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Abstract

We investigate why deep neural networks suffer
from loss of plasticity in continual learning, and
thus fail to learn new tasks without reinitializ-
ing parameters. We show that this failure is pre-
ceded by Hessian spectral collapse at new-task
initialization, where meaningful curvature direc-
tions vanish and gradient descent becomes inef-
fective. Analyzing a linearized ReLU network,
we derive explicit e-rank conditions for success-
ful training and prove that the loss-weighted
Gram matrix is spectrally equivalent to the Gener-
alized Gauss-Newton approximation, thereby re-
lating NTK dynamics to Hessian curvature. Tar-
geting spectral collapse directly, we then dis-
cuss the Kronecker factored approximation of the
Hessian, which motivates two regularization en-
hancements: maintaining high effective feature
rank and applying L2 penalties. Experiments on
continual supervised and reinforcement learning
tasks confirm that combining these two regulariz-
ers effectively preserves plasticity.

1. Introduction

Human intelligence is marked not by mastering a single
task, but by the ability to continually adapt to new chal-
lenges, through the accumulation and refinement of skills
and knowledge. Likewise, a central aspiration of artificial
intelligence is to create systems that can learn throughout
their lifetimes. Endowing artificial systems with this ability
would ensure that they remain useful, relevant, and robust
in an open world (Javed & Sutton, 2024).

Research on deep learning and deep reinforcement learn-
ing has demonstrated remarkable progress, reaching human
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and even superhuman performance in image recognition
(Siméoni et al., 2026), game playing (Silver et al., 2017),
and reasoning (Bakhtin et al., 2022). But these advances
have largely been realized under stationary data distribu-
tions. Continual learning concerns a system’s ability to per-
form well through a sequence of evolving tasks. Within this
framework, two complementary objectives are often distin-
guished: (i) maintaining plasticity, meaning the capacity
to acquire new knowledge (Dohare et al., 2024), and (ii)
preventing catastrophic forgetting, where the learner for-
gets how to solve tasks it previously mastered (Kirkpatrick
et al., 2017, Parisi et al., 2018; Baker et al., 2023).

Our work explores plasticity loss from an optimization per-
spective. Despite significant empirical progress in the area
(Lyle et al., 2023; 2024; Abbas et al., 2023), there remains
no unifying consensus on what drives loss of plasticity
(Klein et al., 2024). Several disparate explanations have
been investigated, including inactive neurons which out-
put constants regardless of the inputs (Bjorck et al., 2022;
Sokar et al., 2023), the reduction in feature expressiveness
associated with large parameter norms (Lyle et al., 2024),
and overfitting (Igl et al., 2021). Recent work has begun to
connect plasticity loss to second-order properties, such as
the stable rank of the Hessian or layer-wise spectral condi-
tioning (Lewandowski et al., 2024b;a). Building on these
insights, we argue that these seemingly disparate observa-
tions are in fact different facets of the same phenomenon,
which we call spectral collapse: a degeneration of the Hes-
sian eigenspectrum, indicating loss of curvature in most
directions. An example comparison of Hessian eigenspec-
trum with and without the spectral collapse is shown in Fig-
ure 1: in the BP run, the task-50 spectrum has a broad pos-
itive bulk, indicating many usable curvature directions; but
by task 300, most spectral mass has collapsed, leaving only
a few isolated non-zero eigenvalue directions. In contrast,
L2-ER preserves a broader spectral bulk across tasks.

Our main contributions can be summarized as follows:

1. We define Hessian spectral collapse, and identify it
as a central mechanism underlying plasticity loss. To
support this claim, we provide extensive empirical ev-
idence across diverse continual learning benchmarks,
demonstrating that existing plasticity-preserving inter-
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ventions designed to target seemingly different phe-
nomena all prevent spectral collapse.

2. We analyze a linearized ReLU network and derive ex-
plicit e-rank conditions for successful training. We
establish that the loss-weighted Gram matrix is spec-
trally equivalent to the Generalized Gauss-Newton
(GGN) matrix, thereby relating function-space analy-
sis to parameter-space curvature.

3. Leveraging this theory, we propose L2-ER regular-
ization, intended to target Hessian eigenspectrum col-
lapse directly, and show that it matches or exceeds ex-
isting methods on various continual supervised learn-
ing and reinforcement learning benchmarks.'
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Figure 1. The Hessian eigenspectrum on continual Imagenet at
task initialization. The top row shows the eigenspectrum on a
network using standard backpropagation (BP). The bottom row
shows the eigenspectrum using L2-ER regularization (ours).

2. Related Work

Causes of Plasticity Loss Several pathologies have been
proposed to explain loss of plasticity in continual learning,
both supervised and reinforcement (Lyle et al., 2023; Klein
et al., 2024). For example, dormant neurons, which output
a positive value on all inputs, reduce a network’s expressive
power, while dead neurons, which output zero on all inputs,
prevent gradient flow (Montufar et al., 2014; Sokar et al.,
2023). Reductions in effective feature rank, which mea-
sures the intrinsic dimensionality of feature representations
and directly relates to the persistence of dead neurons, has
also been linked to loss of plasticity (Roy & Vetterli, 2007;
Dohare et al., 2024), as has parameter norm growth, which
leads to ill-conditioned Hessians that cause numerical insta-
bility (Obando-Ceron et al., 2024; Lyle et al., 2024). Lyle
et al. (2024) propose a “swiss cheese" model that attempts

'Code is available at here.

to preserve plasticity by targeting all these pathologies si-
multaneously.

Mitigating Plasticity Loss Existing methods for mitigat-
ing loss of plasticity target one or more of the aforemen-
tioned pathologies (Klein et al., 2024). Broadly speak-
ing, these approaches fall into two categories: (i) contin-
uous interventions that apply at every optimization step,
and (ii) intermittent interventions that periodically reset
or perturb parameters (Juliani & Ash, 2024). For exam-
ple, Lyle et al. (2024) shows that combining L2 regular-
ization to control parameter norm growth with layer nor-
malization to stabilize pre-activation distributions is highly
effective. Other approaches regularize the singular values
of the layer-wise Jacobians (Lewandowski et al., 2024a)
to maintain parameter distributions close to a uniform ran-
dom initialization (He et al., 2015b; Hinton & Salakhutdi-
nov, 2006). Architectural changes such as PELU (Godfrey,
2019), CRELU (Shang et al., 2016; Abbas et al., 2023), and
adaptive rational activations (Delfosse et al., 2024) avoid
the saturation of neurons. In contrast, periodic interven-
tions, such as Shrink & Perturb (Ash & Adams, 2020),
continual backpropagation (CBP) (Dohare et al., 2024),
and ReDo (Sokar et al., 2023), selectively reset dormant
neurons. Empirically, hybrid strategies—typically involv-
ing L2 regularization combined with either architectural or
periodic interventions—exhibit the strongest performance
(Lyle et al., 2024; Juliani & Ash, 2024), implying that plas-
ticity loss can emerge from multiple mechanisms.

Approximate Second-Order Methods Our work con-
tributes to a recent line of inquiry that connects loss of
plasticity to second-order information. Prior work by
Lewandowski et al. (2024b) provides strong empirical ev-
idence that loss of plasticity correlates with a decline in the
stable rank of a partial Hessian, proposing a Wasserstein
penalty to maintain characteristics of the initial parameter
distribution. In a complementary approach, Lewandowski
et al. (2024a) focus on the spectral properties of the layer-
wise weight matrices, rather than the Hessian, using spec-
tral regularization to keep the largest singular value near
one, thereby maintaining favorable conditioning and gra-
dient diversity. Similarly, Parseval regularization (Chung
et al., 2024) improves weight-matrix conditioning by en-
forcing orthogonality in the weight matrices to preserve
gradient norms.

Neural Tangent Kernel in Continual Learning The
neural tangent kernel (NTK) (Jacot et al., 2018) provides a
tractable lens on continual learning by approximating train-
ing as kernel regression around initialization. Prior work
analyzes continual learning in the NTK regime through
transfer and forgetting (Doan et al., 2021) or uses empirical-
NTK degeneracies as a diagnostic (Lyle et al., 2024). Our
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analysis isolates a concrete failure mode: learnability is
controlled by how much of the task error residual lies in the
fast eigenspace, meaning the span of those Gram-matrix
eigenvectors whose eigenvalues are large enough to con-
tract substantially within the budgeted number of gradient
steps. For permuted MNIST, we prove the NTK is in-
variant to input permutations, which implies that plasticity
loss arises from progressive shrinkage of the fast subspace
rather than task-induced kernel drift. While Tang et al.
(2025) connect rank collapse to output variability, we show
that once the fast eigenspace collapses, learning fails even
with stable outputs—motivating L2-ER, which targets the
underlying geometry directly. Our work is also related to
Singular Learning Theory (SLT) (Watanabe, 2009), which
is concerned with understanding singularities in the Fisher
information matrix of neural networks. The empirical NTK
and Fisher information matrices are equivalent up to rever-
sal and scaling (Karakida et al., 2021) and share non-zero
eigenvalues. SLT explains why models move toward singu-
lar regions, while our work studies the continual-learning
consequence of this phenomenon.

3. Preliminaries

Notation We use 7 to index tasks, £ for optimization it-
erates, [ for layers, n and m for samples, o for output co-
ordinates, and ¢ for eigenvalues. A layer-specific matrix at
task 7 and iterate & is written M%) with its (a, b)-entry
written as [Mw’(k)]ab. We write z.,, and y, ,, for the nth
data sample in dataset X . We also write [a] to denote the

set of integers {1,. .., a}, for some a € Z.

Deep Neural Networks A multi-layered-perceptron
(MLP), also called a feedforward neural network, is con-
structed by composing L functions, i.e., FLo...oF1
one per layer. Given an input (resp. output) dimension of
M1 (resp. M'), the function at layer [, for I € [L], is a
map F! : RM'™" 5 RM' This function F' is the com-
position of an element-wise non-linear activation function
ol : R — R and a weight matrix Wl ¢ RM'xM' ™" g
that F* = o' o WU, Our activation function of choice
is ReLU , defined as max{0,2}. The dimension at layer
! indicates the number of neurons at that layer. The total
number of hidden neurons is M = ZZL:_ll M.

We collect all parameters into a single vector using the
vec operator, so that the MLP parameterization is repre-
sented by @ = vec (W, ... 'WIL) € RP, where P =
SO, M'M'=1is the total parameter count. Denoting the
input (resp. output) dimension of the MLP by I = M°
(resp. O = ML), the MLP map is F, : R — RO.

A task 7 is described by a loss function ¢, and a data distri-
bution d_. Given such a task 7, a learning algorithm seeks

parameter values that minimize the expected loss £,(0) =
Ea, [(+(z,,y,)] on the task, where z_ = I}, (x,).

The gradient of the network is the vector of first deriva-
tives of the loss function w.r.t. the network parameters,
ie., Vol, € RP, while the main object of our investiga-
tion, the Hessian, is the matrix of second derivatives, i.e.,
H = V2(, € RP*P Together, the Jacobian and the Hes-
sian capture up to second-order changes in the loss, i.e.,
when the parameters change by a vector 6 € R, the loss
can be approximated as £,(0 + §) ~ L.(0) + Vo L] 5 +
$6TVELS.

