 — b,
J

where b; is the R? achievable by predicting factor j from all other ground-truth factors.
After Hungarian alignment of the corrected matrix, we report the mean diagonal d
(how well each latent captures its matched factor; ideal: 1), the maximum off-diagonal

Omax (Worst-case entanglement; ideal: 0) and the mean off-diagonal value o.

4.6.2 Domains

We evaluate on a family of domains following Lachapelle et al. (2024al) with varying

temporal and action graphs. Most domains are designed to test different topologies of
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the temporal graph GG, with actions that independently control the factors. The domain
“coupled actions” have a partial control of the factors, which creates ambiguity between
two of them, but that can be resolved by the temporal dependencies. Figure shows a
summary of all domains. For evaluation, the observation is mixed with a known, non-lossy;,

random MLP to simulate a nonlinear mixing function.

4.6.3 Baselines
1. ACF (Chapter |3) the basis for Nash-ACF;

2. DMS (Lachapelle et al., 2022) operationalizes the sparsity principles that have driven
this chapter leveraging explicit differentiable masks for temporal dependencies and

action effects in a VAE framework;

3. GCL (Hyvarinen et al., 2019)) uses the auxiliary variable for ICA identification and
uses NCE (Gutmann and Hyvéarinen, 2010)) to learn the representation. This is
the most general version of ACF, without leveraging the structure provided by the

action’s interventions;

4. Markov (Allen et al., 2021) uses NCE (Gutmann and Hyvarinen, |2010) to estimate
inverse and forward models for representation learning. ACF unifies this under
a single energy model and leverage the factorization prior to learn disentangled

representations. It’s ACF without explicit design for factored models;

5. VAE (Kingma and Welling}, 2013 is the base of many representation learning
methods in model-based RL (Higgins et al., 2017a; [Ha and Schmidhuber, 2018}
Hafner et al| 2019} 2021b, |2025) and it uses a Gaussian with diagonal variance to

induce factored latent models.
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Table 4.1: Aggregate results: Nonlinear Dynamics and Nonlinear Mix. We report IQM =+
IQR across domains to show the performance across domains.

Method d (IQM*IQR) 1 o IQM=IQR) |  0max (IQM=EIQR) |
Baselines

GCL 0.799+0.121 0.086+0.018 0.348+0.145
VAE 0.586+0.110 0.125+0.058 0.438+0.104
Markov 0.672+0.077 0.122+0.025 0.440+0.080
DMS 0.558+0.039 0.110+0.034 0.527+0.134
ACF 0.840+0.067 0.036+0.016 0.175+0.068
Nash-ACF

Action & Temporal 0.917+0.121 0.009-+0.036 0.045+0.174
Action 0.894+0.159 0.009+0.032 0.047+0.151
Temporal 0.662+0.193 0.040+0.054 0.236+0.325
Weighted sum

Action+Temporal 0.842+0.367 0.014+0.036 0.063+0.161
Action 0.843+0.417 0.013+0.031 0.063+0.166
Temporal 0.606+0.223 0.063+0.072 0.233+0.288

4.6.4 Validating Nash-ACF on toy domains from Lachapelle et al.

(2022).

We validate Nash-ACF performance on toy domains from Lachapelle et al. (2022)) that
evaluate different topologies of the temporal dependencies. It is worth noting that most
of them are purely recoverable by the actions effects. Except coupled actions where two
variables sy and s; are always acted upon together. Figure 4.1 shows the action graphs

and temporal graphs of all domains.

We use a random MLP to simulate non-linear entanglement of the observations. We
learn an MLP encoder using the different baselines algorithms. Table show the results
for all methods including Nash-ACF with action-player and temporal-player only. Similarly
for Weighted sum optimization of the same Hoyer sparsity loss as a comparison. Table [1.]

summarizes the performance of all methods over all domains via the Interquantile Mean

(IQM) and the Interquantile Range(IQR).
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Table 4.2: Per-domain results: Nonlinear Dynamics + Nonlinear Mixing function. Best
hyperparameter configuration per (method, domain), mean + std over 5 seeds (tuned by
random search).

Method Metric Diagonal Lower Tri. Coupled Act. Dense DAG Two-Cycle
Baselines
JT 0.8554+ 156 0.8944 039 0.734+ 065 0.809+.180 0.7044 908
GCL 0l 0.1014 095 0.0511 008  0.096+ 016 0.078+ 070 0.0844 go7
Omax + 0.2694+ 160 0.2554 020  0.5514 093 0.359+ 330  0.4154 057
1 0.7954 156 0.6481 181  0.5724 100 0.538+ 055 0.4414 167
VAE ol 0.0654+.058 0.1594 115 0.193+ 103 0.1014 027 0.1154£ 114
Omax 4+ 0.1774 108 0.3944+ 960  0.4984 g7 0.507+ 087 0.4214 977
JT 0.813+.047 0.713+.105 0.6364 233 0.6664 138 0.6164 191
Markov ol 0.1164.043 0.1134+ 055 0.2324 027 0.1084 048 0.1384074
Omax 4+ 0.3354.169 0.3994 154  0.7234 o8 0.442,4 197 0.480+.255
JT 0.8924 g79 0.5384 317 0.577+.202 0.5584 341 0.4224 948
DMS 0 l, 0.0524 041 0.1284 936 0.1204 037 0.087+.046 0.1214 930
Omax + 0.1924 102 0.6144 188 0.564+ 066 0.4414 267  0.576+.112
CZT 0.9294 043 0.8834£095 0.8154 199 0.8214 143 0.7584 263
ACF 0l 0.045+£ 019 0.0254 015 0.054+ 70 0.036+.055 0.0284+ 035
Omax + 0.0971 050 0.1454 96 0.2154 941 0.2134 398  0.168+ 909
Nash-ACF
d_T 0.98L 00 0.951 01 0.61+ .09 0.944 oo 0.804.12
Action+Temporal o | 0.024 01 0.00+.00 0.07+.03 0.00+ .00 0.03+.01
Omax +  0.07403  0.01402 0.424 18 0.00+ oo 0.154 09
JT 0.97+ 00 0.93+ .03 0.554 03 0.924 09 0.814 o5
Action ol 0.04+ 01 0.01+.01 0.044 03 0.01+.01 0.01+.01
Omax +  0.154 o5 0.054+ .06 0.23+ .20 0.03+.05 0.054 o4
dt 0.99:00 0.71412 0.60+ .09 0.624 12 0.614 0o
Temporal 0 J, 0.00:‘:.00 0.04:‘:_02 0.04:|:_04 0.05:‘:.02 0.08:‘:_02
Omax +  0.02402  0.234 13 0.254 24 0.30+.11 0.494 12
Weighted sum
1 0.954 0o 0.814.94 0.424 19 0.90+ 03 0.66+ .94
Action+Temporal 9 \L 0.03:‘:.03 0.01:‘:.02 0.09:|:.04 0.01:‘:.01 0.01:‘:.01
Omax 4 0.094 g6 0.07+.09 0.444 19 0.03+ 06 0.03+ 03
JT 0.96+ 99 0.924 o3 0.50+.19 0.914 03 0.53+.18
Action 0l 0.03+.02 0.011.01 0.06 02 0.00+ 01 0.01+ 1
Omax +  0.11407  0.05+ 06 0.33+ .12 0.02+ 04 0.03+.04
JT 0.81407 0.584 08 0.55+ 10 0.524 08 0.604 33
Temporal ol 0.104 04 0.06+ 04 0.024 04 0.06+ 03 0.07+.04
Omax + 027411 0.294 91 0.084.15 0.274 16 0.284 18
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Full Nash-ACF effectively improves over simple ACF and all baselines even if this
small, toy domains. Moreover, the ablations show that the main culprit for additive
under-performance is due to the temporal sparsity. This aligns with the driving argument
of this chapter: the observational nature of the temporal sparsity, reflected in the bilinear
transformation of the cross-Hessian causes undesirable minima for the temporal sparsity

optimization. Indeed, the action only ablation does not suffer as much.

4.6.5 Improving Taxi and DoorKey using Nash-ACF

Taxi (K=6) A +51%

+62%

DoorKey (K=7) 1

+51%

0 20 40 60 80
Mean % improvement across seeds

Figure 4.2: Improvement over pure ACF of Visual Taxi and DoorKey factorization when
using Nash-ACF.

To validate that incorporating the explicit temporal and action sparsity via Nash-ACF
can improve performance in more practical domains, we use the pretrained energies for

visual Taxi and DoorKey from Section [3.3]

We use the energies from ACF to learn an adapter fy : Z,f — Z. The sparsity signals

come from the local transformation using the Jacobians for the adapter function.

V.E(Z a,2)= Jf;TVE(Z/ Q, Zact);

acfy

_ g7 —1
H. (2 a,2) = J;  H.

@ ZactrRact f¢
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Table shows the resulting metrics (diagonal, off-diagonal means) before and after,
and Figure shows the relative improvement over ACF. Both domains clearly benefit
from including the temporal sparsity signal, in particular over the off-diagonal values.
The leakage reduced considerably, which reflects the disentanglement caused by aligning
the variables with the ones that allows sparse dependencies. The performance is not hurt
by including the temporal sparsity through Nash-ACF showing that both action and
temporal signals balance effectively.

Table 4.3: Nash-ACF results on Taxi and DoorKey. We report the per-seed results and
their mean performance.

(a) Taxi (K = 6).

Before (encoder) After (adapter)
Seed cd co COmax cd co COmax
106 0.719 0.022 0.445 0.697 0.015 0.180
107 0.552 0.040 0.395 0.636 0.021 0.181
108 0.500 0.014 0.302 0.508 0.004 0.068
110 0.675 0.053 0.519 0.633 0.025 0.234

Mean 0.61140089 0.03240.015 0.41540.079 0.6194:0069 0.01640008 0.16610061

(b) DoorKey (K =T7).

Before (encoder) After (adapter)
Seed cd co COmax cd co COmax
142 0.450 0.011 0.175 0.485 0.008 0.121
143 0.490 0.027 0.606 0.485 0.013 0.196
144 0.572 0.017 0.255 0.556 0.006 0.081
145 0.393 0.035 0.562 0.388 0.018 0.356

Mean 0.476+0.065 0.02210.009 0.399+0.187 0.47940060 0.01110005 0.188.40.105

4.7 Closing Thoughts

Nash-ACF resolved the tension between discovering the intervened variables, the
ones ACF made possible to recover, and aligning the representation to reveal the sparse
temporal dependencies. By framing the problem as a cooperation, a multi-objective

optimization, that required Pareto optimality, we effectively solved the DBN learning
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problem. This now allows agents to recover the latent factored MDP, the one we have

had to hand-designed in order to exploit effectively.

Moreover, it opens up new opportunities for agent exploration. As we saw, temporal
sparsity is not an interventional signal, it’s observational. Therefore, some ambiguities

remain (Lachapelle et al., [2024a)) and only agent active intervention can resolve them.

Finally, there is still some glaring limitations in this chapter. First, we still assume we
can observe the action effects in just one time step, essentially we expect the consequences
of intervention to be immediately available for the agent to measure. This also implicitly
assumes that all variables evolve in a similar frequency, something that does not hold
naturally in many domains. For instance, a robotic manipulator stacking cubes naturally
handles variables that evolve at different frequencies: in one time step the agent can

measure changes in the joint velocities but the cube has barely moved.

Second, we assume that everything is directly controllable and that the temporal
dependencies hold globally, instead of being a local, transient property. This breaks quite
easily. Think of the Taxi domain. The passenger can only be moved by the taxi and it
couples them perfectly. Think of the robotic manipulator. The cube and arm become a
rigid body by contact and the cube can only be move that way. Control can be indirect,
caused by dynamical properties of the system, and the couplings and dependencies of the
DBN change with the state. Optimizing for a global DBN makes the taxi and passenger,

and the arm and cube, one factor.

Chapter [5| recognizes the first limitation and taht temporally-extended actions drive
state abstractions. Chapter [6] tackle the second limitation head on, and, we will show that

this is in fact an important interventional signal, not a mere complication.
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CHAPTER 5

Temporally-extended Interactions drive

Abstract World Models

Previous chapters have focused on how agent’s action in the world reveal factors. This
chapter asks a complementary question: if the agent has access to skills to interact with

its world, what is the correct abstract state for planning.

Consider a robot that has to control its joints to complete tasks, say stack some blocks.
The agent must take high-frequency decisions to achieve a goal that is many time steps
ahead and that delays the feedback. This is equivalent to us making decisions about how
to stack the block by thinking of each muscle to twitch. The problem is clearly intractable
and the model is wasteful because task decisions clearly live in a different timescale. This

chapter acknowledges precisely that.

In the following sections, we will construct an abstract state that we can prove sufficient,
and necessary, for planning with skills without having to simulate low-level details of the
controls, extending the Skill to Symbols framework (Konidaris et al., [2018; |Ahmetoglu

et al., [2025)) to continuous abstract state spaces.
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5.1 State Abstractions and Probabilistic Groundings

State abstractions (or state aggregation) have commonly been defined in the form of
non-injective functions f, : & — & where S is an abstract state space. Recently, Konidaris
et al.| (2018) propose probabilistic groundings to define a new class of state abstractions.
These groundings are defined by G : & — A(S) and, contrary to state aggregation
approaches, these can have overlapping support. That is, for a state s and abstract states
st and 5%, we can have that Gz (s) > 0 and Gg(s) > 0. In state aggregation methods,
one state has just one abstract state to map to. Therefore, this provides a more expressive

framework to build abstractions.

5.2 Building a Value-preserving Abstract MDP

5.2.1 Ground and Abstract MDPs

We start by defining the ground MDP M, the environment that the agent observes by

only executing the options.

Definition 5.2.1 (Ground MDP). Let O be a set of options defined over the agent’s
state-action space. The ground MDP is M = (S,0,T, R, 7, k,p0). T(St41 | $¢,0) is the
next-state probability density function seen by the agent when executing option o at s;
and its accumulated discounted reward is R(s,0) = E, [>5_, 7" R(Sy, Av) | s,0], and
K:S x O — [0,00) is the expected option’s execution time of option o when initiated at

state SE]

Definition 5.2.2 (Abstract MDP). The abstract MDP is M = (S,O,T, R,~,k, po)
where S is the abstract state space, T : S x O — A(S) is the abstract transition kernel,
R : 8 x O — Ris the abstract reward function,  is the discount factor, & : S x O — [0, c0)

is the option’s duration model and py, is the initial abstract state distribution.

!The ground MDP would be an SMDP if we used the multi-time model of options (Sutton et al.,
1999).
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Given that the objective is to compute plans in the abstract model, we will only
consider policies of the form 7 : & — O in the rest of the paper. Moreover, to connect
the abstract MDP to the ground MDP, we use a grounding function defined in terms of
probability density functions, as introduced by Konidaris et al.| (2018]). The grounding of

an abstract state § is defined by the probability of the agent being in a state s.