The Hessian The Hessian offers valuable insight into
the loss landscape of a neural network (Pouplin et al.,
2023). For example, one line of research is concerned with
large connected regions in weight space where the error re-
mains approximately constant (Hochreiter & Schmidhuber,
1997); such regions may be less prone to overfitting and re-
sult in smaller generalization gaps (Cha et al., 2021). Since
the Hessian H is symmetric, there exists an orthonormal ba-
sis of eigenvectors {v,} and real eigenvalues {\,} satisfy-
ing Hv, = A\, v , forall ¢ € {1,..., P}. Each eigenvalue
A, measures the second-order curvature of the loss in the
direction of eigenvector v,. A large eigenvalue indicates a
high local curvature in the loss landscape in the direction
of the corresponding eigenvector, while an eigenvalue near
zero indicates low local curvature in that direction. Given
the importance of the eigenvalues of the Hessian, the dis-
tribution of all eigenvalues, known as the eigenspectrum,
provides more information than any single scalar summary,
such as the largest eigenvalue or the trace. It is possible de-
compose the Hessian further using the chain rule, to obtain
the Gauss-Newton decomposition (Zhao et al., 2024):

N
sz =H= ]%] Z J’;Lr [Vzg(zn’yn)} Jn
n=1

HGGN

1 N O
52

n=1o0=1

(Val(z,,90)], Volzalo, (1)

R

where at the nth sample, J,, € R*" is the Jacobian of

the model w.r.t. its parameters (i.e., Vg Fy(x,)), V2{ €

RO*O is the Hessian of the loss w.r.t. the model outputs

(i.e., the pre-softmax logits in classification or the scalar
output in regression), [V.¢| € RO*! is the gradient in
the o-th output dimension of the loss w.r.t. to the model’s
output, and V3 [z,,], is the Hessian of the o-th output el-
ement w.r.t. the model parameters. Simply dropping the
residual term R, yields the Generalized Gauss-Newton
(GGN) matrix H oy, a faithful proxy for the Hessian
(Dangel et al., 2025).
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Neural Tangent Kernel (NTK) Given the the complex-
ity of deep neural networks with non-linearities, the neural
tangent kernel (NTK) has been proposed as an abstraction
to characterize the training dynamics of (stochastic) gra-
dient descent in the infinite-width limit (i.e., M — 00)
(Jacot et al., 2018). The main principle behind NTK the-
ory is to approximate a function by linearizing a neural
network around its initialization. The seminal work by
Jacot et al. shows that if F' is an appropriately scaled
neural network, with @ initialized i.i.d. from standard (or
isotropic) Gaussian’s (i.e. 8 ~ N(0,1)), then Fy(X) =~
Fyo)(X) +3(0 — 00).
be interpreted as a kernel method, where the Jacobian is
the feature map. The kernel induced by the feature map is
the NTK and is dependent on the random initialization 6(%),
The neural tangentkernel kg : X XX — ROXO is given by
Kg(@, ') = Eo~n(0,1) KaFaeg(Z)a BFG( o)) g—pw]. Eval-
vating this kernel function on a ﬁmte dataset of since N
(i.e., forall x,,x,, € X) gives the empirical NTK matrix
kg (2, ,x,,) = JIT. This matrix, which captures all pair-
wise inner products among vectors in the set X, is called
the Gram matrix and is denoted by G € RNOXNO  The
celebrated result from NTK analysis is that as M — oo, the
NTK k4 converges in probability to an explicit determinis-
tic limit kg° = Eg~(0,1)[G] (Jacot et al., 2018, Theorem
1). This deterministic limit only depends on the variance
parameter of the Gaussian initialization and the choice of
non-linearity. The NTK limit holds for ReLU activations
(Arora et al., 2019) and LeCun initialization (Jacot et al.,
2018).

The linearized model Iy can

4. Continual Learning and Plasticity Loss

Assume an agent facing a sequence of 7' tasks whose
decision-making capabilities are dictated by a neural net-
work with parameters @ € R”. Each task 7 is characterized
by an evaluation metric f, : RF — R, such as accuracy for
supervised learning or expected return for reinforcement
learning. In continual learning, we seek a sequence of pa-
rameters {07}, s.t. 07 € argmaxg_f,(0,), forall 7 € [T].

Since evaluation metrics may be non-differentiable, we fur-
ther assume a (possibly regularized) surrogate expected
loss function £, : RY — R, for each task 7, which is
intended to maximize the evaluation metric, but is gener-
ally better behaved. Additionally, we assume the learner
has a budget of K learning steps per task. A solution to the
continual learning problem is generated by an algorithm
A : RP — RP, which outputs parameters for the current
task 7 that optimize 7’s surrogate loss function £, given
the parameters learned during the previous task, i.e., the
parameters for task 7 4 1 are initialized as the learned pa-

rameters of task 7: i.e., 05?21 = o9,

Definition 4.1 (Successful Training). In a continual learn-
ing problem, given finite update budget K and a small error
tolerance v, we write ]I(ET(GgK)) < v) to indicate success-
ful training on task 7. We say a neural network is plastic if
it successfully trains on all tasks 7 € [T].

In the remainder of this section, we analyze how spectral
information of the NTK Gram matrix governs successful
training. This analysis motivates the design of our regular-
izer, which preserves neural network plasticity by control-
ling the eigenspectrum of the Hessian.

4.1. Linearized ReLU networks

We now instantiate the NTK framework for a linearized
ReLU network. Assume input dimension I, width M,
and output dimension O. Denote the first-layer weights
by Wil wil, o wlll] e RDM where will =
[Wg]];’h € R’ is the input weight vector of hidden unit
h. We fix the output weights and the ReLU gates, so the
only trainable parameters in this linearized model are the
first-layer weights. Define the fixed output-layer weights
by Wi = [w[12] [2]] € RMXO (e, wl[f] =
(W e RO) Then with o(z) = max{0, x}, the output
ofa hnearlzed ReLU network on input z € R is given by:

x) € RO,

rzwh W )

We fix WO to be a frozen reference copy of the ini-
tialized first-layer matrix W, With this fixed initializa-
tion, we define the fixed ReLU gate function gp(x) =

1{(w,, () YTz > 0},h € 1,..M, and gate matrix:
D,(z ) diag(g(x)) € RM*M By construction, the
only trainable parameters are W', initialized at W =
W) and the model prediction is :

Fy(m) = \/i o (@) "W @)
_ 1 [2I\T [1] T.’L’ O
\/M(W ) Dy(z)(WH) 'z e R¥. (3)

Continual Leaning with NTKs Given task 7 with
dataset (X,,Y,) = {:cm,ym}ﬁf;o, the model predic-
tion is Fj(X,) € RN~*O. We define the squared-error

loss as £,(0) = . We define the resid-

e
ual on task T at iterate k as r") = Fe““) (X,)-Y_ eR".
In continual learning, where each taskTis trained for a finite
number of steps K, Hﬁ)l = GLK). Because the ReLU gates

are frozen, thAe model is linear in W, Thus the linearized
expression, I, = F, is exact for all W',
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Next, we present two lemmas that enable us to define suc-
cessful training based on e-rank. The proofs and extended
explanations are deferred to Section B.

Lemma 4.2 shows that, under NTK dynamics with squared
error loss and learning rate 7, gradient descent acts directly
on the residual by repeatedly multiplying the residual by
(I —nG,). Lemma 4.3 reveals that by diagonalizing G,
each residual component contracts independently at a rate
associated with the magnitude of eigenvalue.

Lemma 4.2 (Residual dynamics in the linearized regime).
IfFy(X,) ~ F o (X,)+J.(0 — 050)), then gradient
descent on {-(0) with learning rate 1 yields as the k + 1th
iterate ") = (I —nG., )rT ") Where G, =JJ €
RNOXNO. Hence, the final value of the reszdualfor task T

= (I -nG,)krO.

Lemma 4.3 (Eigenvalue Decomposition). Assume G _ has

is TT

eigenpairs {\, Tq} —, with orthonormal {v_ ,} and
)\T,q > 0. Expand the initial residual:

Z Ar gV ,q Y T,q° T,q = (VT,q)TT'(rO)' (4)

Then, for all iterates k, rif) — S (1 - n)\T,q)kaT v

q=1 14V Tq

4.2. Eigenvalue contraction

‘We can now formalize a notion of fast and slow eigenspaces
based on an explicit threshold derived from the number of
per-task iterates K and the learning rate 7).

Definition 4.4. A fast eigenvalue must shrink by at least a
factor of v € (0,1) after K steps: i.e., (1 —nA)K < ~.In
UK

. .o 1=
particular, A > ex , where ex , = ;’7 ~ —logv/nk.

Given eigenvalues A, , define the fast set 7, = {q :
Arg > €x ) and slow set S; = {q: A\, , < €x 4} The
e-rank can now be defined as | F,|.2

Definition 4.5 (Projectors). Given eigenvectors v of G_,
we define the fast (resp. slow) projection matrix P =

qu]-} mqV 7— ,q (resp PS I- Pf)
Lemma 4.6. For any task T,
[ B el Nl L O

The consequence of Lemma 4.6 is that slow eigenvalues are
sticky: If a component of the initial residual lies in the slow
eigenspace, then after K gradient steps at least a ~ frac-
tion of that component remains in that slow subspace. By
Definition 4.1, successful training on task 7 + 1 requires

{4-(0 T+1) < v}, which, by Lemma 4.6, can be equiva-
lently stated as {||rTJrl I< v2v}.

*In our notation, we omit dependence of F, S, on K, .

Lemma 4.7 (Necessary fast-projection condition). Using

the fast and slow projections, €k ~, and the initial loss

. 0 .. .
residual 7“5 ), a necessary condition to achieve successful

training on task T is vy HPfT.(rO) H < V2v. Equivalently,

H NONIE
]-‘ 'r

(0) I

v/ 2V
<0)H

(6)

||7" H’yr

To succeed on a new task, the eigenvalues of the initial
Gram matrix must lie overwhelmingly in the fast subspace,

2
unless the initial residual magnitude HTSO) H

is already tiny.
When too many eigenvalues fall below the threshold ex -,
the fast subspace shrinks and the necessary condition in
Lemma 4.7 becomes impossible to satisfy. We refer to this
phenomenon as spectral collapse. Next, we demonstrate
how spectral collapse governs successful training in a lin-

earized ReLU network.

5. Permuted MNIST

We now analyze Permuted MNIST to show that, under the
frozen-gate NTK model, fresh pixel permutations do not
change the infinite-width kernel geometry. Thus, when
spectral collapse is observed in finite-width continual train-
ing, it is attributable to the curvature of the learned repre-
sentation having degenerated across previous tasks, rather
than to the permutations themselves.

The MNIST dataset (LeCun, 1998) is a collection of N
handwritten digits with input dimension / = 28 x 28 =
784 and labels y € {0,...,9}. Let II € R™*! be a
permutation matrix with a single 1 in each row and and
a of 1 in each column, but not diagonal. A permuted
MNIST task is obtained by sampling a fresh permutation
II_ and transforming every input by x — IL_x, leaving
labels unchanged. Concretely, from an underlying base
dataset {(&,,,9,)}_ ! we define the task-7 dataset X

{1, 2, })_, and Y, = {g, })_,. Informally, Lemma C.6
states that [£™], , (Hmn,l'[:c ) = [k™]o,0' (@), , x,,) for
m,n € [N] . This implies the expected MSE loss

and frozen-gates Gram matrix is task-invariant under fresh
pixel permutations, up to finite-width fluctuations, which
means that loss of plasticity is not caused by permutations.
Instead, spectral collapse is caused by the accumulation of
low-rank features and the shrinking of the fast eigenspace
during training of prior tasks, which leaves the network ill-
conditioned for subsequent permutations.

Softmax Cross-Entropy Loss For multi-class cross-
entropy with logits z = (2;,...,zy) € RY? and block-
wise softmax softmax(z), the empirical risk ¢(z) =
SN U(z,,y,) satisfies V. £(z) = softmax(z) — Y. In
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the NTK regime, with the Jacobian frozen at initialization,
gradient descent induces a closed-form update on logits of
the form:

z(k+1) _ z(k) - nG(O)VzE(Z(k))a @)
GO = JO(FONT, ®)

where J(©) is the initial feature map induced by the in-
puts and G(©) € RINO)*(NO) g the corresponding multi-
output Gram matrix with blocks

(GOm0, (mor) = (Vo Fp ()]0, Vo [Fo(2,,)]o)-

This is exactly the discrete-time counterpart of the standard
NTK function-space dynamics for general losses (Lee et al.,
2019) (i.e., [kg (x,,, X, )]0,0’)- We show in Section C.3 that

the linearized weighted error e(*) evolves according to
e(k—‘rl) ~ (I—T]Cl/QG(O)Cl/Q)e(k), (9)

where C = V2/(z). Consequently, for cross-entropy loss,
the eigenvalues that determine collapse are those of the
weighted Gram matrix, G = C'2GO /2, Since by
Lemma C.6, the infinite-width limit of G(®) remains task-
invariant, the geometry of the optimization landscape is not
inherently altered by the permutations themselves. The fast
set is therefore defined as F = {q : A\, (Gpy) > €x 4}
Lemma 4.7 now implies a necessary condition for success
on a new task: the initial residual must project negligibly
onto the slow subspace. However, as the size of the fast
set (|F]) shrinks due to spectral collapse, this condition
becomes statistically impossible to satisfy. This yields a
direct mechanistic interpretation of Figure 2: across tasks,
training accuracy is positively correlated with the e-rank
({g : A\(Gprw) > €ex}). L2 regularization acts as a
counter-force by shifting A, (Gy) by a positive constant,
ensuring more eigenvalues remain in /. Conversely, low-
rank feature initialization exacerbates the loss of plasticity
by starting with fewer effective directions, thereby acceler-
ating the reduction of | F].

6. Mitigating Spectral Collapse

Our NTK-inspired experiment suggests a practical alter-
native to directly analyzing the complicated Hessian of a
nonlinear neural network. Rather than working with the
full Hessian, we analyze training in the linearized regime
through the Jacobian of model outputs and a function-space
Gram operator. For general losses, the relevant function-
space operator is the loss-weighted Gram

Gy = CY?G%Cc'?, Gg'=J3J". (10)
This operator has two crucial properties for our purposes: It
is positive semidefinite for standard convex-in-logits losses,
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Figure 2. The left plot shows the training accuracy of the width
1000 linearized ReLU network. The right plot shows the €x -
rank of Gy with K = |train set| and v = le™®. Accuracy and
€K ,y-rank are correlated.

and it is spectrally equivalent to the generalized Gauss New-
ton matrix Hgyoy = JT CJ. Indeed, letting A = C'/2J
yields Gy = AAT, while Hy oy = AT A, so they share
the same nonzero eigenvalues. As a result, the e-rank of
Gw equals that of Hy, but now expressed in a param-
eter space where it connects directly to curvature, optimiza-
tion stability, and regularization. In Figure 3, we demon-
strate the correspondence between successful training and
the e-rank of the Hessian matrix in Continual ImageNet.
Additional empirical findings appear in Sections H to J.

We therefore treat the H o as the go-between linking the
NTK function-space analysis to a parameter-space curva-
ture target. This choice is also computationally motivated:
unlike the true Hessian, H 4y can be approximated ef-
ficiently using structured second-order methods (e.g., lay-
erwise block and Kronecker-factor approximations), en-
abling us to define an explicit regularizer that increases the
effective rank of the approximate curvature without ever
materializing a the full Hessian, a P X P matrix.

In this section, we operationalize this idea: we build a scal-
able approximation of H, ., identify which factors con-
trol its rank in MLPs, and introduce L2-ER as a simple
objective that prevents curvature collapse. To do so, we
first obtain the Gauss-Newton decomposition of the Hes-
sian from Equation (1).

A neural network has parameters corresponding to each
layer. Given a specific parameter, [W]; ; in layer [
and another parameter, [W[l/]}i/,j/, in !’ # 1), in practice
0*L/orwll), ;o/w 1], ., is approximately O (Becker et al.,
1988), where L is the loss. Therefore, Hessian admits a
natural “layer-wise block” structure.

Kronecker-factored approximate curvature (KFAC) is a
method to approximate a matrix using only block-diagonal
{M"},c1, elements. In particular, KFAC is frequently used

3The z-axis is normalized e-rank(H ), meaning e-rank(H) di-
vided by P, for e = 0.03.
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Figure 3. (Top) Final test accuracy vs. Curvature (i.e., normal-
ized e-rank(H) at task initialization)* on Continual ImageNet. A
linear fit (dotted line) highlights the positive association between
curvature and accuracy. (Bottom Left) l: BP Hessian eigenspec-
trum before spectral collapse at task 100. (Bottom Right) A: BP
Hessian eigenspectrum after spectral collapse at task 1400.

for approximating the numerical quantities related to the
Hessian like H, . or Fisher Information matrices (Dan-
gel et al., 2025; Martens, 2016). We therefore justify our
effective-rank-based regularizer using a KFAC approxima-
tion of the Hessian. We then argue that increasing the rank
of the KFAC-approximate H,y implies increasing the
rank of the true Hessian for mean-square-error (MSE) and
softmax-cross-entropy losses (SCE).

As an analogue of a multi-layer MLP, we use a multi-layer
linear neural network without bias to justify our regular-
izer. The layer ! in a neural network has an associated
weight matrix WL, For a dataset of size N, let agfl]
be the input activations to the layer [ for the nth datum,
producing pre-activation feature h%] = W[”agfu. Let
5%]0 =V, u [¢(2,,,Y,)]o be the gradient of the loss with
respect to the layer’s output 0. We can now define Hq oy
as a sum of Kroneker products :

N O
Hoen=A4) Y (i al=1T) o (81,610),
n=1o=1

where A is an accumulation factor* and & denotes the Kro-

“Typical choices are 1/n, 1, etc. (Dangel et al., 2025).

(Y

necker product operator. The term ay, T

-1

an captures
. . . 0 <07

the input feature statistics, while 65,005, captures the

backpropogated output gradient statistics. We can now ap-

ply the computationally tractable KFAC approximation by

decoupling the summations over the inputs and gradients

(Dangel et al., 2025): H oy = Hggn, Where H o is

N L No
[I=1]4[1-1]T - ST
(AZan all ) ® (NZZJMJH,O).
n=1 n=1o0=1

In our sample-based setting, the approximation error can
be expressed as the difference between the average values
of the Kronecker products and the Kronecker product of
average values (see Section D):

The approximation error is small when the joint distri-
bution over alll, alllT, 6l and 807 is a multivariate
Gaussian, which appears to hold in practice (Martens &
Grosse, 2015). Alternatively, the approximation can be
viewed as an assumption of statistical independence be-
-1 _[(-1T < .

tween aj, aj and &y'dr,° , which holds for deep
linear networks with squared-error loss (Bernacchia et al.,
2018). Nonetheless, KFAC has been found to capture
useful curvature information for convolutional neural net-
works (Grosse & Martens, 2016), recurrent neural net-
works (Martens et al., 2018) and vision-transformers (Es-
chenhagen et al., 2023).

Maximizing the Rank of the Input Covariance Matrix
For each layer [, the KFAC approximation H,y has
the block form E,, [a%_l]a%_l]—r] ®E, [5%]57[5]1-].
rank(A ® B) = rankA - rankB, the rank of ﬁGGN is
monotone in the rank of both the input covariance ma-

trix E,, [ag_”a%_lﬁ] and the gradient covariance matrix

E, [6,[f]6£f ]T] The rank of E,, [a%fl]agflﬁ] coincides with
rank of the input representation of layer [ itself. This latter
quantity, known as the effective feature rank (ER), has been
shown to be a useful indicator of plasticity (Dohare et al.,
2024; Lyle et al., 2023), and standard (i.e., single-task) RL
(Kumar et al., 2021).

Since

Maximizing the Rank of the Hessian Adding L2 regu-
larization is required to ensure the rank of the Hessian
is sufficiently high, since H 5y does not take into ac-
count the contribution of the residual matrix R. Thus,
preserving high (effective) rank of the activation covari-
ances (and avoiding degenerate gradient covariances) di-
rectly preserves the dimensionality of the non-collapsed
curvature subspace captured by H,y, motivating an ex-

plicit effective-rank penalty on E,, [a% -1 a% -1 T] .

L2-ER Regularization Given task 7, with data distribution

d. and loss function ¢, standard gradient descent mini-
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mizes Eq_[(;(Fy(x),y)]. We propose the L2-ER regular-
izer, which combines effective rank and L2 penalties, lead-
ing to a theoretically grounded and practical objective:

min £,(0) = min E |6(Fy(x),9)| +  Al6]3
o 6 d_ ——
L2 regularization

Loss

— [Berank (Z E, [a%*ﬂ a%l]T})

leL

Effective rank penalty

In summary, we add an empirically computable effective
rank penalty to the objective that increases the e-rank of the
approximate GGN Hessian, Hy, which in turn affects
the bulk of the eigenspectrum of the true Hessian.

7. Experiments

We conduct experiments across a range of network architec-
tures and continual learning tasks adapted from supervised
and reinforcement learning environments.

1. Permuted MNIST (Goodfellow et al., 2013): a variant
of the MNIST dataset (LeCun, 1998) where new tasks
are created by permuting the pixels in all images in the
same way. Each permutation represents a new task. We
model the classifier with a ReLU MLP.

2. Continual Imagenet (Dohare et al., 2024): an adapta-
tion of Imagenet (Krizhevsky et al., 2012) where pairs
of classes are randomly sampled for binary classification.
Distinguishing the two classes in each new class pair is
a new task. We use a convolutional neural network.

3. Incremental CIFAR (Dohare et al., 2024): an adapta-
tion of the CIFAR-100 dataset (Krizhevsky et al., 2009)
where classes are added incrementally. Starting with 5
classes, each task adds 5 new classes until all 100 classes
are included. We use a ResNet architecture (He et al.,
2015a).

4. Slippery Ant (Dohare et al., 2024): a continual rein-
forcement learning environment where the friction be-
tween the ant and the ground changes every T timesteps,
forcing the agent to continually adapt its policy.