Definition 5.2.3 (Grounding function). Let M be a ground MDP and M be an abstract
MDP. A grounding function G : S — A(S) maps 5 to probability measures over S of M.
Given an abstract state 5, we denote by G5 its grounding probability density. We will

denote the tuple (M, M, G) as a grounded abstract model.

Definition 5.2.4 (Future State Distribution). Let the tuple (M, M, G) be a grounded

abstract model. Let the future state distribution be B;, and defined recursively as follows,

BO(SO) = po(So);

By(s¢,...,80 | 005y 00-1) = T(8¢ | 84—1,04—1) By—1(S¢—1,..-, 50 | 00, - .-, 01—2);

and the grounded future state distribution B, is the estimate obtained by grounding the

estimate obtained by simulating trajectories in the abstract model M

P(St, gt, ..., S50, 50 | O,y - - - ,Otfl) = th(St) T(Et ’ gtfl, Otfl) Pt,1<8t,1, gtfl, ..., 850, 50 | O, - - - ,Ot,Q);

Bi(st, ..., 80 | 00y, 0i-1) :/P(st,Et,...,so,% | 00, ... ,0i-1)dSo - d5y;

Definition 5.2.5 (Dynamics Preserving Abstraction). Let fs be a mapping f, : S —
Z C R% for some dimension d, € N, typically with d, < d. If forallo € O and all s € S

that are reachable with probability greater than 0, the following holds,

T(str1 | st,0) = T(se41 | fo(st), 0); (5.1)

Pr(Z, =11 s) = Pr(Z, = 1] fo(s)); (5.2)
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where Z, is an indicator variable corresponding to the option’s initiation set. Then, we say
that fs is dynamics-preserving. That is, the information in f,(s) is sufficient to predict

the option’s effect and determine if an option is executable.

This is similar to model-preserving abstractions (Li et al., [2006)) and bisimulation (Givan
et al., 2003} [Ferns et al., [2004). However, (1) it is stronger in the sense that z must be a
sufficient statistic for next-state prediction, and more importantly, (2) this does not impose
a condition over the ground reward function. Because we want to build an abstract model
to be re-used for task-specific rewards, the ground reward function is considered as a way
to measure the cost (negative reward) of executing a skill—retaining Markovianity with
respect to the ground reward function would limit how much information can potentially

be abstracted away.

5.2.2 Dynamics-preserving abstractions are sufficient to Plan

The following result establishes that dynamics-preserving abstractions are sufficient

and necessary to plan with a given set of skills with an abstract model.

Theorem 5.2.6. Let the tuple (M, M,G) be a grounded abstract model and a function
fo: 8 = Z CR%. The model satisfies that By(- | 0o, ...,00-1) = Bi(- | 00y...,0i-1) if

and only if fs is dynamics-preserving.
Proof. See Appendix [B] ]

Based on this result, we can build a sensible abstract MDP M, as follows. Let
fs + & = Z be a dynamics-preserving abstraction. Given that T'(s'|s,0) = T'(s'|#,0),
where fs(s) = z, then we can build a transition function in Z-space, T'(2'|z,0), and a

grounding function G, that can let us reconstruct 7'(s'|z, 0).
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ple) = [ mo(s11luts) = 2 ds
T(|z,0) = /T(S']z,o)l[f¢(s/) = 2']ds';

po(s)1f(s")=2]

G(5']z,0,2") = po(=")
T(s’\z,o)l[f(;)(s’):z’}
T(2'|z,0)

if 2is an initial state (there is not previous (z,0))

otherwise

Given that just knowing z is not enough to determine its grounding distribution, we
can build an abstract state space S £ Z x O x Z of transition tuples—with special
values z; and o, to form Sy = (21,0, 20) for initial abstract states. Let § = (2,0, 2’) and
5 = (z,0,2') be two abstract states in S, we define the abstract MDP functions in this

new S, as follows.

0 otherwise

R(5,0) = Eouq. [R(s,0)];  7(5,0) = Eyug. [7(s,0)];

That is, if the tuples corresponding to § and §' are not compatible, we define its transition
probability as 0, and we define the abstract reward and abstract option’s execution length
as their corresponding expected values under the grounding function. Finally, the following

theorem formally states that this construction is actually useful for planning.

Corollary 5.2.7. Let the tuple (M, M,G) be a grounded abstract model. If the dynamics
preserving property holds then the value of policy ™ computed in abstract model M satisfies

that v™(3) = E[v™(s) | s ~ G5|. That is, the grounded abstract model preserves the expected
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value under the grounding G.

Proof. Given that we have that, by definition, T'(si11 | si,0) = T(si1 | 5,0) =

Es,, oT(5,0)[Gsipr (5e41)]- Tt follows that

ESNG§ [UW<8)] = ESNG§ []EONW [R(‘S? O) + E8t+1NT(St+1|S,0) [’Yﬂ UW(St-H)]H
- EONW [ESNGg [R(S7 0)] + ESNG§7St+1NT(St+1|S,0) [7){ UW(St—H)H
= Eoor [R(5,0) + Exy (s Bossinin, 707 (5001)]

= Eowﬂ' [R(gv 0) + E§t+1~’f(-|§,o) [’_Y ,Uﬂ(gt‘Fl)H = Uﬂ'(‘g)'

5.3 CAMP: Contrastive Abstract Model for Planning

The mutual information (MI) between random variables X and Y, M1(X;Y'), measures
the information that each variable holds about the other. We are interested in finding a
function f, that is dynamics-preserving such that we can build our abstract MDP. By
Definition , we want to learn fy(s) that is maximally predictive of the effect of o
when executed in s and to predict if option o is executable. That is, we want to maximize

the following;:
max MI(S', I; [,(S),0) = max MI(S'; [,(S),0) + MI(I; [,(S)),  (5.3)
fo€F fs€F

where F is a class of functions that map the high-dimensional ground states to lower-
dimensional space. Z is a binary random variable for the initiation set prediction. S’, .S, O

are random variables over the ground states & and the options set O.

In general, by the data processing inequality, MI(S’; f5(5),O) is upper-bounded by

MI(S’;S,0). Therefore, we can show that optimizing the above objective results in a
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bounded value loss when using the abstract model to plan. To see this, we first note that
by compressing through f,, we lose information AMI & MI(S";S,0) — MI(S"; Z,0),

where Z = f4(S), in the transition dynamics simulation. We show that,

AMI @ ]Ep(s) [DKL (T(St—i-l | St, 0)

‘T(St—l-l | z,o))}

(b) ~
>2In2- Ep(s) [||T(St+1 | 5t70) - T(3t+1 | Z,O)H%] .

where p(s) is a distribution over s that will depend on the data collection policy and
(a) follows from the definition of the KL divergence and (b) from the well-known bound
relating the KL divergence and L1 normﬂ Therefore, the error in the learned transition
dynamics is minimized by our objective and this implies, by the following theorem, that

this objective also minimizes the value loss resulting from the approximation.

5.3.1 Contrastive Abstract Model Learning

We maximize the previous Infomax objective as follows. The term MI(Z;Z)
reduces to a cross entropy loss, so we will focus on estimating the term M1(S’; Z, O): we can
prove that maximizing both sides of the identity MI(Z'; Z,0) = (MI(S"; Z")—MI(S"; Z" |
Z,0)) implicitly maximizes MI1(S’; Z,0) (see extended derivation details in Appendix
[B.0.1). Intuitively, the first term MI(Z’; Z, O) makes z;q predictable from knowing the
option executed and the previous z;. The second term avoids collapsing f, to a trivial
solution: maximizing M1(S"; Z') — MI(S"; Z' | Z,0) makes f4 retain information about
the ground state s (avoiding collapse of the representation) that is maximally predicted

by the previous (z,0).

We choose to maximize these mutual information terms contrastively using InfoNCE
(Oord et al., 2018a) to avoid making assumptions about tractable density models (other

MI estimators (Poole et al., 2019; |Alemi et al., [2017; Belghazi et al., 2018) can be used).

“Dii(P[IQ) = 2In2-[|P - Q|I?
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Using these estimators allows the model to implicitly learn complex grounding functions
that improve the quality of the abstract state space. Note that by using InfoNCE for the
terms above, this algorithm corresponds to Temporal Predictive Coding (TPC; Nguyen
et al, 2021) which proposes abstract states without reconstruction objectives. Therefore,
our formulation corresponds to the TPC algorithm in the degenerate case of options being

the primitive actions E|

In practice, we assume that we have access to a dataset of transition samples D =
{(st, 06,77, 8041, ke, )}, that correspond to the execution of option o; from state s,
terminating in s;;; with a duration of k; and accumulated return r; = fo:_ol fyt'rt/. Z;
corresponds to the initiation sets of all options in state s;. This dataset might be initialized
by rolling out trajectories with a random agent and further enhanced during the agent’s

learning (see Algorithm .

We propose to learn the abstract model M= (f, ﬁ,f, k) with parameters (6, ¢), based
on the abstraction f, with parameters ¢. Notice, that because we need to guarantee good

initiation sets by MI(Z; f,(S)), the initiation set loss also affects the learning of f,:

Einfo = —M[¢(Z/, Z, O) — M[¢(S/, Z,),
Lz =—logZ(T, | fs(s))):

Ly =—1ogT(fs(se1) | fo(s1),00);

Therefore, Ling, L7 and L are used to learn the abstraction function f,. Moreover, to
compensate for any imbalances in the data, we use a weighted negative log-likelihood loss
for the initiation loss to learn an initiation classifier to be used during planning. To learn
the rest of the model, we consider f, fixed and minimize the following losses and consider

samples of the form (s;_1,0; 1, S, 04, 7], k) which can be obtained by slicing trajectories

3Extended discussion in Appendix
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appropriately. We map them considering f, and minimize the following,
ﬁR = (R(thb Ot—1, Zt, Ot) - 7“7?)23 En = (E(ztfla Ot—1, Zt, Ot) - K'i)2;

Finally, we minimize £ = Ainto Linto + Az L7+ A L7+ Ag Lr + A L,.. In our experiments,

all constants were Aipfo = Az = A7 = Ap = A\, = 1.

5.3.2 Goal-based Planning with an Abstract Model

Consider a goal set G C S and gj;sk C Z, its mapping to Z. In order to define the
task MDP Mg, (Algorithm 3| Line 3) for the agent to plan in, we define the task reward

~

function for abstract state s = (2,0, z) as Rg,_, (5,0) = R(5,0) + Riasc 1 [z € g;’;sk} where
Ryasx is the goal reward. The first term can be interpreted as the base cost/reward of
executing a skill while the second term indicates to the agent the task-specific rewarding
states. Moreover, we augment the transition dynamics and set all z € Qf;sk as terminating
states by setting Tg,. ., (2done | 2,0) = 1 [z € Qisk]. The agent uses the task MDP Mg, , to
simulate trajectories and improves its policy (Algorithm (3} Line 8) and it can rollout the

policy in the environment to collect new data (Algorithm , Line 7) that further improves

the abstract model.

Algorithm 3 Planning and Learning with an Abstract Model.

Require: Agent 7, Ground Environment M,
Abstract Model M, Goal G
Initialize dataset D by rolling out NV trajectories
M < PretrainAbstractMDP (D)
M < MakeTaskMDP(M, G)
while true do
D <+ Roll out for L steps.
if H steps have passed then
M < TrainModel(M, D)
7 + TrainAgentImagination(M, )
end if
: end while

—_ =
— O
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Figure 5.1: Medium Antmaze. 2D MDS projection of the learned fy: it learns to
represent the position in the maze. The average grounding shows possible configurations
of the ant joints when it is in the represented position.

5.4 Evaluation

Pinball environment (Konidaris and Barto|, 2009) This domain has a continuous

state space with position vector (z,y) € [0,1]* and velocities (#,9) € [—1,1]%. As opposed
to its original formulation, we consider a variant with continuous actions that decrease or
increase the velocity by A(#,y) € [—1,1]2. Moreover, we also consider the top view pixel
observation of the environment as the agent’s observation. As options, we handcrafted
position controllers implemented as PID controllers that move the ball in the coordinate

directions by a fixed step size. Antmaze We consider the problem of controlling a Mujoco

(Todorov et al., 2012; Fu et al., 2020) Ant to navigate through a maze. The state space is

a 29-dimensional vector that contains the position of the ant in the maze and the ant’s

proprioception. We consider the Medium Play maze as defined by [Fu et al.|(2020). We use

8 options learned using TD3 (Fujimoto et al., 2018) that move the ant in the coordinate

directions (north, south, east, west and the diagonal directions) in the maze by a fixed

step size.
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(a) Pinball. (b) Medium Antmaze.

Figure 5.2: MI matrix: ground features s are in the vertical axis and abstract features z
are in the horizontal axis. High MI (first two rows) corresponds to the position of the ball
or the ant.

5.4.1 Abstract State Space Preserves Relevant Information for

Planning

Our main hypothesis is that abstract actions drive state abstraction because the
information needed to plan with a structured option set will be less than the ground
perception space of the agent. To quantify this, we measure the information contained
in the abstract state space about the ground features by estimating the MI using non-
parametric methods based on k-nearest neighbors (Kozachenko and Leonenko, |1987)). We
use Scikit-learn implementation (Pedregosa et all) 2011). In Figure we show the MI
matrix between Pinball’s ideal features (position and velocities) and the learned features
from the pixel observations. For Antmaze (Figure , we purposely over-parameterized
the abstract space to give enough capacity to learn the full observation, if necessary.
However, we can see that features that are not necessary for planning with the skills
are effectively abstracted away. In the case of Pinball only the first two dimensions
corresponding to the ball position have high MI. In the Antmazes, similarly, the first
7 dimensions have the highest MI which corresponds to position in the maze (first two
dimensions) and orientation of the ant’s torso. Qualitatively, we can visualize the learned
abstract state space using Multidimensional Scaling (MDS; Borg and Groenen, 2005)).

Figure shows the abstract state space learned for the Antmaze and it reveals the
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pattern of the coordinate positions of the ant in the maze. Additionally, we show grounded
observations that correspond to an abstract state: the ant at the represented position in

the maze with many different configurations of the joints and torso.

5.4.2 Planning with an Abstract MDP

To evaluate the effectiveness of these models for multiple goal-based tasks, we pretrained
abstract models and use them to plan in imagination using Double DQN (Van Hasselt
et al., [2016): the DDQN agent rolls out imagined trajectories to improve its policy and
then rolls it out in the ground environment to collect new data that is used to learn the
task reward function (we keep fix the rest of the model). As our baseline, we use DDQN
tuned to learn a policy with the same options but interacting with the ground MDP. In
Figure , we show learning curves (success rate vs. ground environment steps) averaged

over different goals and seeds. The error areas represent one standard deviation.