We compare L2-ER against six baselines: vanilla back-
propagation (BP), L2 regularization (L2), effective rank
regularization (ER), continual backpropagation (Dohare
et al.,, 2024) (CBP), layer-normalization with L2 (Lyle
et al., 2024) (LayerNorm-L2), and spectral regularization
(Lewandowski et al., 2024a) (Spectral). For Incremental
CIFAR, where task difficulty increases with the number

of classes, we include a RESET baseline that reinitializes
parameters at each task change; algorithms outperforming
RESET are considered to maintain plasticity. We perform
extensive hyperparameter sweeps and report accuracy for
supervised learning and online returns for RL. Implementa-
tion details appear in Sections H to K.

Performance Figure 4 depicts results across all four en-
vironments. L.2-ER maintains plasticity in all, and provides
an early performance boost on Permuted MNIST before
plasticity loss would typically occur. L2 preserves plastic-
ity in most cases but fails on Continual ImageNet; CBP suc-
ceeds except on Incremental CIFAR. LayerNorm-L2 per-
forms well except on Permuted MNIST. Spectral Regular-
ization succeeds except on Incremental CIFAR but requires
roughly twice the training time (Figure 15). ER and BP ex-
hibit plasticity loss across all environments.

8. Discussion

Our goal in this work is to analyze continual learning with a
simplified model of a neural network, to find and isolate the
mechanisms that contribute to loss of plasticity. Our model
of choice is the NTK, which approximates neural network
functions by linearizing around initialization. We show that
gradient descent applied to the linearized model under the
squared error loss progressively reduces the components
of the error residual along directions associated with large
eigenvalues of the Gram matrix G = JJ'. As a result,
components aligned with small eigenvalue directions de-
cay slowly over a finite training horizon. This leads to a
simple constraint on learnability: if the new-task residual
has substantial mass in these slow directions, then it cannot
be reduced sufficiently within the allotted K gradient steps,
unless it is already small or happens to align with the fast
directions. In this sense, successful learning requires that
most of the residuals lie in directions where the model can
make rapid progress.

However, in the NTK regime under squared loss, the ker-
nel matrix, G = JJ T remains invariant over training. As
a result, we shift our attention to classification, where the
weighted Gram matrix G, = CY2G(C'/2 governs
training dynamics. This distinction is crucial on Permuted
MNIST. We prove that, in the infinite-width frozen-gate
model, the raw kernel G() remains invariant to pixel per-
mutations. Thus, the permutations themselves alone are not
enough to explain spectral collapse. Empirically, however,
the loss-weighted Gram matrix, Gy does undergo spec-
tral collapse, and its e-rank tracks the loss of plasticity due
to the loss-weighted geometry that governs classification
dynamics.

Having built an understanding of the mechanisms behind
plasticity loss using the NTK, we apply our findings to
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Figure 4. Performance across all four environments. Classification accuracy is reported for Permuted MNIST, Continual ImageNet, and
Incremental CIFAR, while online returns are reported for Slippery Ant. Results are averaged across 5 seeds for all environments, except
Continual ImageNet, where we used 10 seeds due to higher variance. Shaded regions denote a 95% confidence interval.

conventional deep non-linear networks. In particular, we
show that the loss-weighted Gram matrix Gyyy, is spec-
trally equivalent to the generalized Gauss Newton matrix,
H,n. Consequently, we propose the L2-ER regularizer,
which aims to force a wide-bulk to the Hessian eigenspec-
trum to maintain plasticity. We measure the Hessian spec-
trum at new-task initialization and observe that eigenspec-
trum collapse precedes failures to learn. When we apply
our intervention, the spectrum of the Hessian retains a wide
bulk and maintains plasticity. When we remove the inter-
vention, the bulk collapses and so does plasticity. More-
over, we find that other plasticity preserving methods, like
CBP also maintain a wide bulk.

L2-ER is much cheaper than explicitly estimating the full
Hessian spectrum, and the eigenspectrum diagnostics are
not used inside the regularizer. However, the effective-rank
penalty does introduce a nontrivial SVD cost, which we
amortize over U steps. For each layer [ € Lgpg in the
network to be regularized, we collect the activations al!! e

Rdl, and stack them row-wise over a batch of data B as
T
A%]R = [a[l” ...73%1} € RB*4" The amortized SVD

cost of AE]R 18 D crin O(¢ min{B(d")?, Bd'}) with
memory O(Bd').

In our experiments, small feature buffers were sufficient,
and the ER learning rate was the most sensitive ER hy-
perparameter; the ER batch/window mainly stabilized the
singular-value estimate. We recommend tuning the task op-
timizer first, then the L2 coefficient, and finally the ER
learning rate, typically below the task learning rate. The
ER buffer should be the smallest one that gives a stable
singular-value estimate, and ER updates should be applied
as infrequently as possible while retaining their benefit.
For larger models, selected-layer regularization, bottleneck-
layer regularization, randomized or truncated SVD, and
sketching methods may be needed. We do not yet have
language-model results; extending L2-ER to such models
will likely require applying the penalty only to selected rep-

resentations, adapters, or other low-dimensional modules,
and attention layers may require a more specialized curva-
ture approximation.

We believe our work opens several directions for future
work. Having identified when a new task becomes unlearn-
able, our causal claim that spectral collapse drives loss of
plasticity is empirical. Future work could use tools from
singular learning theory (Watanabe, 2009) or stochastic gra-
dient dynamics (Wu et al., 2018; Wu & Su, 2023; Xu et al.,
2026) to understand the evolution of the Hessian eigenspec-
trum in continual learning.

9. Conclusion

We identify Hessian spectral collapse as the central mech-
anism for plasticity loss in continual learning. Analyzing
a linearized ReLLU network, we derive explicit e-rank con-
ditions for successful training and establish that the loss-
weighted Gram matrix is spectrally equivalent to the Gen-
eralized Gauss-Newton approximation, bridging NTK dy-
namics to parameter-space curvature. Using the KFAC ap-
proximation of the Hessian, we propose L2-ER, a simple
regularizer that empirically prevents spectral collapse and
preserves plasticity across diverse benchmarks. These re-
sults position spectral collapse as both a unifying explana-
tion and a practical diagnostic for plasticity loss. We leave
adapting our theoretical framework to the unique dynamics
of RL, where the Hessian is influenced by non-stationary
policy and value functions, for future work. The implica-
tions of this work extend to Silver & Sutton’s (2025) long-
term vision for adaptive Al systems. Consider a large lan-
guage model or robot acting as an assistant on a multi-year
long project. By providing a stable foundation for contin-
ual learning, our findings represent a crucial step towards
building more capable and continuously adapting Al sys-
tems of the future.
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A. Summary of Contributions

We describe the contributions of each author following the CRediT Taxonomy (Hosseini et al., 2026).

Arjun contributed to the conceptualization and the investigation of the Hessian. He was the primary contributor to the
NTK analysis and the KFAC interpretation of the the L2-ER regularizer. He contributed to the original draft, and the final
revision by adapting the NTK analysis and responding to reviewers. He also led the general project administration.

Naicheng was the primary contributor to the investigation and conceptualization of spectral collapse. He was the primary
contributor to the L2-ER regularizer and confirmed its practicality together with Kaicheng. He led the project administra-
tion for the NeurIPS ARLET workshop submission and contributed to the original draft.

Kaicheng was a contributor to the L2-ER regularizer and to confirming its practical effectiveness across continual learn-
ing settings. He led the development of the entire codebase and was responsible for the main experimental pipeline. He
led the empirical evaluation of the paper, including the performance experiments across all benchmarks and the Hessian
spectrum analyses used to diagnose spectral collapse. His works provide the main experimental evidence supporting the
paper’s claims.

B. Neural Tangent Kernel Analysis
B.1. Introduction on NTKs

For completeness we provide a short introduction to NTKs. The neural tangent kernel (NTK) has been a popular method
to characterize the training dynamics of (stochastic) gradient descent with a infinitesimally small learning rates and the
infinite-width limit (i.e., M — o0). The main principle behind NTK theory is to approximate the neural network function
by linearizing it around it’s parameters around the initialization. The seminal work (Jacot et al., 2018) show that if F' is
an appropriately scaled neural network, with 0 initialized i.i.d. from standard (or isotropic) Gaussian’s (i.e. 8 ~ N (0, I))
then:

Fy(X,)~ F

o (X7) +J.(0 — 6{)).

The linearized model Fe can be interpreted as a kernel method where the Jacobian is the feature map:

. OFy(X)

Do) (X) = —0 = RNOXP, (11)

0=0(0)

The kernel induced by the feature map is the NTK and is dependent on the random initialization 8(°), The neural tangent
kernel £ : X x X — RO*CO s :

OF,(xz) OF,(x’'
wo(@,a) = 9~/\I}E(07I) [< 50( )7 gé )> 0—9(0)} (12
= 0<0>~Hj€/(0,1) (Ve Fo) (%), Vo Fyuoy ()] (13)
The evaluating the kernel on a finite dataset (i.e. for all pairs (x, ') € X) gives the empirical NTK matrix:
rg(x,2') =JIT = G € RNOXNO, (14)

The celebrated result from NTK analysis is that as M — oo, the NTK, x, converges in probability to an explicit determin-
istic limit xg° (Jacot et al., 2018, Theorem 1) where:

Ky = E G|. 15
0 0~N(0,I)[ ] (15)

This deterministic limit only depends on the variance parameter of the Gaussian initialization distribution and the choice of
non-linearity. The NTK limit holds for ReL.U activations (Arora et al., 2019) and LeCun initialization (Jacot et al., 2018).
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B.2. Linearized ReLU networks

We now instantiate the NTK framework for the exact experimental model used in our continual learning experiments: a
linearized ReLU network (Dwaraknath et al., 2023). Let the input dimension be I, width be M, and output dimension

be O. Denote the first-layer weights with Wl = [wy [1] .. 7Wm] RI*M and the fixed output-layer weights with
wil = [w[lz], . ,w%}] € RM*O (50 each hidden unit h has output row (W£ ]) € R9). A standard linearized ReLU
network is:
O (z) = —— iwm (W) T2),  o(z) = max{0,} (16)
\/M —~ h h

Linearized ReLU Network Let W(0) € R/*M pe g frozen reference copy of the initialized first-layer matrix W,
With this fixed initialization, we define the fixed ReLU gate function and gate matrix respectively:

g(@) = 1{(w' Tz >0l forhel,.,M  Dy(x)= diag(g()). (17)

Note that the gates g() (equivalently, D, (x)) and the output matrix W] remain frozen throughout training. The only
trainable parameters are W € R4*M initialized at W] = W) Thus, the linearized activations are:

Py () = o((WHO)YTz) + g(z) o (W) Tz — (WHO)Tg) (18)
=g(z) ® (W) Tx) (19)
=Dy(z) (W) T, (20)

where we used o(WHO) T) = g(2) © (W) T, The full linearized network the model prediction is
Fy(z) = Py (z) TWE = WEID (2) (W) T2 € RO. 1)

We denote this specific instantiation of the gated-linear tangent kernel (GLTK) with x :  x & — R?*©_ Specifically, for
output coordinates o, 0’ € [O]:

OF, OF ,(x'
X2 = (Ze®) Pul@)y 22)

owll” owll]

Given the dataset {x!, .., "}, using 8F0(x)/8w£11} = [wf]}o gn(x) x, yields the Gram matrix:

M

n m - . n m 1 2 n m
(@ "o = [Gliny = = (@7 3 (WL g™ ). @
h=1
Furthermore, the taking M — oo, the infinite width limit is:
M
Xoolo,or (@, ) = Ewiio) wel [G] = Ewno vvm{ 2™ S Wil lo[wi o gn (@ )gh(mm)]- (24)

h=1

Relation to NTK linearization. Consider the full two-layer network in Equation (16) with frozen V' and linearize in W
around W (%)

FO (XT) ~ Fg(o) (XT) + JT(0 - 05'0))

In particular, for output coordinate o € [O].