For the pinball domain we use pixel observations as input. In Figure we compare
learning curves averaged over 8 goals and 5 seeds where the gray area represent the number
of samples used for pretraining phase of the model. These curves show that planning in
the abstract model achieves similar performance to the same agent learning directly in

the ground MDP which showcases the gain obtained in terms of sample efficiency.

Figure shows an analogous plot for Antmaze (9 goals and 5 seeds). In this domain
we provide additional results for state-of-the-art model-based RL methods: DreamerV2
and DreamerV3 (Hafner et al., 2021a; [2023). These methods have been shown to work
in diverse domains by building (discrete) latent states based on reconstruction losses.
However, their performance is limited in comparison to our abstract model: (1) notice
that after the gray area our abstract model collects data only to improve the goal reward
prediction, whereas the baselines continuously collect data that further improves their
models which shows the sample efficiency afforded by our skill-driven abstraction, and (2)

our simple DDQN agent learns faster in imagination that the more sophisticated planning
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agents of the baselines.

Abstract(Ours) —— DreamerV2-Disc —— DDQN —— DreamerV3
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Figure 5.3: Planning with an abstract model. Success rate v. Environment steps averaged
over goals and 5 seeds. The gray area represents the offset for the steps needed to pre-train
the model.

5.5 Closing Thoughts

Skills drive state abstractions (Konidaris et al., 2018; |Ahmetoglu et al., 2025)). This
chapter has shown that the right kind of temporally-extended skills provide structure that
we can leverage for planning. Planning chess moves was never meant to be done at the
muscle control level, it’s intractable and it’s wasteful. Our agents should simulate the

minimum information necessary for planning.

Our method learned the minimal information necessary for planning, but it did not
reveal fine grained structure as ACF and Nash-ACF did. But it did reveal temporal
structure: variables preserved are variables that are naturally slower than low-level
variables. For instance, our MuJoCo Ant learns at the skills timescale, joint information
is not important, they change too fast, but global position is relevant at the coarser

timescale.

Chapter [6] will unify these concepts under a multi-time ACF model that we can use to
reveal variables at different timescales and factorize the independently controllable factors.

This will allow us to build a fully abstract factored model that can be used for planning.
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CHAPTER 6

Factored World Models via Natural

Mechanism Shifts

Consider a robot arm in front of a table with a cube. At high-frequency control,
the robot sends torque commands to its joints and observes the resulting state at every
timestep. From these single-step transitions, the methods of Chapters|3| and [4] can identify
the arm’s end-effector position as an independently controllable factor and recover its
dependencies in the DBN. But the cube barely moves in a single timestep. Its position
changes meaningfully only when the arm executes a multi-step grasp: approach, make
contact, close the gripper, lift, move, release. At the single-step resolution, the cube is

nearly invisible.

This is the one-step trap. Factors that respond only to temporally-extended behav-
ior cannot be identified from single-step transitions, no matter how sophisticated the
factorization. The methods of the previous chapters assumed the agent’s actions have
immediate, observable effects on the factors they control. For slow factors like object

positions, this assumption fails.

Something else is happening during the grasp that the previous chapters cannot
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capture either. When the arm makes contact with the cube, the dynamics change: the
arm and cube become a coupled rigid body. The cube’s transition mechanism, which
was independent of the arm in free motion, now depends directly on the arm’s state.
When the arm releases, the coupling disappears. This is a phase transition: a structural
signal: a natural realization of the sparse mechanism shift hypothesis (Scholkopf et al.,
2021)). Only the coupled factors’ mechanisms change; every other factor’s dynamics are
unaffected. Moreover, the shift is interventional: contact is caused by the agent’s actions
and determined by the state. It is grounded in the causal structure of the world, just as

primitive actions are.

Phase transitions serve two roles at once. First, they extend the agent’s control: in free
motion, the agent controls only the arm; in the grasping phase, it controls the arm and
the cube, because the coupling lets the arm’s actions propagate to the cube’s state. The
cube was always a factor, but it was unreachable by primitive actions alone. The phase
transition is what makes it controllable. Second, phase transitions reveal the coupling
structure: the fact that the arm and cube become coupled during grasping, while the
door state remains independent, is direct evidence that these are separate factors with a
conditional dependency. The mechanism shift tells you both that the factors exist and

how they interact.

This chapter develops a framework that exploits these ideas. We extend the energy-
based factorization of the previous chapters in three directions: continuous actions,
multi-step transitions, and phase-dependent dynamics. The result is a multi-time, phase-
conditioned energy model trained with a cooperative sparsity framework that balances the
interventional, temporal, and phase-shift signals across multiple timescales. We treat the
two problems in sequence: first the temporal-resolution problem (Section , then
the mechanism-shift problem (Section , then their composition and identifiability
(Section [2.6), and finally the evaluation (Section [6.7)).
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6.1 Beyond Primitive Actions

Two limitations of the single-step, discrete-action setting of Chapters |3| and [4] must
be lifted before we can reach slow factors: the discreteness of the action space, and the

assumption that one timestep is enough to see the effect of an action.

Continuous actions. In continuous control, the action space is continuous: joint
torques, end-effector velocities, gripper commands. The inverse dynamics loss in ACF
(Chapter [3)) relies on a discrete action set; with continuous actions, this is no longer
possible. We treat the inverse loss as a continuous contrastive problem, paralleling the
forward loss of ACF, and use InfoNCE (Oord et al., [2018a)): for the forward loss, we
sample negative next-states 2z’ from other transitions in the batch; for the inverse loss, we
sample negative actions from the batch. The energy model scores positive pairs higher

than negative pairs without requiring enumeration of the action space.

Given a batch of negative action samples B,,

exp(FEy(7, a, 2))

T
> ajen, XP(Eo(2', a5, 2))

mv

(6.1)

(2',a,2) = —log

The score sparsity condition of Chapter [4] also needs a continuous reformulation. Where
it previously compared a discrete action a against a reference ag, we now perturb the

action infinitesimally and look at the score difference v

Ap(s',a,8) =(s' a,8) — (s, a+ h,s), (6.2)

and take the limit A — 0 to obtain

oy!
oa’.’

J

[J5(s',a, s)Lj = (6.3)

the Jacobian matrix of the score with respect to the action. |Lachapelle et al.| (2024al)

39



showed that maximizing sparsity of J; leads to identifiability under sufficient variability.
This is the continuous analog of the action-sparsity signal we used in the discrete setting,
and it slots into Nash-ACF in the same way: each column of Jij corresponds to an action

dimension, and a per-factor action player constrains how each factor responds to it.

Delayed effects and multi-time models. At high-frequency control, the cube’s
displacement in a single timestep is negligible compared to the arm’s. The signal-to-noise
ratio for slow factors is too low to identify them from k = 1 transitions. We need multi-
time transitions: the energy F(zii«,a, 2z, k) models the relationship between the state at
time ¢ and the state at time t + k, conditioned on the initial action and the number of
steps. At k = 1, the energy captures the immediate dynamics (fast factors). At larger
K, it captures the cumulative effect over many steps (slow factors). Different values of &
probe the dynamics at different temporal resolutions, naturally separating factors by the

timescale at which they respond to the agent’s control.

6.2 Multi-Time Energies

We parameterize the transition dynamics with a phase-conditioned energy model that
operates over multi-step transitions. Given a transition from state s at time ¢ to state s’

at time t 4+ x, under initial action ay and phase ¢, the energy factorizes per factor:

K

E(ziiw, apy 20,0, K) = ZEi(zf%, summary(z;, as, , k), @, K), (6.4)
i=1

where z = fy(x) is the learned representation, and the summary compresses the multi-step
context into a fixed-size vector. We will define formally what a phase is in Section [6.4]

and for the rest of this chapter, we will assume that phase labels are provided.
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Figure 6.1: Attention for action-sequence encoding.

6.2.1 Architecture

The model has four components.

1. The encoder maps observations to a factored latent space, z = fy(z).

2. The phase embedding represents each phase as a learned vector m, € R The

embeddings are shared across all components of the model: the phase identity

conditions the energy, the summary, and the subgoal prediction.

3. The summary network compresses the multi-step context (z, ag, My, k) into a fixed-

size summary vector via temporal attention (Figure|6.1). The summary captures

what happened over the k steps in a form the per-factor energy heads can use. It

also incorporates a subgoal: a gated encoding of the segment endpoint that captures

where the current phase is heading. The subgoal is computed from the start and

end states of the segment and the phase embedding, and is stop-gradiented during

training to prevent it from collapsing.
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The per-factor energy heads Ej are separate networks (one per factor) that take the
summary, the phase embedding, and the next-state component z{_, as input. Separate

networks are necessary; shared backbones fail to specialize in practice.

An action decoder reconstructs the action sequence a;;, from the summary and the
initial state. This serves as a regularizer: the summary must contain enough information
about what happened during the transition to reconstruct the actions, preventing it from

collapsing to a phase-label-only representation.

6.2.2 Contrastive Losses

The energy model is trained with forward and inverse InfoNCE losses, following

Chapter |3| but adapted to continuous actions.

Forward. Given a batch of transitions, the energy E(2;, 2}, ag, ¢, &) should be high

for the true pair (¢ = j) and low for negative pairs (i # ])H

Z(Z) (> /(>7907)

%

Ede N Zlog (2() q (1> 21 o,k ) (65)

Inverse. The energy should distinguish the correct action from other actions in the

batch:
eB(D i) 20 ok)

Liny = N Z Og E(z0, (J)VZ/(i)#p’H)' (6'6>

Negative actions are sampled from other transitions in the batch, avoiding the need to

enumerate a discrete action set.

We use the superscript (-) to indicate the index of the sample to avoid confusion with the factor
index.
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6.3 Why Multi-Time Alone Is Not Enough

Multi-time energies solve the temporal-resolution problem: with &£ > 1, the cube’s
displacement becomes visible and the slow factor can be identified. But the methods of
Chapter [4] assume a global DBN: a single sparsity pattern that holds across all transitions

in the dataset. This assumption breaks under contact.

In free motion, the arm and the cube are independent: the cube has no parents in the
dynamics, and the arm’s actions affect only the arm. During grasping, the two are coupled:
the cube’s next state depends on the arm’s state, and the arm’s next state depends on
the cube. These are not the same DBN. They are not even close. A single graph forced
to cover both regimes must either include the contact edge always (entangling the two
factors in free motion) or omit it always (failing to capture the grasp). Neither choice

respects the structure.

Worse, the rare-but-informative regime is exactly the one a sparsity-driven optimizer will
sacrifice. Free-motion transitions vastly outnumber contact transitions in any reasonable
dataset. The two factors are strongly correlated during the rare contact phase; under a
single-DBN assumption, the optimizer will treat the correlation as noise and absorb it
into the encoder. The very signal we need—that contact creates a new dependency—gets

washed out.

The fix is to drop the single-DBN assumption. Different regimes correspond to different
DBNSs, with shared factors but distinct edge sets. The transitions between regimes are
not noise: they are the cleanest interventional signal the agent can observe. We formalize

this next.

6.4 Phases as Sparse Mechanism Shifts

Consider a dynamical system with continuous state-action space, e.g., a robotic manip-

ulator, where the natural state space factorizes in K blocks S = 8! x 8% x --- x SK. The
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blocks need not be one-dimensional. Our robot setting (Figure 6.2)) partitions naturally

into the end-effector state See and each cube’s state Scupe «-

(a) Free motion phase ¢;. (b) Cube 1 grasped, phase ..

Figure 6.2: Double-cube environment from OGBench (Park et al., 2024).

When the arm moves on its own—the free motion phase ¢;—the three factors are

independent and their dynamics decouple:

Te1(s" | 5,a) = T(See | Seer @) - T(Seupe_1 | Seuve_1) - T(Seupe_2 | Seupe_2)- (6.7)

When the arm grasps a cube, the dynamics shift and the cube and arm become a rigid

body. This is a new phase ¢,:

T?e (3, | S, CL) = T(S/ee | Sees Scube_ 1, CL) ' T(Slcubeil Scube 15 See CL) : T(S/cube72 Scube 2 a)-

(6.8)

The transition ¢y — ¢, creates an observable shift in dynamics—a mechanism shift in

the causal sense (Scholkopf et al., 2021)).

These transitions are natural experiments. They reveal new structure that the agent
did not know before, and they are caused by the agent’s own actions: the agent moved
its arm to make contact, and the contact triggered the mechanism shift. This makes the

phase-transition signal interventional, grounded in the causal structure rather than merely
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observational. The agent’s extended behavior—its temporally-extended skills—generates

the mechanism shifts that reveal the coupling structure.

This is also why multi-time and phases must be combined. Multi-time transitions are
needed to observe slow factors: the cube moves meaningfully only over k£ > 1. Phases are
needed to observe mechanism shifts: the coupling appears only during contact. Together,
they provide the temporal resolution and the structural resolution needed to identify the

full factored dynamics.

6.4.1 Formal Definitions

Definition 6.4.1 (Phase). A phase ¢ € ® is a dynamical regime characterized by its own

factored transition kernel:

K
To(s' | s,a) = [T Ti(s | pag“(s)), (6.9)

i=1
where paj®(s;) C {s1,...,5k,a1,...,0a4,} are the parents of factor i under phase ¢. The

DBN graph G¢, = (V, E,) has edges E, = {(j,1) : s; € pa,(s})}, and similarly the action

graph G¢.

The set of factors V' is shared across phases, but the edges £, change. In free motion,
Gree has no edge from the end-effector to the cube. In grasping, Gguasp acquires that edge.

Phases also induce a per-phase action graph G¢, € {0, 1} 54

< encoding which actions
affect which factors under phase . This graph also changes across phases: a gripper
command, for instance, has no effect on the cube during free motion, but becomes a

parent of the cube once contact is established.

Definition 6.4.2 (Mechanism Shift). A mechanism shift between phases ¢y and ¢ is a

change in the transition mechanisms. The involved set J(po, 1) C {1,..., K} contains
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the factors whose mechanisms changed:

i€ J(po, o) <= T, #T,. (6.10)

Factors outside J are uninvolved: their mechanisms are preserved across the phase

transition.

Assumption 6.4.3 (Sparse Mechanism Shift Hypothesis (Scholkopf et al., [2021)). Each
phase transition involves few factors: |7 (o, ¢1)| < K. Most mechanisms are preserved

across any phase transition.

This is not arbitrary; it reflects the structure of real-world dynamics. When the arm
grasps the cube, only the cube’s mechanism changes (it becomes coupled to the arm).
The door, the table, every other object’s dynamics are unaffected. Sparsity of mechanism

shifts is a consequence of the locality of physical interaction.

Phase transitions are state-determined interventions. Unlike the regime changes
in the causal representation learning literature (Lachapelle et al., 2022} Locatello et al.,
2019; [Scholkopf et all 2021), where different “environments” are provided externally,
phase transitions in our setting are caused by the agent and determined by the state.
Contact occurs when the arm reaches the cube; this is a function of se. and scupe. The
agent’s extended behavior—approaching, making contact—is what triggers the mechanism
shift. This makes the phase-transition signal interventional and grounded, not merely

observational.

Phases partition the state-action space into stable structural signatures. We can then
use the cooperative sparsity framework of Chapter [d] naturally, with the key difference
that we now have sparsity signals at multiple timescales and across phases. The NBS

must balance all of them without sacrificing rare phase-transition signals.
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6.5 Phases as Players in Nash-ACF

In Chapter [4] we defined two kinds of players: an action-player and a factor-player,

each constraining a different sparsity pattern. We generalize these players in two ways.

(a) Continuous actions. Action interventions are no longer discrete. Instead of score-
difference vectors we have the Jacobian matrix of the score with respect to the
action vector (Equation . Each column corresponds to an action dimension, and
each factor responds differently to it. The action player becomes a per-factor action

player.

(b) Phase-conditioned players. Structural patterns change across phases. A mechanism
shift can change a factor’s response to a particular action dimension, and it can
create or destroy temporal dependencies. Each phase contributes its own set of

players, each constraining the per-phase sparsity pattern.

A shared encoder must satisfy every per-phase, per-player constraint simultaneously.
This is exactly the cooperative setting Nash-ACF was designed for: each player is a
stakeholder, the Nash product is the aggregator, and the maximizer is the Pareto-optimal
allocation that respects every constraint at once. The phase-conditioned Nash product

factorizes across phases and players:

K K
max H H (d E;g‘zlon H —-1- E:df]) (611)
oed i=1 i=1
K
S ol B[]+ e (K B[] @12
oed i—1 i1

The product structure is what protects rare-but-informative phases. A weighted sum could
trade away a sparsity violation in ¢, for a small gain in the dominant ¢;; the product

cannot, because driving any single factor toward zero collapses the entire objective.
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6.6 Identifiability

The identifiability theorem for phase-conditioned Nash-ACF rests on a purely structural
fact about G-preservation. The encoder must choose a representation that preserves the
local graphs for all phases, instead of the union of the graphs. It is the union of the phase

graphs what would be preserved if we applied blindly Nash-ACF to these problems.

In this section, we can prove that if each phase can be identified individually, then we
can build a representation that respect all of them. We show this by inductively applying
Lachapelle et al| (2024a, Proposition 6). We state the preservation of a set of graphs,

then its iterated form, and then specialize to the phase-conditioned setting.

6.6.1 Joint Preservation via Iterated Merging

Definition 6.6.1 (Graph family and F-preservation). A graph family on [K] is a finite

set of binary matrices
F={GW,G?, .. ¢} G e{o, 1}

where each G(") has K rows and some number of columns m, (which may vary across ).
Duplicate graphs are identified; if two graphs in the family are equal as matrices, they are

treated as a single element of the set.

A diffeomorphism ¢ : Z — Z is F-preserving if it is G-preserving (in the sense of
Lachapelle et al.| (2024a;, Definition 12)) for every G € F simultaneously. We write Diff £

for the set of F-preserving diffeomorphisms.

Set union of families versus union graph. The notation F; U F, throughout this
chapter denotes the ordinary set-theoretic union of families: the set whose elements are
the graphs appearing in either F; or F» (with duplicates collapsed). It is a set of several

graphs, not a single combined graph. This is distinct from the union graph G = \/(p Gy,
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introduced in Section [6.3] which is a single binary matrix obtained by entrywise logical

OR of its constituents. The two operations produce different objects:

o FiUF;: a set of graphs. A (F; UJF;)-preserving diffeomorphism preserves each graph

in the set separately.

° vso G, a single graph whose edges are the union of the constituents’ edges. A (Vso Go)-

preserving diffeomorphism preserves only the zeros common to all constituents.

The former is a strictly stronger condition than the latter whenever the constituent graphs

disagree on any edge — a phase-toggling edge in the phase-conditioned setting.

Remark 6.6.2 (Group structure). Diff = (. » Diff is an intersection of groups (Lachapelle
et al.| (2024al Proposition 5) establishes each Diff; as a group under composition), hence
a group. The consistency relation ~7 defined below inherits its equivalence-relation
structure from this group property: reflexivity (identity preserves every (), transitivity

(compositions stay in the intersection), and symmetry (inverses stay in the intersection)

all follow from standard group closure applied in each factor.

Lemma 6.6.3 (Merge of two preservation families). Let v: Z — Z be a diffeomorphism
with two decompositions

v =coP = coP, (6.13)
where Py, Py are permutation matrices and c, is F,-preserving for r € {1,2}. Then there
exist a permutation Py and a diffeomorphism cio such that

v = cp0 P and c12 is (F1 U Fo)-preserving. (6.14)
Proof sketch. The argument reproduces the four steps of Lachapelle’s proof of Proposi-
tion 6, with F;, F, in place of {G},{G*, (G*)T}.

Step 1. Apply Lemma 2 of [Lachapelle et al.| (2024al) to the invertible Jacobian of ¢; to

obtain a permutation Py with P} C C; (where C} is the dependency graph of ¢;).
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Step 2. By Proposition 3 of [Lachapelle et al. (2024a)), P, inherits J;-preservation

from C. The composition ¢; o Fy is Fi-preserving by closure under composition.

Step 3. Combining ¢; o P, = ¢y 0 P with B C C) produces Py P,' P, C Oy, so this
permutation is Fo-preserving. Closure under composition promotes ¢; 0 Py to Fo-preserving

as well.
Step 4. Set c1p := c¢1 0 Py and Py := P\ Py. Then v = ¢35 0 P, and ¢y is (F; U Fy)-
preserving by Steps 2-3.

Full details are in Appendix O

Proposition 6.6.4 (Iterated merge of n preservation families). Let v : Z — Z be a

diffeomorphism with n decompositions
v = cpoP/, k € [n], (6.15)

where each ¢ is Fr-preserving and each Py is a permutation. Then there exist a permuta-

tion P, and a diffeomorphism c, such that
v = c, 0P and Cy 18 (UZ:1 ]-"k) -preserving. (6.16)

Proof sketch. Induction on n. The base case n = 1 is trivial (set ¢, = ¢;, P, = P;). The
case n = 2 is Lemma m For n > 3, apply the inductive hypothesis to {c, P, }{—| to
obtain (cjp—1], Pjn—1)) merging F; U --- U F,_1. Apply Lemma to the two decompo-
sitions v = ¢p,_q] © P[I_l] =c, o P (taking F, := F, U---UF,; and F, := F, in the

lemma) to obtain (c,, P,) merging all n families. Full proof in Appendix O

The proposition says nothing about phases specifically: it is an abstract statement
about merging any n decompositions of the same diffeomorphism, each carrying its own

preservation family. Phase-conditioned consistency is the special case where each family
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encodes one phase’s graph structure.

6.6.2 Phase-Conditioned Consistency

We instantiate Proposition for phase-conditioned models. Fix phases & =

{1,...,|®[} with per-phase graphs {(G¢,G%)}oco and set

Foo={G% G (G, Fe o= | T (6.17)

ped
Each F, is a set of (up to) three graphs — one action-type and two latent-type — and
Fo is the set-union of these phase-wise families across all phases. It contains at most 3|®|

graphs in total, with duplicates collapsed where distinct phases happen to share a graph.

Definition 6.6.5 (Phase-conditioned (a, z)-consistency). Two phase-conditioned models
O = {(f, o, Go)}p and bg = {(f, Py, G,)}, sharing decoders f, f across phases are
(a, z)-consistent relative to ®, written Og Ngéi,cb Oy, iff there exists a permutation P such

that:
(i) For every ¢ € ®: 0, ~qig 91,, C?ff, = PTGf;, and éj, = PTG;’;P.

(ii) The entanglement map v := f~! o statedelsewhereinthischapterasAssumption f
satisfies v = co PT stated elsewhere in this chapter as Assumptionwith ¢ being

Fp-preserving.

Remark 6.6.6. ~2° 4 is an equivalence relation by the group structure of Diff r,. It is

a,z

strictly stronger than ~%2

applied to the union graph G := \/go G, the former requires
preservation of every per-phase zero, the latter only the zeros common to all phases. The

gap is nonzero whenever the phases have phase-toggling edges.

Corollary 6.6.7 (Phase-conditioned identifiability). Let 00,00 be phase-conditioned

models with shared decoders. Assume:

(a) Per-phase observational equivalence: 0, ~qps 0} for every ¢ € .
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(b) Per-phase sufficient influence: for each ¢ € ®, the transition p, satisfies Assump-

tions @ on supp,,.

(c) Per-phase sparsity: ||CNJZH0 < |G¢llo and ||C~¥;||0 < |NGZlo for every € @,

Then 0y ~0F éq;.

con,®

Proof. Per-phase application of Theorems 1 (or 2) and 3 of [Lachapelle et al.| (2024a),
combined via Proposition 6 of the same reference, yields 8, ~&7? §¢ for each . Each
relation provides a decomposition v = ¢, o PJ with ¢, being F,-preserving. Apply
Proposition with {(c,, Py, Fy)}pea to obtain a single (c,, P,) with ¢, being Fo-

preserving. The graph-alignment conditions P @i = Gg, and P! C;’pr* = G, follow from

the inductive construction in Appendix (Step 4, generalized). O

6.6.3 Nash-ACF Achieves the Hypotheses

Corollary takes per-phase sparsity and observational equivalence as inputs. Chap-

ter [4 produces both for Nash-ACF maximizers.

Corollary 6.6.8 (Phase-conditioned Nash-ACF identifies up to ~g; ). Let 0o be a
mazimizer of the phase-conditioned Nash product (Equation , and let Oy be the
ground truth. Assume per-phase sufficient influence (condition (b) of Corollary .

Then 04 ~DE éq;.

con,d

Proof. By Theoremm (Chapter ) applied per phase, maximizing IT, enforces éw ~obs 0
and ||CA¥$||0 < [|G%]lo, ||Gfo||0 < [|GZ]|o simultaneously for every ¢. Since Equationm
factorizes across phases, maximizing the per-phase NBS is equivalent to maximizing every
phase sub-problem simultaneously, which is feasible because the ground-truth g is a joint

maximizer. Hence conditions (a) and (c) of Corollary hold, and the claim follows. [
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6.6.4 Complete Disentanglement via Multi-Phase Criterion

Phase-conditioned (a, z)-consistency is partial disentanglement in general. Complete
disentanglement requires the preservation family Fg to pin down the entanglement map
up to permutation and element-wise transformation. The following criterion, generalizing

Lachapelle et al.| (2024a, Assumption 5) to a family of graphs, does exactly this.

Definition 6.6.9 (Multi-phase graphical criterion). The family {G,},co satisfies the
multi-phase graphical criterion if for every pair i # j € [K], there exists a phase ¢ € ®

and an index /¢ (either a latent index or an action index) such that

(Golig # (Gp)je or (G)ei # (G)eg, (6.18)

i.e., some phase provides a structural distinction between ¢ and j via row or column

supports of its graph.

Corollary 6.6.10 (Complete disentanglement). Under the hypotheses of Corollary
if the family {G,}yeco satisfies the multi-phase graphical criterion, then O ~perm 0o, i.€.,

phase-conditioned Nash-ACF completely disentangles the representation.

Proof. By Corollary [6.6.8 65 ~%2 o+ 04, giving v = co PT with ¢ being Fy-preserving.

con,®

By Proposition 3 of [Lachapelle et al.| (2024a) applied to each G € Fg, the multi-phase
criterion implies that for every i # j some graph G € Fg has G;. € G, ., forcing C; ; =0
in the dependency graph of c. Hence ¢ has diagonal dependency graph, i.e., ¢ is an element-
wise transformation, and v = co PT is a permutation composed with an element-wise

transformation. This is precisely ~perm (Lachapelle Def. 6). O
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Table 6.1: Nash-ACF and NMS-ACF on Taxi (K = 6): corrected nonlinear R? metrics
per checkpoint seed, compared against the ACF encoder. Best hyperparameter random
search over 5 seed.

Method Metric seed 106 seed 107 seed 108 seed 110 Mean

d 1 0.680 0.541 0.459 0.609  0.6024+ 094
ACF ol 0.004 0.014 0.002 0.009  0.006+ 005
Omax 4 0.107 0.242 0.050 0.185  0.1224 og2
d 7t 0.697 0.636  0.508  0.633  0.619+ g9
Nash-ACF o6 | 0.015 0.021 0.004 0.025  0.016+ 008
Omax | 0.180 0.181 0.068 0.234  0.166+ 061
d 0.717 0.631 0.496 0.626  0.646. 9o
NMS-ACF 4 | 0.004 0.005 0.002  0.003 0.0034 g0

Omax + 0.110 0.058 0.064 0.057  0.0694 020

6.7 Evaluation

6.7.1 Domains
Visual Taxi Taxi domain from Chapter [3|

cube-double-noisy and cube-triple-noisy Two cubes and three cubes manipulation
enviorments from OGBench (Park et al., 2024). Ground-truth factors: end-effector (3D),
cube 1 (3D), cube 2 (3D), cube 3 (3D). Phases include free motion, grasping cube 1,
and grasping cube 2. This is harder because the two cubes are symmetric and must be

distinguished by their independent dynamics.

6.7.2 Metrics

We use the block R? metric introduced in Chapter 4 adapted to the multi-dimensional
factor setting. For each pair of learned latent block zpjok, and ground-truth factor
block splock;, we fit a nonlinear regressor and compute R?, corrected for ground-truth
correlations. After Hungarian alignment, we report the corrected diagonal (how well
each latent block captures its matched factor) and the maximum off-diagonal (worst-case

cross-contamination between factors).
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For the two-cube domain, we additionally report the object cross-contamination: the
maximum R? between the two cube factors’ learned representations, which should be zero

if the cubes are properly disentangled.

6.7.3 Results

We empirically validate that phase awareness can improve a learned encoder. We start
from an ACF-learned encoder, freeze the backbone, and attach a phase-aware adapter
trained with the Nash product. Table reports the result across five seeds and compare

with respect to the results of pure Nash-ACF.

The adapter improves the diagonal R? and reduces the maximum off-diagonal. The
phase awareness avoids collapsing to the union graph where the passenger and taxi are

strongly correlated.