0F, () 1
avgv([l] = Ww(g ®© [W[z]]:,o)—r~ (25)

In our construction Equation (20)-Equation (21), this linearization is exact globally: once gates are frozen, F () is linear

in WU for all WU, not just locally around W(%) | Therefore, Assumption C.1 holds with equality for this experimental
model.
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C. NTK Mathematical Results

Our detailed mathmatical results rely on the following assumptions:

Assumption C.1 (Local Linearization). For task 7, during the next K gradient descent steps starting at 0;0), we approxi-
mate:

Fo(X,) ~ Foo (X)) +J.(6 - 6\")), (26)
where the Jacobian evaluated on the dataset/batch is:
0F, (X,
J= OFy(X,) € RV*FP (27)
00 |g_p®

is treated as constant over the window.

For the continual NTK, G = JJT € RV*¥ we will linearize around 6, = 05921.
Assumption C.2 (Step size stability). The learning rate 7 is small enough such that I — nG_ is non-expansive (i.e.,
NAmax(G7) < 1.

max

In addition, we also assume that our model linear model is initialized from i.i.d. standard Gaussian distributions as an
NTK.

Lemma 4.2 (Residual dynamics in the linearized regime). If Fjy(X,) ~ F. o, (X,)+J.(0 — 6" ), then gradient descent

0L
on £(8) with learning rate 1) yields as the k + 1th iterate ri* V) = (I — 9nG)rt"), where G, = J,3] € RNOXNO,
Hence, the final value of the residual for task T is rgK) =(I - nGT)KTSO).

Proof. Using Assumption C.1, Fy(X,) ~ Flo (X,)+J.(6 — 9&0)), so we can approximate the residual with the

following:
7”7_(0) = FB (XT) - }/’r (28)
~ Foo0(X,) - Y, +3(0-06) (29)
=r® 4+ 30 —06W). (30)
For the squared error loss ¢ = %7 ()%, with linear model r(0) = S J(6 - 0@) the gradient is:
Volr(0) =J.7(8), (31)
which means the gradient descent update is:
o+t — gk) _ g Tp(k), (32)
Now using the fact that 7’5’“‘1) ~ rgk) + JT(O(’““) — O(k)), we obtain :
P (B L 3 (gk+D) — g(k)y (33)
=" 4 J (—pITrk) (34)
= (I -3 I ) (35)
= (I —nG,)r (36)
Which we can repeatedly apply using assumption C.1 to obtain the final result. O
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Lemma 4.3 (Eigenvalue Decomposition). Assume G has eigenpairs {\
0. Expand the initial residual:

g Ve q} _, with orthonormal {v , ,} and \ , >

Z Ar gV ,q Y T,q° T,q = (VT,q)TT'(rO)' (4)

Then, for all iterates k,r\") = 22:1(1 — X\ ), v,

Proof. First, we expand rg)) in its eigenbasis:

rO =30, vog o, = (v, ), (37)
i=1
and
rf) = (I -nG,) (Zaw Tq) (38)
Using the identity of eigenpairs: G, v, , = A_ v, which implies that:
(I - UGT)VT,(] = IVT (GTVT q) (39)
=1-v,, =1\ gVry) (40)
= (1 - nAT,q) T,q° (41)
For any power k
(I—nG)fv, =1 =\ )V, (42)

since A, , is an eigenvector of G, it is also an eigenvalue of the polynomial (I —7nG.), and by induction of (I — nG,)k
with eigenvalue (I —nX, )"

We can now plugging this back into eq. (38):
rF =31 A, ), v, (43)

and squaring yields the desired result. O

C.1. Fast and slow modes

We can now formalize fast and slow with an explicit threshold derived from K and 7. Pick v € (0,1) .
Definition C.3. A fast mode should shrink by at least a factor of -y after K steps. That is: if a mode is fast (1 — n\) K < +.

Solve for \:
(l—n/\)K§7<:>1—7])\§71/K<:>/\26Km (44)
where
L 1AM —logy
€Ky = = . 45)
! 7 nk
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Given eigenvalues )\i, define the fast set:
Fr={q: Mg > exn)s (46)
and slow set:

ST = {q : /\T,q < €K7’Y}' (47)

The e-rank can now be defined as |F]|.

Finally, we define the fast projector:

=Y v v (48)

1€F
and slow projector:
PE=T-P/ =) v, v, (49)
1€ES,
Lemma 4.6. For any task T,
[0) = o0 = v [p2r]. ®
Proof. From Lemma 4.3,
PS =3 "(1-nr) alv', (50)
ies
If i € S;, then \! < eg -, hence
1—n)\i>1—neK,V:fyl/K — (1—n\HE > 4. (51)

Therefore, each slow coefficient satisfies |(1 — n\?)Xa’ > 7|a?|. Squaring and summing gives:

[PErIOP=3"(1 = nA)?K(a')? = Y 4% (a)? = *|Pr 2. (52)
€S €S

Taking square roots closes the proof. O

Remark C.4. Slow modes are sticky. If the eigenvalues are in the slow-regime, after K steps, the NTK still retains at least
«y fraction of the eigenvalues less than ex .

C.2. Continual Case

Now we will connect slow-stickiness to the success criterion. For the squared loss on task 7+ 1,

K K
L (0)) = f||r£+%||2. (53)

Now, we can define a success criterion if the final loss is at most v:

Success;41 = {E (95{2) U} {|7"¢+1< \/%} (54)
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Lemma 4.7 (Necessary fast-projection condition). Using the fast and slow projections, €k ~, and the initial loss residual

r$ ), a necessary condition to achieve successful training on task T is =y HPfr&O) < V/2vu. Equivalently,

2

H ey TgO) B (6)
||7“ || HWT(O)H
Proof. From Lemma 4.6 applied to task 7+ 1:
K
1= P2 (55)
If success holds, then ||PS +1TT ||< v/2v, so combining:
K 0 \/21)
V20 2 12 APl = IPTarhll< = (56)
RO
Now define V = B (T“”
1
2 2
0 2v 2v
PP P vEs () — e ( o ||2) . 57)
1
Finally, since Pfﬂ =1-P?,
2
2v
P2 VI 1= P2 VP2 1 - () 58)
el
O

Remark C.5. To succeed on the new task, the eigenvalues of of the initial Gram matrix must lie overwhelmingly in the fast

subspace, unless the initial residual magnitude Hrgzl ||? is already tiny. This means that if the model is successful on the
current task, and the new task is similar, we can expect successful training. However, if the model eigenvalues are small
and so lie in the slow-subspace, it will not be able to converge to success in K gradient steps.

Lemma C.6 (Permutation invariance of the gated-linear Gram). Consider a linearized ReLU network with weights
from Equation (16) initialized with i.i.d Gaussian entries as NTK. Let the input dimension be I, width be M, and out-
put dimension be O. Given inputs indices n,m, (ie., x,,x,, € {z',..,x"}), and output indices 0,0, the GLTK
Xoo = Ewinl) wi2 [G] is given by:

M

o (@5 @1) = By ws| (@200 D [Wi o Wi or gn(@,) gn(@,,) |- (59)
h=1

Let I € R™! be a orthogonal permutation matrix> (i.e., IL'II = I). Then, the infinite width kernel [X] (0,01 [00](,, , @,,, )
is invariant to the transformation P applied to it’s inputs. Specifically for any pair of data x,,, x,,, and output indices 0,0':

[KOO}O,O/(Hmn’ Hmm) = [K:LLO’ [OO](‘Tn’ mm)' (60)

Proof. First, note that inner products are invariant under orthogonal transforms: (Ilx,IIx’) = (x,x’). Next, for each
hidden unit £,

gnMz) = 1{(wW1N Tz >0} = 1{@ W)z > 0}. 61)

> A matrix with exactly one entry of 1 in each row and column, but not diagonal.
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Since wg](o) is initialized from an isotropic distribution and II is orthogonal, we have HTWLH(O) = WELl 1O There-
fore, for any fixed x, ', the pair (g5 (IIzx), g5 (IIx’)) has the same distribution as (gp(x), gr(2’)), and in particular

Elgn(I1x) g, (I12")] = Elgn(x)gr(2')], where the expectation is over WE](O).
Finally, using the explicit kernel form (23) and independence of V from W{H(©),

M
Ew[u(onwl?][[X]o,o'(ﬂmn,Hﬂ?m) = Ew[1](0>7w[2]{<nmn, z,,) > Wi lo[w) o gn(Hz,,) gh(Hmm)} (62)
h=1
M
= @20 Y By [W) o [wi o] Bwiio lon (T, )ga(T,,)]  (63)
h=1
M
= @, @) Y By [W3 o [Wi o] Bweerlgn(@,,)gn ()] (64)
h=1
= Ewm(m,w[zJ[[X](o,o/)(wmwm) , (65)
which proves the claim. O

Remark C.7. For permuted MNIST, each task applies some permutation II_ to all inputs. Lemma C.6 implies the expected
frozen-gates Gram (and hence its expected spectrum / e-rank) is task-invariant under fresh pixel permutations, up to finite-
width fluctuations.

C.3. Extension to Multi-class Cross-Entropy

For multi-class cross-entropy with logits z = (24, ..., z,,) € R"© and blockwise softmax softmax(z), the empirical risk

7 n

U(z) =", Uz, y,) satisfies V,£(z) = softmax(z) — Y.
In the NTK/linearized regime (Jacobian frozen at initialization), discrete gradient descent on parameters induces a closed-
form update on training logits of the form:
2D — 20 _pGOv, 0(2*), (66)
GO — J(O)(J(O))T7 (67)

where J, is the initialization-time feature map induced by the training inputs and G ¢ R(O)x(n0) i the corresponding
multi-output NTK/Gram matrix with blocks Gg?)o) Gony = (VeF,(x;),VeF, (x;)). This is exactly the discrete-time
counterpart of the standard NTK function-space dynamics for general losses (Lee et al., 2019). To recover the same

fast/slow eigenmode story as in squared loss, we linearize the cross-entropy gradient in logit space around a reference z*:
V(2" +0z) =V L(z")+ H0z + h.o.t, (68)

where C = V2/(z*) = blockdiag(Cy,...,C,,) and C, = diag(p;) — p;p; = 0 with p, = softmax(z!) (Wu et al.,
2022). Then,

2D = 200 4 520 GOV, 0(2) 4 62) (69)
~ 2™ 4520 — GOV, 0z 4+ Crsz®), (70)

which implies
520D ~ (I — GO )6z — GOV, 0(2*). (71)

If z* is a stationary point, so that V. ¢(z*) = 0, the additive term vanishes; otherwise, the local linearization is affine with
respect to the linear same linear part.