Table show the results of NMS-ACF applied to the cube domains. These domains
receive the observations nonlinearly mixed by a random MLP. Similar to Taxi, the results
show that phase information improves the factorization by reducing the entanglement of

the cubes and end effector in the representation.

Table 6.2: ACF baseline and NMS-ACF refinement (mean =+ std).

Domain Metric ACF + NMS-ACF Improvement (%)

dr 0.358 +0.047  0.368 £ 0.101 2.7%
cube-double-noisy 0| 0.057 +0.021  0.019+0.014 66%

Omax +  0.187£0.083  0.054 £ 0.040 72.0%

d1 0.211 £0.085  0.254 & 0.060 20%
cube-triple-noisy o | 0.006 +0.004  0.001 4 0.001 83%

Omax &+ 0.043£0.030 0.014 + 0.010 64.4%

6.8 Closing Thoughts

The core of this thesis has been: the agent must act to discover what its world is made

of. ACF gave the agent a way to discover what it controls. Nash-ACF gave it a principled
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way to balance the multiple sparsity signals that this discovery generates. This chapter
pushes the same idea further. The agent’s behavior is not just a sequence of primitive
actions; it is a sequence of phases, and each phase give us new structural knowledge about
the world’s dynamics. The agent grasps a cube, and the act of grasping reveals a coupling

free-motion data couldn’t reveal.

The framework presented here is the natural composition of the previous chapters
with one additional ingredient: the recognition that a single global DBN is the wrong
abstraction for an agent that interacts with a structured world. Phases are the right
abstraction. They are interventional, sparse, state-determined, and grounded in the agent’s
own causal structure. The multi-time energy model gives us the temporal resolution to
see slow factors; the phase-conditioned NBS gives us the structural resolution to see how
those factors couple and decouple. The identifiability theory—iterated graph preservation
across a family of phase-specific graphs—is the formal closure of the loop: it explains why

the phase-conditioned Nash maximizer cannot collapse into the wrong solution.

What remains open is the discovery of phases themselves. We assumed access to
phase labels in this chapter; in practice, an agent must segment its own experience into
regimes without supervision. Closing this gap— learning the phases jointly with the

factorization—is the natural next step, and one of the directions taken up in Chapter

More broadly, this chapter is the place where the thesis crosses from primitive control
into structured behavior. The same energy-based machinery that recovered the end-effector

from torque commands, scaled with the right inductive biases, recovers the cube from a

grasp.
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CHAPTER 7

Looking Forward

This thesis started from a simple observation: an agent that acts in the world is not a
passive observer. Its actions are interventions on the dynamics, and the structure those
interventions reveal is not arbitrary; it reflects the causal mechanisms governing the world.
We developed this observation into a framework for learning structured representations
for sequential decision making, progressing from primitive actions to temporally-extended

skills, and from single-step factorization to multi-phase cooperative sparsity.

Chapter |3 showed that contrasting the effect of an action against the natural dynamics
isolates the independently controllable factors. The ratio of interventional to observational
transition densities is sparse, because each action affects only a few factors, and the
contrastive energy-based model recovers this sparsity. The key insight was that the agent’s
interventional knowledge is grounded: the sparsity of action effects is tied to the causal

structure of the world and cannot be explained away by a change of representation.

Chapter [ extended this to the full dependency structure. ACF identifies the indepen-
dently controllable factors but doesn’t minimize its dependence on other factors. The
cross-Hessian of the transition function captures which factors influence which, but this

temporal sparsity is observational and ambiguous; a powerful encoder can always rotate
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to the eigenbasis, achieving perfect temporal sparsity in the wrong basis. We showed that
the ground-truth factored representation is the unique Pareto optimum of both action
sparsity and temporal sparsity, and that the Nash Bargaining Solution is the optimization

principle that finds it without letting either signal be sacrificed.

Chapter [5| showed a complementary axis: temporally-extended skills compress state
to the slow variables relevant for planning. The abstract representation retains only
what is needed to predict a skill’s effect, discarding the high-frequency detail. The result
is a minimal representation sufficient for value-preserving planning with options. Thus

allowing to build a continuous abstract world model, abstract in time and in state.

Chapter [0] unified both threads. Phase transitions in manipulation are structural
mechanism shifts: they extend the agent’s control to new factors (grasping lets you move
the cube) and reveal the coupling structure between factors (arm and cube become a rigid
body). Multi-time energy models probe the dynamics at multiple temporal resolutions,
revealing slow factors invisible to single-step methods. The four-player NBS balances
all signals across phases and timescales, recovering the factored structure that neither

single-step methods nor monolithic abstractions can achieve.

The common thread across all chapters is that the agent’s actions, at every temporal
scale, are the source of structural knowledge about the world. The structure is not imposed
by the designer; it is discovered through interaction. And it is the right structure for
planning, because the causal mechanisms that actions reveal are the same mechanisms

that planning must reason about.

7.1 Looking Forward

The framework developed in this thesis opens two families of questions. In the near
term: how can the agent use the structure it has learned to discover more structure? This

is the discovery cycle: act to learn structure, use structure to act better, act better to
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learn more structure. In the long term: how can the discovered structure serve as the
foundation for compositional reasoning, enabling agents to generalize across tasks and

environments?

7.1.1 Structure Discovery as Intrinsic Motivation

The combined variability condition (Assumption 4.2.3)) tells us what the agent needs
to identify the factored structure: sufficient diversity in its interventions, and sufficient
coverage of mechanism shifts across phases. In the current framework, this coverage is

assumed to exist in the data. But an acting agent can seek it out.

This connects to a broader vision of intrinsic motivation. Most curiosity-driven
exploration methods optimize for prediction error or information gain about the dynamics.
But prediction error does not distinguish between dynamics that are hard to predict
because the model is wrong and dynamics that are hard to predict because the environment
is stochastic. Structural uncertainty is more targeted: the agent seeks transitions that
reveal new edges in the DBN, new phase transitions that activate new couplings, new
actions that differentiate previously indistinguishable factors. The curiosity is about the

structure of the world, not just its content.

From a practical standpoint, the agent should learn skills that maximize structural
coverage. A good skill, in this view, is one that creates a mechanism shift: it takes the
system from one phase to another, activating new couplings and extending the agent’s
control to new factors. Skill discovery and structure discovery become the same problem.
The skills that are useful for planning are exactly the skills that produce the interventional
and mechanism-shift signals needed for identification. The agent learns skills to discover

structure, and uses the discovered structure to learn better skills.
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7.1.2 Scaling to Large World Models

This thesis developed action-driven identifiability at the scale where its theoretical
claims could be tested cleanly: pixel-RL benchmarks, manipulation environments with
few objects, and small-to-mid model architectures. The natural question is whether the
framework remains relevant at the scale of contemporary Vision-Language-Action models
and large-scale world models. We believe it does, and that the empirical record of the last

two years has sharpened the case rather than weakened it.

The dominant recipe at scale is “scale plus diversity”: pretrain a large vision-language
backbone, graft an action head, train on as much heterogeneous robot data as can
be pooled. This recipe is now hitting structural failure modes. Naively pooling data
across embodiments produces negative transfer rather than gains (Wang et al., 2026]).
Within-environment performance saturates in demonstration count, while the real lever
is environment and object diversity (Lin et al., 2025)). State-of-the-art VLAs collapse to
near-zero on previously unseen embodiments (Zha et all [2026). The common pattern
is that the learned representation conflates what the agent can control with what is
embodiment-specific or distractor-correlated, and observational training has no way to
disambiguate the two. This is a non-identifiability, not a coverage problem; the recipe

will not fix it by becoming larger.

The latent-action VLA family makes the diagnosis precise. LAPO (Schmidt and Jiang,
2024), LAPA (Ye et all 2025), villa-X (Chen et al. 2026), and Genie (Bruce et al., 2024)
all place a discrete bottleneck between an inverse and forward dynamics model, treating
the bottleneck as the agent’s action. Lachapelle (2025)) recently proved that this bottleneck
recovers the true action up to permutation, but only when the dynamics are deterministic,
injective, and free of distractors. Empirical settings violate these assumptions routinely,
and Nikulin et al.| (2025)) showed exactly the predicted breakdown: under action-correlated
distractors, the latent collapses onto the distractor and downstream success drops by an

order of magnitude. The repair is the same as in our setting. The agent’s action is an
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intervention; the controllable factors should respond to it, and the exogenous factors should
not. Replacing the monolithic latent with an action-indexed factorization z = (z., z.) and
enforcing mechanism sparsity on the action-Jacobian extends Lachapelle’s identifiability

guarantee past the distractor-free regime. This is ACF at VLA scale.

A second insertion point exists in the non-generative world-model line, of which V-JEPA
2 (Assran et al., [2025) is the strongest current instance. V-JEPA 2 freezes a one-billion-
parameter video encoder and post-trains a small action-conditioned predictor on 62 hours
of robot data. The predictor is a six-layer transformer with frame-causal attention; it
consumes per-frame visual tokens with action, state, and extrinsic tokens prepended, and
predicts the next-frame visual tokens via ¢; loss in encoder feature space. The architecture
is ready-made for our framework. The two sparsities central to Nash-ACF, action-locality
and temporal-dependency, can be encoded directly in the predictor’s attention mask: the
attention pattern is the dependency graph. This formulation does not require touching

the large encoder, which keeps the experiment within an academic compute budget.

The most direct empirical step is a controlled study of identifiability under exogenous
dynamics, building on the Distracting Control Suite results of Nikulin et al.| (2025) and
extending to manipulation benchmarks at LIBERO-class scale. The setup is surgical:
same encoder, same data, same training schedule, with the only difference being an
ACF-structured factorization and the mechanism-sparsity regularizer. The framework
predicts the modified system should match the latent-action baseline in the regime where
Lachapelle’s theorem already applies, and outperform it as exogenous-noise strength

increases. A claim about VLA fragility becomes a falsifiable prediction.

The broader conjecture is that the embodied scaling hypothesis is incomplete in a
way the language case obscures. Language tokens arrive pre-equipped with compositional
syntax, which supplies the auxiliary structure that nonlinear-ICA identifiability requires;
embodied perception does not. Scaling alone cannot supply this structure. Action-driven

identifiability is what supplies it. Demonstrating this at the scale where the prevailing
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recipe breaks is the natural target for the next phase of the program.

7.1.3 Modular World Models

The factored energy model is a step toward modular world models, where each factor’s
transition mechanism is an independent module that can be composed, reused, and

transferred.

In the current framework, each per-factor energy head E; already functions as a module:
it captures the dynamics of factor ¢ conditioned on its parents and the current phase. The
sparsity of the DBN means each module depends on only a few other factors. The phase
conditioning means the module’s behavior changes across regimes in a structured way.
In principle, an agent that has learned the modules for “arm dynamics,” “cube dynamics
under contact,” and “door dynamics given key” can compose them to reason about new

situations: a new cube, a different door, a rearranged room.

Skills to Symbols (Konidaris et al., 2018; |Ahmetoglu et al., |2025)) showed that we can
automatically learn PDDL operators from skills, but they require access to well-designed
representation to begin with. Our own Chapter 3], extended the Skills to Symbols idea to
the continuous case, by generalizing the Subgoal condition. This dissertation opens up

the possibility of scaling these approaches to problems with high-dimensional observation.

The open challenge is composition at test time. The current model is trained on a
fixed set of phases and factors. A truly modular world model would allow the agent
to encounter a new object, learn its dynamics as a new module, and plug it into the
existing model without retraining the other modules. This requires the modules to have
compatible interfaces, the per-factor energy architecture provides a natural interface (the
shared latent space and the phase embedding). Lifelong learning (Mendez and Eaton,
2021)) has studied this class of compositional structure for varied learning problems. This

dissertation gives a concrete way we can do this for SDM agents.
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The long-term vision is an agent that builds its world model the way we build with
LEGO: standardized pieces that snap together in new configurations. The pieces are
learned, not designed, and the structure that determines how they connect is discovered

through the agent’s own interventions.

7.1.4 Language Grounding

The factored structure the agent discovers has a compositional organization: indepen-
dently identifiable factors, skills with sparse effects, phases with structured mechanism
shifts. Natural language has the same kind of compositionality: nouns refer to objects,
verbs refer to actions, adjectives refer to properties, and sentences describe state transitions

(Rodriguez-Sanchez et al., [2020)

This suggests that the learned factored representation provides a natural grounding
space for language. Rather than learning a mapping from words to a monolithic embedding,
the agent maps words to the components of its own internal model. “Cube” grounds to a
factor. “Push” grounds to a skill whose effect set includes that factor. “Red” grounds to a
value of a factor’s property. “Push the red cube to the left” grounds to: activate the skill

“push,” applied to the factor matching “red cube,” with the directional subgoal “left.”

The compositional alignment between language and the factored model has a practical
consequence for generalization. If the agent has learned “push the red cube” and “grasp the
blue cube” separately, it should be able to understand “push the blue cube” without new
training, because “push” and “blue cube” are compositional references to independently

learned components.

This kind of compositional generalization is notoriously difficult for end-to-end models
that lack internal structure, but it falls naturally out of a factored representation where
skills and factors combine independently. LLMs (Large Language Models) and VLA
(Vision Language Action models) exhibit these types of generalization. However, they

require massive amounts of data to achieve this. Moreover, data is curated and artificially
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structured to ensure correct learning—e.g., aligned datasets of language, videos, and

actions—something that truly general and independent agents might not have.

Perhaps, most interesting is the question of grounding and language emergence in
artificial agents (Spiegel et all 2025a)). If language emerges from a need to communicate,
having a unified representation grounded in the causal structure of the world provides the

initial common set of structures agents can agree on.

The deeper question is whether the relationship goes both ways. Can language accelerate
structure discovery by providing prior knowledge about what the factors should be? A
human telling the agent “there are two cubes on the table” is, in effect, communicating the
number of factors before the agent has discovered them. A human saying “the key opens
the door” is communicating a DBN edge. If the agent’s learned structure is compatible
with linguistic descriptions, then language becomes a channel for transferring structural
knowledge, dramatically reducing the amount of interaction needed to build a world model.
RLang (Rodriguez-Sanchez et al., 2023; Spiegel et al.| 2025b), a domain-specific language
for RL, explored this very question. Now, we can work on discovering the very grounding

structure assumed by these works.

7.1.5 Causal Discovery and Active Experimentation

The framework in this thesis is, at its core, a causal discovery method (Pearl, |2009;
Peters et all 2017; [Scholkopf et al., [2021)): the agent’s actions are interventions, the phase
transitions are mechanism shifts, and the factored representation is the causal graph
(variables and edges). We have shown that this framing leads to identifiability guarantees
and principled optimization. But we have only scratched the surface of the connection to

the causal inference literature.

Active causal discovery asks: given a partially known causal graph, which experiment
should the agent perform next to maximally reduce its uncertainty about the graph

structure? In our framework, this translates directly: given a partially recovered DBN
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(some structural zeros confirmed, others uncertain), which action or skill should the agent

execute to provide the missing interventional or mechanism-shift coverage?

This also connects to the question of sample efficiency. The current framework trains
on a fixed dataset. An agent that actively seeks structurally informative transitions, rather
than collecting data uniformly, could discover the factored structure with dramatically

fewer interactions.

There is also a deeper theoretical connection to Pearl’s do-calculus and the front-door
criterion that we have not yet explored. The agent’s phase transitions resemble soft
interventions: they change some mechanisms while preserving others. The conditions
under which the factored structure is identifiable from a mix of observational data and soft
interventions are studied in the causal inference literature, and connecting these results to

the RL setting could strengthen the theoretical foundations of the approach.

7.1.6 Partial Observability and Memory

The framework in this thesis assumes that the agent’s observations are generated by
a diffeomorphism from the true state: everything is visible, nothing is hidden. This is
a strong assumption that real-world agents violate constantly. Objects go behind other
objects. Relevant state variables (battery charge, joint wear, the contents of a closed
drawer) are not visible in the current observation. The agent must maintain beliefs about

hidden state and update them over time.

From the causal perspective, partial observability introduces hidden confounders in
the causal graph. If a hidden variable i influences both factor s; and factor s;, the agent
observes a correlation between s; and s; that cannot be explained by any edge in the
observed DBN. The factorization framework, which assumes the observed variables are
the complete set of factors, would incorrectly infer a direct dependency between s; and s;.

Detecting and handling hidden confounders is a fundamental challenge.
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One direction is to extend the energy model to operate on beliefs rather than observa-
tions. If the agent maintains a belief state b, = p(s; | 01.4, a1.4—1) via a recurrent encoder or
a state-space model, the factored energy could be defined over the belief: E(b;, b, a, ¢, k).
The question is whether the identifiability results extend to this setting. The combined
variability condition would need to hold in belief space, which is a much richer and more
complex space than the state space. It is unclear whether the agent’s interventions provide
sufficient signal to identify factors in belief space, or whether additional assumptions (e.g.,

temporal persistence of hidden factors, sparsity of the belief update) are needed.

Another direction draws on the causal inference literature. The front-door criterion
provides a way to identify causal effects even in the presence of hidden confounders, by
finding mediating variables that block the confounding path. In the RL setting, the agent’s
actions might serve as mediators: the action is caused by the agent (not by the hidden
confounder) and its effect on the next state is observable. Whether this reasoning can be
formalized to provide identifiability of factored representations under partial observability

is an open theoretical question.

This is the least developed direction in this thesis, and perhaps the most important for
real-world deployment. An agent that can discover factored structure only when everything
is visible is fundamentally limited. Extending the framework to partial observability is
necessary for the vision of a general-purpose agent that learns the structure of its world

through interaction.

7.2 Closing Remarks

This thesis has argued that the structure an agent needs for planning is discovered, not
imposed. The agent’s interventions, from primitive actions to temporally-extended skills,
reveal the independently controllable factors of the world, the dependencies between them,

and the phases under which those dependencies change. The Nash Bargaining framework
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ensures that every signal, whether abundant or rare, contributes to this discovery.

The directions outlined above, from skill discovery to modular world models to language
grounding, all build on the same foundation: the agent’s ability to intervene in the world
generates structural knowledge, and that structure enables increasingly sophisticated
reasoning. In the near term, structure drives exploration; the agent learns skills to discover
more structure, and uses structure to learn better skills. In the long term, structure
enables composition; the agent assembles modular world models, grounds language in its

own experience, and plans with symbols it discovered rather than symbols it was given.

The general-purpose agent we envision does not start with a model of the world. It
builds one, piece by piece, through its own actions. The pieces are the factors, the wiring
is the DBN, and the blueprint is the causal structure that the agent’s interventions make
visible. The thesis has shown that this construction is possible. The question now is how

far it can go.
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Appendix A

Nash-ACEF': Proofs for the Sparsity

Game Identifiability

A.1 Proofs

This appendix gives the full proof of Theorem and its consequences. The argument

is organized in five steps, each occupying one subsection. Notation follows Section [4.4]

A.1.1 Preliminaries

Let ¥ = (g,, p) denote the ground-truth model; let 9 = (g, p) be the learned counterpart
satisfying J ~obs U. By observational equivalence there exists a diffeomorphism v : Z — 2

with § = g, o v; we set v := ¢g_! 0§ and denote its Jacobian by J, € REXK,

Assumption A.1.1 (Unconstrained function class). g and p range over unconstrained
smooth function classes: any invertible smooth v : Z — Z is realizable as g;' o g for
some feasible g, and p can be chosen with any parametric sparsity pattern consistent with

observational equivalence.

Lemma A.1.2 (Diagonal alignment; Lachapelle Lemma 2). Under sufficient influence
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(Assumption and U ~ops ¥, there exists a permutation P € {0, 1}5%K such that
C:=J,-P (A.1)

has nonzero diagonal C;; # 0 for all j € [K] on a full-measure subset of Z.

Lemma A.1.3 (Support inclusion; Lachapelle Eq. (33) / two-sided variant of Eq. (22)).
Under Assumption and U ~obs U, for every € [K + d,] and every i with Gy = 1,

(J,)Tei € RE . (A.2)

Equivalently, Gip = 1N (Jy)j: # 0 = éjvg = 1. For G = G?, the analogous inclusion is
derived from H = Jy(zi41) " H Jo(z) (Lachapelle et al), |2024a); for G = (G*)T, from the

transposed cross-Hessian.

Theorem A.1.4 (Identifiability; Lachapelle Theorem 4 and two-sided extension). Under
Assumption and U ~gps U with IGlo < |Glo, there exists a permutation P with
PTG = G, for G € {G*,G*,(G*)T,G}. The action and row-G* cases follow from the
one-sided interventional argument of |Lachapelle et al. (2022); the column-G* case uses

the two-sided structure of |Lachapelle et al. (2024a).

Our task is to show that Pareto optimality of the sparsity game forces the cardinality

hypothesis of Theorem [A.1.4] hence identifiability, without needing to assume it.

A.1.2 Step 1: Reduction to the Jacobian support pattern

Fix a feasible 9 with associated v, J,, and permutation P from Lemma . Let

C = J, - P and define the P-aligned learned pattern G := PTG.

Proposition A.1.5 (Row-wise support inclusion). For every j € [K],

G, 2 |J Gi. (A.3)
1:C; 70
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Proof. Lemma asserts G;y = 1 and (J,);; # 0 imply éj,g = 1. Substituting
J, = CPT gives (J,);; = Cjpgy; relabeling i’ :== P(i) yields Gy, = 1 A Cjy # 0 =
(PTG) ;e =1, which is (A.3]) row-by-row. O

A.1.3 Step 2: Row-wise lower bound and achievability

Definition A.1.6 (Row floor). For C' with nonzero diagonal, define

i:C;,7#0

Lemma A.1.7 (Lower bound). For any feasible 9 with associated C, ng(@) > M;(C)

for every j.

Proof. Applying |-]o to (A.3]) and using permutation-invariance of cardinality gives the

claim. O

Lemma A.1.8 (Achievability). Under Assumption for any C' realizable by some
feasible U, there exists a feasible V' with the same C such that KJG(@) = M;(C) for all j

simultaneously.

Proof. Given 9 realizing C, set C}g = Uz’:cj,i 40 Gi.. Construct P with parametric
support G; by zeroing all slack parameters of p (those declaring dependence on parents
outside the forced support). Any functional dependence outside the forced support would
contradict upward, so these parameters carried zero functional weight and zeroing
them preserves observational equivalence. Under Assumption [A.1.1] 7 is in the feasible

class. O

Remark A.1.9 (Support-level abstraction). Both M;(C) and the classification in Ap-
pendix depend only on supp(C'), not on real values. The argument that follows lives

on the finite lattice of binary patterns with nonzero diagonal.

143



A.1.4 Step 3: Dichotomy on off-diagonals

Definition A.1.10 (Type classification). Let C' have nonzero diagonal. An off-diagonal
entry Cj; with ¢ # j and Cj; # 0 is G-preserving if G;. C G;., and non-preserving

otherwise.

Definition A.1.11 (G-preserving matrix). C'is G-preserving if every off-diagonal nonzero

is G-preserving; equivalently, for all : # j, C;;, # 0= G;. C G;..
Remark A.1.12 (Collapse under preservation). C' is G-preserving iff for every j € [K],

UZ’ZC]'J'#O Giv' = G]a

Proof. (=) The diagonal term G;. is always present; every off-diagonal contribution
G;. with C;; # 0 and i # j satisfies G;. € G,. by preservation, so the union equals
G,.. («) If the union collapses to G, for all j, then any off-diagonal C;; # 0 satisfies
G;,. CG;.. O
Proposition A.1.13 (Row-local domination). Let C' have nonzero diagonal. Then:

(1) If C is G-preserving, M;(C) = |G;,.|o for every j.

(i1) If C is not G-preserving, there exists j* € [K]| and a matriz C' obtained from C by

zeroing all non-preserving entries in row j*, such that

M, (C) < M (C), (A5)
My(C') = Mi(C) ik # " (A.6)

C" has nonzero diagonal, and its row-7* off-diagonals are exactly the G-preserving

off-diagonals of C.

Proof. (i) Immediate from Remark [A.1.12] and Definition [A.1.6]

(ii) Since C' is not G-preserving, some row j* contains a non-preserving off-diagonal.
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J7Z
Cj; otherwise.

Diagonal preserved: C’. ;. = Cjs j» # 0, and Cy , = Cyy, # 0 for k # j*.

Other rows unchanged: For k # j*, row k of C' coincides with row k of C, hence

M (C") = My (C).

Row j* floor strictly decreases: The active index set in C” is {j*} U {i # j* : Cj+,; #

0, G;. € Gj«.}. All remaining G;.’s are subsets of G+ ., so M;:«(C") = |Gj«..

0- For
M;«(C): by hypothesis there is a non-preserving entry (j*,ip), giving ¢y € Gy, \ Gj+.;
this ¢y lies in the C-union but not in Gj« ., so M;«(C) > |Gjs.Jo + 1 > M, (C"). O

Corollary A.1.14 (Pareto-minimal floors are G-preserving). Every Pareto-minimal ele-
ment of {M(C) : C realizable} is attained by some G-preserving C, and all G-preserving

C'’s attain the common floor vector (|G Jo, ..., |Gk.|o)-

A.1.5 Step 4: Pareto optimality forces G-preservation

Theorem A.1.15 (Pareto optima are G-preserving). Under Assumption every

Pareto-optimal 9 of the G-restricted sparsity game has G-preserving C* = J - P, and
E(@*) = (|Gi.lo,--.. |Gk o) up to permutation by P. (A.7)

Proof. Suppose for contradiction that 9 is Pareto-optimal but C* is not G-preserving.

Apply Proposition |A.1.13(ii). There exist j* and a row-local modification CT with
M (CT) < M« (C*) and My (CT) = My(C*) for k # j*.

Realize CT by a feasible Jt. Under Assumption , any invertible Jacobian structure

is realizable by some diffeomorphism v'. Since CT differs from C* only in row j*, preserves
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the diagonal, and only zeros off-diagonals, invertibility holds on a dense set (and remains
so under arbitrarily small smooth perturbation). Define §' := g, o vf and p' := v;p;

observational equivalence holds by construction.

Apply Lemma . Choose p' with minimal parametric support, giving E(@T) =
M(CT).

Pareto domination.

0 (01) = M (C1) < M (CF) = £ (97),

0u(01) = Mi(CT) = MA(C*) = 6(0%) Yk # 5.

This contradicts Pareto optimality of ?/9\*, so C* is G-preserving. By Proposition |A.1.13(3i)
and Lemma [A.1.8] £(9%) = (IG1 ]o,---,|Gk.|o)- O

A.1.6 Step 5: G-preservation implies identifiability

Proposition A.1.16 (Cardinality pinch). If 9 is Pareto-optimal with G-preserving C*
and G = PT(A}*, then C-}] = G;. for every j € [K].

Proof. Lower bound. By Proposition |A.1.5, G;. D Uscr 20 Gi 2 Gy, the last inclusion
C1,

using C%; # 0.

Cardinality match. By Theorem [A.1.15] |G, |o = fj({?\*) = M,;(C*) = |G;j.|o, the last
equality by Remark [A.1.12]

Conclusion. Set inclusion with equal cardinalities forces GJ =G;.. n

Corollary A.1.17 (Identifiability). Fvery Pareto-optimal 9* of the G-restricted sparsity

game satisfies PTG*=G for some permutation P.

Proof. Proposition |A.1.16| gives PTG*=G row-by-row. m
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This establishes Theorem [4.4.2{i). Parts (i) and (iii) are Theorem [A.1.15 and Corol-
lary [CTT
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Appendix B

CAMP: Proofs

Theorem B.0.1. Let the tuple (M, M,G) be a grounded abstract model and a function
¢:S — Z CR%. The model satisfies that By(- | 09, ...,0.-1) = Bi(: | 0g, ..., 01_1) if and

only if ¢ is dynamics preserving.

Proof. Let ¢~1(2) = {s € S| ¢(s) = z}. We construct T and G such that it satisfies that,

T(|z,0) = / T(s'|z,0)ds';
s'€p~1(z")

T(s'|z, 0)1[o(s") = 2]
T(Z|z,0)

G(8'|z,0,7') =

If the dynamics preserving property holds, we have that there exists a mapping ¢ such
that T'(s'|s,0) = T'(s'|¢(s),0). Hence, by defining that abstract state as s = (z, 0, 2’), we

can build the grounded abstract model such that it follows that B, = B,, by construction.
To prove the converse, we assume that B, = B;.