Define the weighted error e*) = C1/2§2(k), 50 that the local cross-entropy quadratic satisfies 6z Cdz = ||e||2; in these
coordinates the linearized update becomes

elF+D) ~ (I — ncl/Qg(O)Cl/Q)e(k). (72)
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Hence, the relevant “fast eigenvalues” for cross-entropy are those of the GGN Gy, = C'/2G(9C'/2, not the raw G(?).
By Lemma C.6 the infinite width limit of G(°) remains task-invariant.

This matches the generalized Gauss—Newton viewpoint: in the linearized model, the parameter-space curvature is
JTO IO, whose nonzero spectrum agrees with C'/2J(0)(J(©))TC'/2 (Martens & Grosse, 2015).

C.4. Empirical Results

Training Accuracy
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Figure 5. Metics tracked in our linearized ReLU network experiment. As expected, the training accuracy correlates with the ex - -rank
of the G, while the ex - -rank of G remains fairly flat on average over training.
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C.5. Proofs For Section 6

Theorem C.8. Suppose an L-layered MLP F, : R — RO, and all input data lies in B, (0), and either means-squared
error or softmax-cross-entropy losses L. Let the network be © — Fp(x) be Ly-Lipschitz on B,(0) and let the logit-
gradient, z — V {(z,y) be Ly-Lipschitz. Define: T'(0) := sup,cp.(0)1<i<ol|Vezi(®;0)|l2 and z = Fy(x) Then, the
residual R of the Hessian on task T + 1 obeys the following operator-norm bound.:

||R(02+1)||2§ \@1"(0”( sup  [Vl(z;,y)] + LyLyd(X, X’)) = B,. (73)

@ esupp(X,)

Proof. We start with the definition of the residual term of the Hessian:

o)
ROU) =5 | L VetleyTinto)| - 74)
T~ 41 i
Next we apply linearity and operator norms:
o
RO = | B[SVl Timio)| s
T+1 7
o
< E D IVab(z,y)ll2| Ve zi(a: 6,)]l2 (76)
X~ T+1i

and apply a deterministic worst-case bound followed followed by the Cauchy-Schwartz inequality to obtain:

IR(67,1)2<  sup  [[V:L(z;,y)]2V/OT(8) 7

x Esupp(X’)

Let 7 be a coupling measure on X" and X”, and denote h(x;0) = V ¢(Fy(x),y). First operating inside the supp, we
apply the triangle inequality:

IV=h(z;0)2 < [[h(z; 0)2+[|h(x; 0) — h(z'; 0)]| (78)
< ||h(x';0)|2+LyLyd(X,X") Applying Lipschitz assumptions. (79)
Now, operating inside the supp w.r.t. 7 we obtain:
sup  [[h(z;0)[2=  sup  [|h(@;0)[2<  sup (a3 0)[2+LyLyd(X, X) (80)
x Esupp(X) (x,x’)Esupp() x’ €supp(X’)
Finally, bounding the RHS of the inequality from above by an arbitrary constant B yields the desired result. O

Corollary C.9. We can use Weyl’s inequality to show the existence of an appropriate L2 regularizer to guarantee that
increasing rank(H ) implies increasing the rank(H). Suppose ordered eigenvalues of H oy (i.e, A (-) > .., (4)),
then by applying Wely’s inequality we obtain

INi(Hgey + R=)N(R)] < [R]2 (81)
ANi(Heey +R) > N\ (Heen) — Rl (82)
A(H) > A (Hean) — (IRl (83)
mm( ) > /\r—;in(HGGN) - Hl:{H2 (84)
The L2-regularized Hessian becomes:
Ain(H +219) > X5 (Hegy) — [R|2+2¢ (85)
)‘IJIrnn(H ) - ||B||2+2q7 (86)

50if2q > |R|l2—Al (Hoaw), then every positive eigenvalue of H,  remains positive in the q-regularized H.
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Remark C.10. Theorem C.8 and Corollary C.9 justify why L2 is needed alongside 'R regularization. Under softmax-
cross-entropy loss and mean-squared-error loss with bounded targets, h(x; @) is also bounded which ensures the theorem
is well-posed. The theorem also requires I'(€) to be uniformly bounded which can be achieved by techniques like spectral
regularization (although we do use it in our experiments) (Yoshida & Miyato, 2017). In practice, we find that small choices
of L2 regularization are needed which we report in table 2, table 4, and table 6.
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D. KFAC Error

For a given layer, Wl € R%nxdout with activations into the layer al!! € R%» and gradient outputs 6!l € Rout,
The respective covariances are alllalllT ¢ Rdin*din and §§HIT ¢ Reouwrxdour  The resulting KFAC block is of size
(doutdin) X (doutdin). The per-entry error, on the nth sample, can be obtained by indexing over Kronecker matrix pairs
with row-index (4, «) and column index (4, 3). We use -Elg,*) to denote the ith row of (-) in layer [, and 'El*],j) for the jth

column. Flattening over the Kronecker product, we obtain the following for a given entry in layer I:

N O
1

(HGGN)EZ[Z al,[5,8]) N Z Z al (* g)[(sv[z]o](oz *)[67[1”0](*,&) = [ []](’L *)[a[l]] [(ﬂ”](a *)[J[Z]](*,ﬁ) (87)

n=1o=1

R 1 1 N O
(HGGN [i,0],[4,8 (N a[l] (i *)[a ”](*,j)) : (N Z Z[é’l[”g,o](a,*)[é’l[’g,o](*,ﬁ)> = [a[l]](m)[a[l]](*,j) : [5[l]](a,*)[6[l]](*,g),
=1 n=1o0=1

(88)

where we use - to denote the empirical sample average. In this way, we can compute the error as the difference be-
tween the average of products and the product of averages; for a fixed index quadruple (i, j, ., 3), the KFAC error of the

((i’ O‘)) (]a ﬁ))th'entry is:

Ajariis) = Hean — Hoan)ianpe = 0] [al];[60],[60]5 — [al];[al]; - [611],[61], (89)
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E. Algorithm
E.1. Baselines

Backpropagation (BP): We optimize the objective with stochastic gradient descent (SGD) on cross-entropy loss over the
current task. Let 6 denote all trainable parameters and D; the data for task 7. The objective is

mein E(zy)~p, [L(Fp (), y)].

Vanilla Effective Rank (ER): In addition to BP, we collect the output features of each dense layer (excluding convolutional
layers) over a fixed number of steps (er-batch in Table 1). From these stacked features, we compute the effective rank
(Roy & Vetterli, 2007) for each layer and sum across all layers. Then we maximize the effective rank of the network
representations.

L de
1
_ 1 [ [y _ _ [l [l
Lr = L;ﬂER(h ), ER(h )—exp( Eﬂpi log p; )

where hl) € RV > is the stacked feature matrix for layer ¢, s;(h"l) are its singular values, and

@ si(hl)
D SRR

L2 normalization (L.2): We add weight decay to BP. Now the objective becomes:

min By, y)~p, [L(Fp(2), )] + Awlf]3,

where \,, is the weight-decay coefficient (weight-decay in Table 1).

Continual Backpropagation (CBP): We follow the architecture in (Dohare et al., 2024).
Layer-normalization (LayerNorm-L2): We follow the architecture in (Lyle et al., 2024).
Spectral: We follow the architecture in (Lewandowski et al., 2024a).

E.2. Effective Rank with L2 normalization (L2-ER)

The pseudocode for our implementation of L2-ER is shown in Algorithm 1. L2-ER augments the standard task objective
with two additional regularizers: (1) an effective rank penalty and (2) an L2 weight decay term. At each step, the task loss
L,k together with the weight decay term is minimized via standard backpropagation. Simultaneously, the hidden features
h! are collected over a fixed window L of updates. Every L steps, these stacked features are used to compute the effective
rank (Roy & Vetterli, 2007) of the representation at each layer. The effective rank losses are averaged across layers. Note
that a gradient descent step is taken on this loss only every L steps.
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Algorithm 1 Continual Learning with EffectiveRank Regularization (L2-ER)

Input: Task datasets {{(x, ;, ym)}f\gol T=1; model F,; learning rates o (task), 3 (ER); weight decay \; ER update
interval U (in steps)
State: Per-layer feature buffers {3°} sz1 with capacity U
forr=0toT —1do
fori=0,...,N—1do
(9, {h1}}_)) < Fy(x,,) {7 is the model prediction}
Ve : B < enqueue(B’, hi"); if |BY|> U then drop oldest
Liask = Loss(9,y, ;) + Aol
0+ 60— aVg Liask
if (i + 1) mod U = 0 then
Lerank + —+ Y5 ERSVD(Stack(B"))) {(Roy & Vetterli, 2007)}
0+ 06— BveLerank
B+ 0
end if
end for
end for
Return: 6
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F. Dead Neurons and Effective Rank
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Figure 6. Number of dead neurons (left) and effective rank (right) corresponding to Figure 4.

Here, we present number of dead neurons and effective rank corresponding to Figure 4. An important observation to note
here is that dead neurons in Incremental Cifar is decreasing rather than increasing. This effect arises due to the following
two reasons: First, at the beginning of training, the environment contains only 5 classes, which gradually increase to 100.
As more classes are introduced, the evaluation set becomes much larger, increasing the likelihood of encountering samples
that activate a given neuron (i.e., produce nonzero outputs). Second, to accommodate the changing number of classes, we
mask the outputs of the final layer to match the number of active classes in each task. In the early tasks, this masking
leads to a sharp rise in the number of dead neurons, since the network tends to overfit to the small set of available classes.
As more classes are added, this effect diminishes. Therefore, we also measured the number of dead neurons and effective
rank in RESET for comparison. Learning curves that lie above RESET indicate an increase in dead neurons due to loss of
plasticity, whereas curves below suggest relatively fewer dead neurons.
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G. Epsilon Hessian Rank
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highlights the positive association between curvature and accuracy.

G.1. Measuring the Hessian Spectral Density

To empirically demonstrate the relationship between dead ReLUs and the rank of the Hessian, we estimate the Hessian
spectrum over continual learning tasks (Ghorbani et al., 2019). The spectral density is defined as ¥ ()
where § is a Dirac delta operator. Since the naive approach to estimating the density would involve calculating every

eigenvalue, we turn to a Gaussian relaxation (Ghorbani et al., 2019):

— 1

where f(\;;u,0?) = o

exp(—
the spectral density. Since materializing the full Hessian is prohibitively expensive, we estimate the density with the

(u=

)2

202

1 P
Uo(u) = 5 fXiu.0?)
i=1
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stochastic Lanczos quadrature algorithm (Golub & Welsch, 1969; Ghorbani et al., 2019), which takes advantage of the fact
that accessing Hessian-vector-products (HVP) is a computationally efficient operation (Pearlmutter, 1994). Given H is
diagonalized and f has a closed-form equation, we can define f(H) = Qf(A)Q" where f(A) acts on the diagonal. Now
we estimate the spectrum of Hessian through the HVP with v ~ N (0, %I px p) which gives:

b, = ;tr(f(H,u,02)> =E[v'f(H,u,0%)v]

In practice, each vy is approximated by m-steps of the Lanczos algorithm resulting in a m x m tridiagonal matrix with m
locations-weight pairs (£;,w;) so that:

vy (u) ~ > wif(lju,0%) = (u)
j=1

Moreover, 1y (+) is an unbiased estimator of 1), (-) and i (u) converges exponentially fast around its expectation over
samples of v (Ghorbani et al., 2019)[Claim 2.3] resulting in a computationally efficient and accurate estimation of the
spectral density, even for large neural networks.