Hence, by construction, we have that

P(St7 sy SO|007 20y -++y Ot—1, Zt—l) - HP<St|OO) 20y -+y Ot—1, Zt—l)-
t
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Therefore, we have that

Bi(8¢, ..., 50|00, ..y 01—1) = /HP(Si|Oo,Zo,---,Oi—l,Zt—1)P(Zi, vty 20]00, -y 05-1)d 20 24
B
:/HP(Si|ZZ‘,Oi_1)P(ZZ‘,...,ZQ|O(),...7Oi_1>d2’0...2t
i=0

t
= /HG(3i|Zi—1a0i—1>Zi)]P>(Zi7---;ZO|OOa ...,Ol‘_l)dZ()...Zt
t

= H/ SZ|Z2'—17 0i—1, Zi)P(Zu Zi—1|007 oo Oi—l)dzizi—l

t

= / SZ|ZZ'—1, 0;—1, Zi)T(Zi|Zi—17 01’—1)]P)(Zz'—1|007 ey 0z'—2)de‘Zz'—1

t

= /T 51|Zz 1, 05— 1)P<Zz'—1|007-'-70i—2)dzi—1

O

t
Bt(sta -5 50[00; -+ Ot—l) = PO(SO) HT(5i|8i—17 0@'—1)
i=1

t
= HT(3i|3i—17 0;-1)P(si-1]0o, ..., 012)
i=1

Hence, we must have that for all s; 1 € z;_; and all i € [t] and ¢t > 0

/T(si|5i1701'I)P(5i1|007'-'70t2)d5i1 = /T(Si\zilaoil)ﬁb(ziﬂ%, ---;01‘72)6121‘71

149



That is,

P(s0) = po(so) = [ G(s|z0)po(z0)ds for t =0

P(s1]00) = [ T(s1]0,00)po(s0)dso = fT(sO|zo,00)p0(z0)dz0 fort=1

By definition, ¢t = 0 holds. For ¢ = 1, we have

P(s1]oo) :/T(51|80700)p0(30)d50
:/T(81|S0,00)G(80|Zo)p0(20>d20d80

:/T(SﬂzoaOO)po(Zo)dZo

which follows from the equation at ¢ = 0. Hence, it must be true that for any

so € ¢~ (2p), for any zy with po(zp) > 0.

T(Sl‘Z0,0o) :/T(81|So,OQ)G<80’ZO)d80

We can see that for any s, € ¢~ (z) such that T'(s1|s,00) # T(s1]20,00), the ab-
stract model would commit a non-zero error in its prediction. Hence, it must be that

T(s1]s0,00) = T(s1]20,00) for so € ¢~ ().
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Let the equations at time ¢ =4 — 1 and ¢ = ¢ — 2 hold, then

]P)(Sz“OO, ---701'71) = /T(3i|81‘1,01'1)]%‘1(31‘1’00, '-'0i72>d3i71

= /T<Si|5i—laOi—l)T(Si—1|Zi—2a0i—2)pi—2(2i—2|007--'voi—3>dsi—1dzi—1dzi—2

= /T(Si|5i—l7Oi—l)G(Si—l|Zi—27Oi—2aZi—l)T<Zi—l|Zi—27Oi—?)pi—Q(Zi—2’00a---70i—3)d3i—1dzi—ldzi—2

= /T(5i|zi—l7Oi—l)pi—l(zi—1|00a---aoi—Q)dZi—l

Because p;_1(2-1|0g, ..., 0;—2) = IT(Zi—l‘Zi—%Oi—?)pi—Q(Zi—2|00a ..., 0;—3)dz;_5 hold by

construction of the abstract MDP, we need the following to hold.

T<Si|zi—1>0i—1) = /T(sz"Si—luOi—l)G(sz‘—1|zi—27Oi—2aZi—l)dsi—l- (B.1)

Therefore, as in the base case, we need that T(s;|zi_1,0i—1) = T(si|si_1,0i_1) for
all s;_ 1 € ¢7'(z;_1) that have G(s;_1|2i_2,0;_2,2;_1) > 0. Then, ¢ must be dynamics

preserving.

O

Corollary B.0.2. Let the tuple (M, M,G) be a grounded abstract model. Let the strong
subgoal property (Konidaris et all,|2018) for an option o be defined as, Pr(s'|s,0) = Pr(s'|o).
The dynamics preserving property holds with a finite abstract state space Z = [N] for some

N € N if and only if the strong subgoal property holds.

Proof. 1f the strong subgoal property holds, we have that Pr(s'|s,0) = Pr(s’|o). Then,
for any function ¢ : S — Z, it holds that P(s'|¢(s), 0) = P(s']s, 0).

Therefore, it is only important to be able to know if a given option is executable in a
given abstract state. Therefore, we can construct the function Io(s) = [Io(s), ..., [jo|(s)]

that returns a binary vector that indicates which options are executable in s.
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Define the equivalence relation sg ~o s1 iff Io(s1) = Ip(s2). We can define the abstract
state space as Z £ S/ ~, that is, the set of equivalent classes. Given that there at most

20l € N classes, then the abstract MDP is finite.

We assume that the dynamics preserving property holds and that the abstract state

space Z is finite to prove the converse. Then, there exists ¢ : S — Z such that
P(s'|¢(s),0) = P(s'|s,0) and P(1, = 1|s) = P(I, = 1|4(s)).

We can construct a factored ¢(s) = [¢p(s), ¢1(s)], such that, P(s'|¢(s), 0) = P(s'|¢p(s), 0)
and P(I, = 1]¢(s)) = P(I, = 1|¢1(s)).

If we define ¢; based on the function I, as before, then ¢; maps to a set of at most 2/°!

elements. As Z = Zp x Z; is finite, then Zp is also finite. Thus, we construct Zp = [M]|
and for each option o and equivalence class m € [M] options from each option o such that

Pr(s'|om) = Pr(s'|m,o0). Then, the strong subgoal property holds for every o,,.

[]

Proposition B.0.3. Let ¢ be a dynamics-preserving abstraction and 3 = (2,0,z). For
€>0, if ||G.(s) — Gs(9)||? < ¢, then there exists ex > 0 and eg > 0 such that ||T(s'|s,0) —

T(s’|z, 0)|I? < er and ||R(s,0) — f?(z,o)”% < ¢p.

Proof. First, we prove that the bounded grounding error implies bounded transition
distribution error. If ¢ is a dynamics abstraction, then we can learn T'(2'|z, 0) and we have

that T'(s'|s,0) = T'(s |z 0) = [ Gs( (2'|z,0)dz" and its corresponding approximation

T(s'|z,0) = [ G (s)T(2'|z,0)dz'
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|T(s'|s,0) — T(s'|z,0)|1 = ‘/ (G5(s)T (2|2, 0) — G ()T (2|2, 0)) dz’
< /T(z'|z, 0)|Gx(s) — G (s)|dz'ds
< Ve

Analogously, we can bound the error of the reward function.

|R(2',0) — R(Z,0)|1 = ‘/ R(s,0)ds — | G.(s)R(s,o)ds

< [1Ge(s) = Gl | R(s, 0] ds
< RMCL$/ |Gz (s) — G (s)|ds

< RMaz+/e

Then, it follows from Minkowski’s inequality that

1R(s,0) = R(<',0)|li = [|R(s,0) = R(2',0) + R(2',0) = R(",0)]s
< [1R(s,0) = R(z',0)|li + |R(+',0) = R(2", 0)|lx

<Ve+ RMazxv/e = \/er

]

Theorem B.0.4 (Value Loss Bound). Let (M, M,G) be a grounded abstract model
and T (§'15,0) = [ Gy (s")T(5'|5,0)ds" be the approzimate transition dynamics from the

grounded model. If the following conditions hold for allo € O and all s € S with G5(s) >0
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(1) |T(s'|s,0) = T(s'|3, 0)|[} < er, and (2)|R(s,0)

|Qﬂ(57 0) -

Q7(5,0)| <

— R(3,
Ver + ’yVMa:c\/G
1=~

Proof. We proceed by induction on Q7(5,0), where

Ess

/\

P(s

/
/p
0= [

R(s,0) + 775 (5)) ds,

( ,0) + ’yT/ TS’O’S/U’T(S’)ds’) ds,
s'eS

R(s,0) +~Tvl 1(’))ds

0)|*> < €r; then, for any policy T,

with 8 = T(- | s,0). I use P(s) as shorthand for P(s ~ 5) and T%%* for T(s' | s,0), and

let

EQmn = Z VER T ’}/i (VMAXV&T) .
=0

Base Case: Q" ~ Q7.

— R(S,O) +'}/T/ TS7O7S,’UW(S/>dS/ —

= R(s,0) — R(3,0) —i—’yT/ Ty (s )ds' — /P(s)’fvg(?)ds,

Sl

v~

s

s

S

s

E)

/ P(s) (R(5,0) — 77uf(5)ds)

s

TS’O’SIUW(s')dS/ —VT/P(S)ESINS'[UW(S/)]CZS
Ts,o,s’vw(sl)dsl_»)/T/P(s)/P(S NS) ( )dS dS
TS,07S/U7F(8/)d5/—VT/P(S)/TS’O’S/'UW(SI)dSI dS,

Sl

< Zr +7"VMAX / 75 — / P(s)T*%ds ds',

S/
~

S

< Ver +7"VMAX, /er.

-~

<VEer
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This concludes the base case. O

Inductive Case: Q" = Q7 = Q" ~ Q. We assume that, for every s € S and any o,

Q" (s,0) — Qr(5,0) < egun, (B.15)
and prove that
Qw(sv O) - Q:ﬁl (57 O) < €Qunt1- (B16)
By algebra,
Q" (s,0) — @n44(5,0) (B.17)
= R(s,0) + WT/ Ty (s')ds' — /P(s) (R(s,0) +~"vr(5))ds, (B.18)
= R(s,0) — R(S,0) —i—’yT/ Ty (s)ds' — 4" /P(s)vg(g’)ds, (B.19)

< er+ 77/ Ty (s")ds' — 4" /P(s)v;r(s')ds, (B.20)
=Er+ 'yT/ T30y (s')ds' — ~" /P(s) vl (§) ds, (B.21)

——
>E /o [’U’r (S/)]—EQ,n

s'~5
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< Ver+ ’yT/ T v™(s')ds' — " /P(s) (Egos [0 (s)] —egn) ds, (B.22)

s

= er+ fyT/ Ty (s )ds' — o™ /P(s)/ 750%™ (s')ds' ds +~"egn,  (B.23)
— \/5"’_77—/ TS’O7S,U7T<S/>dS/ . ,YT\/

’

/P(S)TS’O’S’ V(s )ds ds'+Tegn,  (B.24)

S0,/
< er+7"VMAX // T30 — 5% 4/ +7€Qns (B.25)
Z ~= .
< Ver + 7" VMAX/er + 7 egm, (B.26)
< VER + YVMAX\/E7 + YEQm, (B.27)
= €Qn+1- (B.28)
This concludes the inductive case. O

Thus, by induction and the convergence of the geometric series, for any s, 0,7, we

conclude that

Q7 (s,0) — O7(5,0) < YR z\f\j“ﬁ | (B.29)

B.0.1 TPC is Dynamics Preserving

We start by considering that by learning an abstract state space such that M1(S"; Z, O)
is maximized. The following decomposition based on the mutual information chain rule
corresponds to the TPC algorithm (Nguyen et al., 2021). In the original paper, they work
at the primitive action level and all actions available always, hence, there’s no need to

consider initiation sets.
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MI(S', 7' 2,0) ¥ MI(S';2,0) + MI(Z'; Z,0|S"):;

7

TV
=0

Y M1z 2,0) + MI(S; 2,0|2));

(1

Y MI(Z'52,0) + MI(S'; 2, A) — MI(S'; Z') + MI(S"; Z'| Z,0);

where (a) follows from the fact that give s’ we can determine 2/, (b) follows from

decomposing the term on the left-hand size and (c¢) from decomposing term (1).

The above implies that MI(Z';Z,0) = MI1(S";Z") — MI1(S"; Z'|Z,O). Therefore, if
we maximize both sides of this identity, we must have a latent space that preserve only the
information of the state s’ that is predictable from the previous (z,a) pair. MI(Z';Z,0)
ensures that the next abstract state is predictable from the (z, 0) tuple. MI(S; Z) ensures

that the abstract state has information about the ground state which is measured by

9(s|2).

MI(S;0) = /p(s,z) log g}gfs)dsdz (B.30)

The following decomposition shows the two extra terms required by the TPC algorithm
to estabilize the optimization. Term (a) is the (differential) entropy of ¢ which tends to
infinity for a deterministic function. This is solved by smoothing it with Gaussian noise of
0 mean and fixed standard deviation, as done in TPC. The second term (b) corresponds
to the consistency term, that is, the transition function p(z’|z, @) must have low entropy,

which ensures that the abstract dynamics are learnt.
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p(s', 2|z, 0)
p(s'|z,0)p(#'| 2, 0)
p(Z'ls")
p(#'|z,0)

p(s’, 2" ) logp(Z'|s')ds' dz" — /p(z',z,o)logp(z/|z,0)dz/dzdo

N J/
-~

(a) (b)

M(S 7' Z,0) = [ p(¢,7,2,0)log ds'dz'dzdo

p(s', 2, 2,0)log

I
\\\

By maximizing M1(Z'; Z,0) and MI1(S"; Z’) using InfoNCE (Oord et al., 2018al), we

obtain the TPC algorithm.
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Appendix C

NMS-ACF: Proofs for

Phase-Conditioned Identifiability

This appendix provides the full proofs of Lemma m (merge of two preservation
families) and Proposition [6.6.4] (iterated merge of n preservation families). The merge
lemma reproduces the four-step argument of |Lachapelle et al.| (2024a, Proposition 6) with
abstract preservation families F, 7, in place of {G®} and {G?, (G*)"}; Proposition [6.6.4]

iterates this lemma via induction.

For completeness we first restate the supporting lemmas and propositions from
Lachapelle et al.| (2024a) on which the proofs rely. All numbering is that of the cited

reference; results are stated verbatim up to notational substitutions.

C.0.1 Supporting Results from Lachapelle et al. 2024

G-preserving maps. Given a binary matrix G € {0,1}**™ and a diffeomorphism
c: Z — Z with dependency graph C € {0, 1}2*K (Definition 2 of the cited reference), ¢
is G-preserving if C' viewed as a linear map on the space Rg *™ of G-supported matrices

maps this space into itself. Formally:
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Definition C.0.1 (G-preserving matrix; [Lachapelle et al., 2024a, Definition 11). A matrix
C € REXK is G-preserving if CTRE ™ C RE™, where RE ™ := {M : G;; = 0= M, ; =

0}.

Definition C.0.2 (G-preserving diffeomorphism; Lachapelle et al. 2024a), Definition 12).
A diffeomorphism ¢ : Z — Z with dependency graph C'is G-preserving if C' is G-preserving
in the matrix sense (Definition [C.0.1)).

The characterization of G-preservation via the row-inclusion lattice of G is central to

the proofs:

Proposition C.0.3 (Lachapelle et al.| 2024al Proposition 3). A function ¢ with dependency

graph C' 1s G-preserving if and only if

Gi,. Z ij - OZ'J‘ =0, Vi, j € [K]

Proof. (=): Assume G;. € G;.. Then there is some k with G, = 1 but G, = 0. The
matrix e;e] € R5*™ and so by G-preservation C'(e;e) ) € RE*™. The (4, k) entry of

CTeiel equals C;;, and since G5 = 0, this must be zero, giving C; ; = 0.

(<): Take A € RE*™ and (i,j) with G;; = 0. Then (CTA);; = >, CriAr;. If
Ap; # 0then Gy ; =1, s0 Gi. € G, (the latter has a zero at column j whereas the former

does not), whence C; = 0 by hypothesis. Each term vanishes and (CT A); ; = 0. ]

Group structure of G-preserving maps. Both G-preserving matrices and G-preserving

diffeomorphisms form groups under their respective operations:

Proposition C.0.4 (Lachapelle et al., 2024a, Proposition 4). Invertible G-preserving
matrices form a group under matrix multiplication. Specifically, the identity matriz is
G-preserving; the product of two G-preserving matrices is G-preserving; and the inverse

of an invertible G-preserving matrix 1s G-preserving.
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Proof. Identity: ITRE*™ = RE*™.

Closure under multiplication: If Cy,Cy are G-preserving, then (ClCQ)TRgxm =

Cy CTRE*™ C CJRE*™ C RE*™.

Closure under inversion: Let C be invertible and G-preserving. Viewing C'T as a linear
map on RE*™ invertibility of C' makes C'T an invertible linear map, so dim(C’TRg Xy =
dim(R5*™). Combined with CTRE ™ C RE ™™, this gives equality: CTRE*™ = RE*™.

Applying C~7 to both sides, RE*™ = (C~1)TRE*™ i.e., C~! is G-preserving. O

Proposition C.0.5 (Lachapelle et al., 2024a, Proposition 5). The set of G-preserving
diffeomorphisms forms a group under composition: it contains the identity diffeomorphism,

1s closed under composition, and is closed under inversion.

Proof. We use the pointwise-Jacobian characterization: a differentiable ¢ is G-preserving
iff its Jacobian Dec(z) is G-preserving at every z € Z (Lemma 1 of Lachapelle et al.
(2024a); follows from Proposition combined with Proposition 1 of the cited reference

linking dependency graphs to Jacobians).
Identity: Its Jacobian is I, which is G-preserving.

Composition: For diffeomorphisms ¢, ¢ with dependency graphs C, C’, the chain rule
gives D(co d)(z) = De(d(2)) - D(z). Each factor is G-preserving pointwise; the product
is G-preserving by Proposition |[C.0.4, Hence co ¢ is G-preserving.

Inversion: The inverse function theorem gives Dc™1(2) = (Dc(c™1(2)))~!. The matrix
being inverted is G-preserving, so by Proposition [C.0.4]its inverse is G-preserving pointwise.

1

Hence ¢ is G-preserving. ]

Structural lemmas on invertible matrices. The following lemma provides the bridge

permutation Py used throughout the merge argument:

Lemma C.0.6 (Lachapelle et al., [2024a, Lemma 2). Let L € RE*K be an invertible

161



matriz. Then there exists a permutation o on [K| such that L;s; # 0 for all i € [K].
Equivalently, writing P for the permutation matriz associated to o (so that Pe; = eq;) ), we
have PT C L, meaning the support of PT is contained in the support of L. In particular,

both LP and PL have nonzero diagonals.

Proof. Invertibility gives det(L) # 0. The Leibniz formula expands the determinant as

K
det(L) = > sign(o) [] Lio),
i=1

c€SK

where Sk is the symmetric group on K elements. A nonzero sum requires at least one

nonzero summand, so there is some o with [, L; -y # 0, hence L; ,;) # 0 for every 7. [

The pointwise permutations produced by Lemma at each z € Z can be replaced

by a single globally constant permutation, exploiting continuity:

Lemma C.0.7 (Lachapelle et al., 2024a, Lemma 12, Appendix A.5). Let J : Z — GL(K)
be a continuous map from the connected space Z into invertible matrices. Suppose that at
each z € Z there exists a permutation P(z) such that J(z) - P(z) has nonzero diagonal.
Then there exists a single permutation P, independent of z, such that J(z)- P has nonzero

diagonal for almost every z € Z.

Proof sketch. The argument uses connectedness of Z to show that a topological invariant
— the equivalence class of the pointwise permutation — cannot vary continuously. Let
G be the set of G-preserving matrices (for some fixed graph; in our application G is the

dependency graph union considered in Step 3 of Lemma [6.6.3)), and let

L = ( U GPW> \ {singular matrices}.

TESK

Define an equivalence relation on Sk by 7 ~ #’ if PP is G-preserving, and for each

equivalence class IT € Sk / ~ let Vij := GP; \ {singular} for any representative = € II
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(well-defined since m ~ 7" implies GP, = GP,).

Partition claim: The sets {Vi1}res, /~ form a partition of £. Suppose for contradiction
that some invertible A € GP,NGP,, with 7 7. By Lemma [C.0.6| there is a permutation
Q with AQ" having nonzero diagonal, and without loss of generality ) »¢ 7, making
P.Q" non-G-preserving. Then AQ"T € GP,QT forces a zero on the diagonal of AQT
(by closure of G-preservation under multiplication applied to the permutation factor), a

contradiction.

Fach Vi is clopen in L: Closedness follows from Vi; = £N G P, (intersection of £ with
a closed subspace of R***); openness from Vii = £\ Uy Vir (complement of a finite

union of closed sets).

Conclusion: The image J(Z) C L is connected (continuous image of a connected
space) and the Vjj partition £ into clopen sets. Hence J(Z) lies entirely within a single
Vi«. Picking any representative P* € II* gives a single permutation such that J(z)P* is
G-preserving — and hence has nonzero diagonal — for all z up to a set where continuity
breaks down (a set of measure zero, as handled by the companion argument in Lemma 11

of the cited reference).

Full details, including the extension from “almost everywhere” to “everywhere” via

closure under continuity, are provided in Lachapelle et al.| (2024a, Appendix A.5). H

Consistency relations and their combination. Definitions 13, 14, and 15 of the cited

a z and ~%*

@ ~E &% respectively.

reference introduce the one-phase consistency relations ~

Their precise form is:
Definition C.0.8 (Lachapelle et al., [2024a, Definitions 13-15). Two models 6, are:

e a-consistent, 8 ~* @, if there is a permutation P with G* = PTG® and v = co PT

con

where ¢ is G*-preserving.

e z-consistent, 0 ~7,, 0, if there is a permutation P with G* = PTG*P and v = co P
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where ¢ is both G*-preserving and (G?)"-preserving.

o (a,z)-consistent, 0 ~%% 0, if both hold with a single common permutation P and a

single common map c that is simultaneously G-, G*-, and (G*) "-preserving.

The core structural fact from which our iterated merge is built is that (a, z)-consistency

is equivalent to the conjunction of the two one-sided consistencies:

Proposition C.0.9 (Lachapelle et al.| 2024al Proposition 6). For any two models 0,5

satisfying Assumptions 1-3 of the cited reference,

O~02 0 = 0~ G ABO~ 0.

con con con

The nontrivial direction is (<=): given separate witnesses (c, P) for ~% _ and (¢, P) for

~Z o @ shared permutation P* = PPy and shared map c¢* = ¢o Py exist, with P, extracted

via Lemma[C.0.0 applied to the dependency graph of ¢.

Per-phase identifiability. The one-phase identifiability theorems produce the hypothe-
ses of our Corollary [6.6.7] They assume the sufficient-influence conditions of [Lachapelle

et al.| (2024a, Assumptions 6, 7, and 8).

Theorem C.0.10 (Lachapelle et al., 2024a, Theorem 1). Let 9,0 satisfy Assumptions 1—4
of the cited reference, Assumption 6 (sufficient influence of a, continuous), and € ~qpg 0.

IF11GNlo < |G|lo, then 6 ~ 6.

con

Theorem C.0.11 (Lachapelle et al., 2024a, Theorem 2). Same as Theorem but

with Assumption 7 (discrete a) in place of Assumption 6.

Theorem C.0.12 (Lachapelle et al. 2024a, Theorem 3). Let 0.0 satisfy Assumptions 1-
4 of the cited reference, Assumption 8 (sufficient influence of z), and 0 ~gps 0. If

1G%|lo < |G7|lo, then 6 ~Z,, 6.

con
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Graphical criterion for complete disentanglement. For completeness we restate

Assumption 5 and Proposition 7, which together give the single-phase graphical criterion

generalized by our multi-phase criterion (Definition [6.6.9).

Assumption C.0.13 (Lachapelle et al., 2024a, Assumption 5). Let G = [G* | G*]. For

all i € [K],

( N Paj.> N ( N Ch;) N ( N Chg) — {i.

jeCh? jEePaZ? LePad
Proposition C.0.14 (Lachapelle et al., 2024a, Proposition 7). Let 0,0 be models satisfying
Assumptions 1-3. If 0 ~%* 0 and G satisfies Assumption then 0 ~perm 0, i.e.

con

complete disentanglement holds.

With these preliminaries in place we can now prove Lemma [6.6.3 and Proposition [6.6.4]

C.0.2 Proof of Lemma [6.6.3

Proof. Recall the setup: v = c; 0 P, = ¢y 0 P,/ with ¢, being F,-preserving for r € {1,2}

and P;, P, permutations. Let C7, Cy denote the dependency graphs of ¢y, ¢s.

Step 1: Extract a bridge permutation F,. Since ¢; is a diffeomorphism, its Jacobian
is invertible pointwise. By [Lachapelle et al|(2024a, Lemma 2), there exists a permutation
Py(z) such that

Py(2)" C Oy for almost every z € Z. (C.1)

By |Lachapelle et al.| (2024a), Lemma 12) (Appendix A.5), Py(z) can be chosen to be a

globally constant permutation F, by continuity of the Jacobian.

Step 2: P, inherits Fj-preservation. By |Lachapelle et al| (2024a, Proposition 3),
membership P C C; and Fj-preservation of C; imply that P, is itself F;-preserving.
Specifically, for each G € F; and any indices ¢,j with G;. € G, Proposition 3 gives

(Ch)i; = 0, and since Py C Cy, also (F));; = 0. Hence P, is G-preserving for every
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G e Fi.
By |Lachapelle et al. (2024a, Propositions 4 and 5) (closure of G-preserving diffeomor-

phisms under composition, for each G € F7), the composition ¢; o Py is Fj-preserving,.

Step 3: c; o Py inherits Fy-preservation. This is the cross-relation step. From the

two decompositions of v:

ClO,F)l—r = CQOPZT - ClPlT = CQP; (CZ)

Combining (C.3)) with (C.1):
P/P'P, C O\P[P, = Cy. (C.4)

By |Lachapelle et al.| (2024a, Proposition 3) applied to Fy-preserving Cy, the permutation

Py P' P, is Fy-preserving.

We now show ¢; o Py is Fo-preserving. From (C.4), the permutation P PP, is
Fo-preserving. Its inverse P, PPy is also JFs-preserving by [Lachapelle et al. (2024a,

Proposition 4) (closure under inversion).

Now consider the product Cs - (P, P, Py):

Cy- (P PLRy) = (C1P] P) (P, PP)) = C\F, (C.5)

where the first equality uses (C.3). The LHS is Cy (which is Fp-preserving) times a
Fo-preserving permutation, so the LHS is Fy-preserving by |Lachapelle et al.| (2024al,

Proposition 4) (closure under multiplication). Therefore C Py is Fa-preserving.

Since C P, is the dependency graph of ¢; o Py, we conclude that ¢; o Py is Fa-preserving.
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Step 4: Combine into a single decomposition. Set c¢i5 := ¢, 0 Py and P := P, Fp.

Then

Clgopl—g:(010P0)0<P1P0)T:(Clopo)O(POTPIT>2610P1T:U, (CG)

using PP = 1.

From Step 2, c¢y5 is Fi-preserving; from Step 3, it is Fo-preserving. Hence cqo is

(F1 U Fy)-preserving.

Graph alignments. The final step is to verify that the merged permutation P, = P F,
correctly aligns the graphs under the consistency condition, i.e., that for every G € FyUF;
of the appropriate type (action-type or latent-type), the pre-merge alignment condition

lifts.

For G* € F; UF,: suppose Ge = PTG for r € {1,2} (from the pre-merge consistency).
We need G = PLG* = (P,Py))"G* For r = 1: (P,P))"G* = P) P/ G* = P/G*. By
Step 2, P, is Fy-preserving, hence preserves the row structure of G Py G® = G°. Similar

argument for r = 2 using Step 3’s conclusion that P, P P, is Fy-preserving.

For G* € F, U F; (latent-type, two-sided alignment): suppose G* = P G*P,. We need
G* = PlTQGZPH. The argument is analogous, using the two-sided F,-preservation of F,
(which includes both G*-preservation and (G*) "-preservation, because F, includes both

when we track the temporal case properly).

This completes the proof of Lemma [6.6.3 m

C.0.3 Proof of Proposition [6.6.4

We prove the proposition by induction on n.

167



Base case: n = 1. Trivial: set ¢, := ¢; and P, := P;. The conclusion v = ¢, o P*T with

¢, being Fi-preserving holds by hypothesis.

Base case: n = 2. Lemma [6.6.3 applied directly to the two decompositions v =

c10 P =cy0P,). The merged (c,, P,) := (c1a, Pio) is (F; U JFy)-preserving.

Inductive step: n — 1 — n, for n > 3. Assume the proposition holds for n — 1. Given
n decompositions {v = ¢; o P/ }7_,, apply the inductive hypothesis to the first n — 1

decompositions to obtain a merged pair (cp,—1), P,—1]) with

VU = C[p—1) © P[IA]; Cln—1] 18 (UZ: Fi)-preserving. (C.7)

Now we have two decompositions of v:
U = Cp_1] O P[qu = c,o P, (C.8)

with ¢p,—1) being (., Fr)-preserving and c, being F,-preserving.

Apply Lemma [6.6.3| with
(F1, F3) = (Uisy Fir F) (C.9)

as the two families being merged. The lemma produces (¢4, P,) with v = ¢, o P*T and ¢,

being (Uz;i Fi U F,)-preserving. This equals (|J;_, F%)-preserving.

Induction closes.

Explicit form of the merged permutation. Tracing the construction: at each

inductive step, the merged permutation is Py = P[k_l]PO(k), where Po(k) is the bridge
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permutation introduced by Lemma [6.6.3| at step &£. Unrolling:
P, = Py = P -P®. PP P (C.10)

Each Po(k) is the permutation extracted from Cp,_q) via|Lachapelle et al.|(2024a, Lemma 2)
at inductive step k. Note that P, is not in general equal to any single P; it is a genuine

combination built up through the merging process.

The graph alignments propagate similarly: at each inductive step, the alignment
égo = P[Z} G, Py (or one-sided for action graphs) is preserved by the bridge construction,

as verified in the "Graph alignments" paragraph of Appendix [C.0.2]
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