Throughout our experiments, we measure the Hessian eigen-spectrum at the beginning and at the end of each new task.
Our results show that the spectrum of standard back-propagation narrows as the task number grows. In fact, a complete
loss of learning corresponds to a complete collapse of the spectrum. Furthermore, we show that loss of plasticity mitigation
like continual backpropagation and our own L2-ER method preserve the spectrum.

In the following sections, we present the details of each environment, their corresponding hyperparameter sweeps and
selected best hyperparameters, followed by the analysis of the Hessian spectrum.

G.2. Epsilon Hessian Rank vs Accuracy
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Figure 8. Curvature vs. Accuracy on Full 20 Task Incremental CIFAR. A linear fit (dotted line) highlights the positive association
between curvature and accuracy.

In addition to Figure 3, we provide the epsilon rank of the other two supervised learning environments in Figure 7. Contin-
ual ImageNet and Permuted MNIST’s data points on the graph are calculated by an average across 5 seeds.

Putting all the Incremental Cifar tasks into one plot does not yield as clear a positive relationship as Permuted MNIST or
Continual Imagenet. All the tasks in Permuted MNIST or Continual Imagenet are about the same level of difficulties for
7 € {1,---, T}, which gives us the ability to easily measure successful training through task accuracies. In Incremental
Cifar, each task 7 is composed of classifying 5 * 7 classes of images using the same computational budget, which makes it
a challenge to isolate unsuccessful training due to loss of plasticity from increasing task difficulties. We report the perfor-
mance difference between algorithms and a freshly initialized network as a measure of successful training. Furthermore,
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neural network tends to find a lower-rank solution regardless of initialization (Hu et al., 2022). Since we always report the
e-Hessian rank of the Full databatch, the percentage of data the neural network has already been trained on becomes larger
and larger as 7 grows. For example, at task 2 initialization, we trained on 5 classes and acquired a low rank representation,
then 5 classes are added and the e-Hessian rank is high; while at task 20 initialization, we trained on 19 classes and are
evaluating on 20, this is basically the same as the eigenspectrum at task 19 convergence, which is a low rank solution.
In short, due to the non-uniform property of the tasks, e-Hessian rank is not an accurate measure of Spectral Collapse in
Incremental Cifar. When we group the first ten tasks (fig. 7), we can see that the positive relationship is clearer since the
task difficulties are more similar.
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H. Permuted MNIST

We now detail environments and architectural details in all experiments. All algorithms are written in JAX (Bradbury et al.,
2018). Although each environment is independent, our training procedure is designed to be easily generalizable. In the
following sections, we provide detailed descriptions of each environment.

Permuted MNIST (Dohare et al., 2024) is a variant of the original MNIST dataset (LeCun, 1998) where the pixels are
permuted randomly in the same way for each image in the original dataset. Each permutation defines a new task for the
learner. In total, we evaluate on 800 tasks, each of which is a 10-class classification problem.

H.1. Network Architecture

We employ a standard multilayer perceptron (MLP) with three hidden layers of hidden size 1000 each followed by a ReLU
activation. All weights are initialized with Kaiming uniform. The architecture can be summarized as follows:

MLP(
Sequential(
(0): Dense(init=kaiming_uniform, out_dims=1000, bias=True)
(1): ReLUQO)
(2): Dense(init=kaiming_uniform, out_dims=1000, bias=True)
(3): ReLUQ)
(4): Dense(init=kaiming_uniform, out_dims=1000, bias=True)
(5): ReLUQO
(6): Dense(init=kaiming_uniform, out_dims=10, bias=True)
)
)
H.2. Hyperparameters

In Table 1, we present the default hyperparam of our experiments. Unless otherwise specified, experiments use the default
hyperparameters.

H.3. Experiments

Prior work (Dohare et al., 2024), along with our own experiments, shows that the learning rate is a critical factor in continual
learning: using a smaller learning rate consistently yields only marginal differences in performance. To better highlight
the phenomenon of loss of plasticity, we fix the learning rate to 1 x 10~2 and sweep over the remaining hyperparameters
in Table 2. We report the results in Figure 6 and the selected best hyperparameters in Table 2.

H.4. Permuted MNIST Hessian Spectrum

We use the best hyperparameters in Table 2 and rerun it with 5 seeds to plot the hessian spectrum during our training.
We calculate the approximated hessian matrix every fixed number of tasks (compute-hessian-interval in Table 1). The
corresponding performance is shown in Figure 4 and Hessian spectrum of seed 2025 is shown in Figure 9, where the
orange curve corresponds to the Hessian spectrum on the test set and the blue curve corresponds to the training set. Since
plotting all tasks is impractical, we present only a subset of representative tasks for BP, L2, ER, CBP, L2-ER.

Comparing Figure 4 with Figure 9, we observe that algorithms which eventually lose plasticity exhibit a sparse Hessian
spectrum. In contrast, algorithms that maintain plasticity preserve a rich and dense spectrum, proving our claim that
spectral collapse is strongly correlated with the loss of plasticity. Furthermore, even subtle reductions in plasticity are
reflected in the spectrum: for instance, L2 shows a slight decline of about 1% in accuracy over training. This small change
is captured by the eigenspectrum, as shown in Figure 9, where the range of eigenvalues for L2 is narrower than that of the
other two algorithms that preserve plasticity.
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Table 1. permuted MNIST default hyperparameters

Hyperparam Name Default Description

study_name test experiment name

seed 2024 base random seed

debug False true to enable debug mode

platform gpu {cpu, gpu}

n_seeds 1 number of seeds

env permuted_mnist environment name

agent 12_er {er, bp, 12, cbp, 12_er, layernorm_12, spectral}
activation relu activation options: {relu, tanh}

1r [0.01] learning rate(s)

optimizer sgd {adam, sgd}

weight_decay 0.001 L2 weight decay

num_features 1000 hidden size for the mlp
change_after 10 x 6000 steps between task switches
to_perturb False whether to perturb the input data
perturb_scale 1x107° magnitude of input perturbation
num_hidden_layers 3 number of hidden layers in the mlp
mini_batch_size 1 minibatch size

no_anneal_1r True if true, do not anneal the learning rate
max_grad_norm 0.5 gradient clipping threshold
num_tasks 800 number of tasks used in training/eval
effective rank

er_lr [0.01] ER learning rate

er_batch 100 batch size for er computation
er_step 1 ER update frequency

evaluation

evaluate True evaluate after each task
evaluate_previous False evaluate on previous task

eval_size 2000 number of evaluate samples per task
compute_hessian False whether to compute hessian spectrum
compute_hessian_size 2000 samples used for hessian computation

compute_hessian_interval 1 interval in tasks between hessian runs

continual backpropagation

cont_backprop False enable CBP

replacement_rate 1x10°° CBP replacement probability per step
decay_rate 0.99 exponential decay for CBP statistics
maturity_threshold 100 steps before a unit is considered mature

Spectral Regularizer

k 2 power used in (0% — target)?

target 2.0 target value for the largest singular value
spectral_strength 0.1 coefficient multiplying the spectral penalty
num_iter 10 number of power-iteration steps to estimate oy ,x
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Table 2. Hyperparameter sweeps and best values for Permuted MNIST across all algorithms under a fixed learning rate of 1 x 10~ 2.

Algorithm Hyperparameter Sweep Hyperparameters Best
BP Learning rate {1 x107%} 1x 1072
ER Learning rate {1 x107%} 1x 1072
Effective rank Ir {1 x 1072, 1 x 1073, 1 x 1074} 1 x 1073
L2-ER Learning rate {1 x107%} 1x 1072
Effective rank Ir {1 x 1072, 1 x 1073, 1 x 1074} 1 x 1073
Weight decay {1x107%,1x1074,1x107%} 1x1073
CBP Learning rate {1x1072%} 1x1072
Replacementrate {1 x 1074, 1x107%,1 x 107} 1x 1076
L2 Learning rate {1 x 1072} 1x1072
Weight decay {1x1073,1x107%,1x 107} 1x1073
LayerNorm-L2 Learning rate {1 x107%} 1x 1072
Weight decay {1x1072,1x107%,1x107%} 1x1075
Spectral Regularizer ~Learning rate {1 x 1072} 1x1072

Spectral Strength {1 x 1072, 1 x 1073, 1 x 107%} 1x 1073
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I. Continual ImageNet

Continual ImageNet (Dohare et al., 2024) is an adaptation of ImageNet (Krizhevsky et al., 2012) in which pairs of classes
are randomly sampled to form binary classification tasks. We evaluate performance on a total of 2000 tasks.

I.1. Network Architecture

We adopt the same architecture as (Dohare et al., 2024) with one key modification. In their setup, the final layer of the
network is reinitialized at the beginning of every task. To ensure fairness in comparison, we remove this feature and keep
the final layer fixed across tasks. We use a threeblock convolutional network followed by two dense layers and a dense
classifier. Each convolution is followed by a ReLLU nonlinearity and a 2 x 2 maxpool with stride 2. The architecture is
summarized as follows:

ConvNet(
Sequential(
(0): Conv2d(out_channels=32, kernel_size=5x5, bias=True)
(1): ReLUO)
(2): MaxPool (window=2x2, stride=2)

(3): Conv2d(out_channels=64, kernel_size=3x3, bias=True)
(4): ReLUQ)
(5): MaxPool(window=2x2, stride=2)

(6): Conv2d(out_channels=128, kernel_size=3x3, bias=True)
(7): ReLUQ)

(8): MaxPool (window=2x2, stride=2)

(9): Flatten()

(19): Dense(out_dims=128, bias=True)
(11): ReLUQ)
(12): Dense(out_dims=128, bias=True)
(13): ReLUQ
(14): Dense(out_dims=2, bias=True)
)
)

1.2. Hyperparameters

In Table 3, we present the default hyperparameters for our ImageNet experiments. Unless otherwise specified, experiments
use these defaults.

L.3. Experiments

Due to high variance, we conducted full hyperparameter sweeps from Table 4 across 10 seeds and apply Savitzky-Golay
filter (Savitzky & Golay, 1964) to the results. The best hyperparameters selected from these sweeps are summarized in
Table 4.

L.4. Continual ImageNet Hessian Spectrum

We again use the best hyperparameters from Table 4 to run over 10 seeds to plot the hessian spectrum. We presents our
results on BP, ER, L2-ER, CBP, L2 in Figure 11 and its corresponding performance in Figure 4. Note that we categorize
ER as preserving plasticity in this case because, in this single run, ER successfully maintained plasticity rather than losing
it. We present this single run hessian spectrum accuracy in Figure 10. From Figure 11, we observe that all algorithms
that lose plasticity experience spectral collapse, whereas those that preserve plasticity maintain a wide and dense spectrum
throughout training.
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Table 3. ImageNet default hyperparameters

Hyperparam Name Default Description

study_name test experiment name

seed 2024 base random seed

debug False true to enable debug mode

platform gpu {cpu, gpu}

n_seeds 1 number of seeds

env imagenet environment name

agent 12_er agent options: {er, bp, 12, snp_12, snp, cbp, 12_er,
laynorm_12, spectral_reg}

alg ppo algorithm type: {actor_critic, ppo}

activation relu activation options: {relu, tanh}

1r [0.01] learning rate(s)

optimizer sgd {adam, sgd}

weight_decay 0.001 L2 weight decay

to_perturb False whether to perturb the input data

perturb_scale 1x107° magnitude of input perturbation

mini_batch_size 100 minibatch size

no_anneal_1r True if true, do not anneal the learning rate

max_grad_norm 1 x 10° gradient clipping threshold

num_tasks 2000 number of tasks used in training/eval

num_epochs 20 number of epochs per task

momentum 0.9 SGD momentum coefficient

effective rank

er_lr [0.01] ER learning rate(s)

er_batch 12 batch size for ER computation

er_step 1 ER update frequency

model architecture

use_layernorm False enable LayerNorm in the model

spectral regularization

use_spectral_reg False enable spectral regularization

spectral_reg_strength 0.1 regularization strength

spectral_k 2 number of singular values/eigs (or rank) used

spectral_target 2.0 target value for spectral objective

spectral_power_iter 10 power-iteration steps (if used)

evaluation

evaluate True evaluate after each task

evaluate_previous False also evaluate on previous tasks

eval_size 2000 number of evaluation samples per task

compute_hessian False whether to compute Hessian spectrum

compute_hessian_size 2000 samples used for Hessian computation

compute_hessian_interval 1 interval (in tasks) between Hessian runs

continual backpropagation

cont_backprop False enable CBP

replacement_rate 1x10°° CBP replacement probability per step

decay_rate 0.99 exponential decay for CBP statistics

maturity_threshold 100 steps before a unit is considered mature
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Table 4. Hyperparameter sweeps and selected best values for Continual ImageNet across all algorithms.

Algorithm Hyperparameter Sweep Hyperparameters Best Hyperparam
BP Learning rate 102,103, 1074 1074
ER Learning rate 102,103, 1074 1074
Effective rank Ir 1073, 1074, 107° 107°
L2-ER Learning rate 1073 1073
Effectiverank Ir 1073, 1074, 10~° 10~
Weight decay 1073, 1074, 107° 1073
LayerNorm-L2 Learning rate 1072, 1073, 10~* 1073
Weight decay 1073, 1074, 107° 107°
Spectral Learning rate 1072, 1073, 10~* 102
spectral_strengths 1072, 1073, 1074 1072
CBP Learning rate 1072, 1073, 10~* 10~4
Replacement rate  10~4, 1075, 10~6 107
L2 Learning rate 1072, 1073, 1074 1074
Weight decay 103,104, 1075 1073
0.9 ER
gO.S
g
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0 500 1000 1500 2000
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Figure 10. ER Accuracy correspond to Hessian Spectrum on Continual ImageNet.

38



Spectral Collapse Drives Loss of Plasticity

W

(a) BP: task 50

m i

(d) L2: task 50

W

Egenvalue

|
{
1y,
-
|
H |
3 2% % EY
.

(m) L2-ER: task 50

Algorithms that lose plasticity

Algorithms that preserve plasticity

(b) BP: task 300

5
W

(e) L2: task 300

(h) ER: task 300

e
”‘ \H
w

(k) CBP: task 300

|
I
[

(n) L2-ER: task 300

10

(c) BP: task 1990

(f) L2: task 1990

‘‘‘‘‘‘‘‘‘‘‘‘

(i) ER: task 1990

10

(!
| ‘\
106 {
| ‘
o | ‘ ‘
] 200

(1) CBP: task 1990

i
3 200 o0 ED
Eigenvalue

(o) L2-ER: task 1990

Figure 11. Comparison of Hessian eigenspectra at task init on Continual ImageNet. From top to bottom, the algorithms are ordered by
increasing accuracy. Top: Algorithms that lose plasticity (ER, BP). Bottom: Algorithms that preserve plasticity (L2, CBP, L2-ER).

39



Spectral Collapse Drives Loss of Plasticity

J. Incremental CIFAR

Incremental CIFAR (Dohare et al., 2024) is an adaptation of the original CIFAR-100 dataset (Krizhevsky et al., 2009)
where classes are incrementally added. Starting with 5 classes, each task adds 5 new classes for classification until all
100 classes are included. Our setup largely follows (Dohare et al., 2024), but we remove random data transformations and
learning rate annealing from their design.

J.1. Network Architecture

We employ a standard ResNet-18 architecture adapted from (Dohare et al., 2024). The network begins with a 3 x 3
convolutional stem with 64 channels, followed by four sequential residual stages. Each stage contains two BasicBlocks:
Layerl keeps the width at 64 channels, while Layers 24 progressively double the number of channels to 128, 256, and
512, with the first block of each stage performing downsampling via stride-2 convolutions and 1 x 1 skip connections.
After the residual stages, a global average pooling layer reduces the spatial dimension, and then pass the resulting feature
vector through two fully connected layers with ReLLU activations. Finally, a dense classification head outputs logits for the
number of classes in the current task.

ResNet18(
Stem(
Conv2d(out_channels=64, kernel_size=3x3, stride=1, padding=1, bias=True)
BatchNorm()
ReLUQ)
)
Layer1: Sequential(
BasicBlock(64 -> 64, stride=1)(
Conv2d(64, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelU,
Conv2d(64, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelLU
)
BasicBlock(64 -> 64, stride=1)(
Conv2d(64, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelU,
Conv2d(64, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelLU
)

)
Layer2: Sequential(

BasicBlock(64 -> 128, stride=2)(
Conv2d(128, 3x3, stride=2, padding=1, bias=True), BatchNorm(), RelU,
Conv2d (128, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Conv2d(128, 1x1, stride=2, bias=True) + BatchNorm(),
Add, RelLU
)
BasicBlock(128 -> 128, stride=1)(
Conv2d (128, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelU,
Conv2d(128, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelU
)

)
Layer3: Sequential(

BasicBlock(128 -> 256, stride=2)(
Conv2d(256, 3x3, stride=2, padding=1, bias=True), BatchNorm(), RelLU,
Conv2d(256, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
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Skip: Conv2d(256, 1x1, stride=2, bias=True) + BatchNorm(),
Add, RelLU

)

BasicBlock(256 -> 256, stride=1)(
Conv2d(256, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelU,
Conv2d(256, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelLU

)

)
Layer4: Sequential(

BasicBlock(256 -> 512, stride=2)(
Conv2d(512, 3x3, stride=2, padding=1, bias=True), BatchNorm(), ReLU,
Conv2d(512, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Conv2d(512, 1x1, stride=2, bias=True) + BatchNorm(),
Add, RelLU

)

BasicBlock(512 -> 512, stride=1)(
Conv2d(512, 3x3, stride=1, padding=1, bias=True), BatchNorm(), RelLU,
Conv2d(512, 3x3, stride=1, padding=1, bias=True), BatchNorm(),
Skip: Identity,
Add, RelU

)

)
GlobalAveragePool ()

Dense(out_dims=512, bias=True), RelLU()
Dense(out_dims=512, bias=True), RelLU()
Dense(out_dims=num_classes, bias=True)

J.2. Hyperparameters

In Table 5, we present the default hyperparameters for our ImageNet experiments. Unless otherwise specified, experiments
use these defaults.

J.3. Experiments

We conduct our hyperparameter sweep experiments over 5 seeds for all hyperparameters listed in Table 6, and report the
selected best hyperparameters in Table 6.

J.4. Incremental CIFAR hessian spectrum

We use the best hyperparameters in Table 6 to plot the Hessian spectrum over 5 seeds, with results shown in Figure 12.
Again consistent with our previous experiments, algorithms that preserve plasticity maintain a dense Hessian spectrum,
whereas those that lose plasticity exhibit a sparse spectrum. This demonstrates our claim that spectral collapse is a clear
indicator of plasticity loss.
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Hyperparam Name Default Description

study_name test experiment name

seed 2024 base random seed

debug False true to enable debug mode

platform gpu {cpu, gpu}

n_seeds 1 number of seeds

env incremental_cifar environment name

agent 12 agent options: {er, bp, 12, snp_12, snp, cbp, 12_er}
alg ppo algorithm type: {actor_critic, ppo}
activation relu activation options: {relu, tanh}

1r [0.1] learning rate(s)

optimizer sgd {adam, sgd}

weight_decay 0.0005 L2 weight decay

to_perturb False whether to perturb the input data
perturb_scale 1x107° magnitude of input perturbation
mini_batch_size 100 minibatch size

no_anneal_lr False if true, do not anneal the learning rate
max_grad_norm 1 x 10° gradient clipping threshold
num_tasks 20 number of tasks used in training/eval
num_epochs 200 number of epochs per task

momentum 0.9 SGD momentum coefficient

effective rank

er_lr [0.01] ER learning rate

er_batch 5 batch size for ER computation
er_step 1 ER update frequency

resetting

reset False reset the network after each task
evaluation

evaluate True evaluate after each task
evaluate_previous False evaluate on previous tasks

eval_size 2000 number of evaluation samples per task
compute_hessian False whether to compute Hessian spectrum
compute_hessian_size 2000 samples used for Hessian computation
compute_hessian_interval 1 interval in tasks between Hessian runs
continual backpropagation

cont_backprop False enable CBP

replacement_rate 1x10°6 CBP replacement probability per step
decay_rate 0.99 exponential decay for CBP statistics
maturity_threshold 100 steps before a unit is considered mature

Table 5. Incremental CIFAR default hyperparameters
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Algorithms that lose plasticity
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Figure 12. Comparison of Hessian eigenspectra on Incremental CIFAR. Algorithms are ordered by increasing accuracy. Top: Algorithms
that lose plasticity (ER, BP, CBP). Bottom: Algorithms that preserve plasticity (L2, L2-ER).
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Algorithm Hyperparameter Sweep Values Best Value
BP Learning rate {1x1072,1x 1073, 1 x 1074} 1x1072
ER Learning rate {1x1072,1x 1073, 1 x 1074} 1x1072
Effective rank Ir {1x1073,1x1074,1x107°} 1x107*
L2-ER Learning rate {1 x107%} 1 x 1072
Effectiverank Ir {1 x 1072, 1 x 1072, 1 x 1074} 1x 1073
Weight decay {1x1073,1x107%,1x 1075} 1x 1073
CBP Learning rate {1x1072,1x1073,1x 1074} 1x 1072
Replacementrate {1 x 107, 1 x 107°,1 x 107%} 1x 1076
L2 Learning rate {1x1072,1x1073,1x 1074} 1x1072
Weight decay {1x1073,1x 1074, 1x107°} 1x 1074
LayerNorm-L2 Learning rate {1x1072,1x1073, 1 x107*} 1x107?2
Weight decay {1x1073,1x107%, 1 x107%} 1x1074
Spectral Learning rate {1x1072,1x1073,1x 1074} 1x 1072
Spectral Strengths {1 x 1073, 1 x 1074, 1 x 1075} 1 x 1072
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K. Slippery Ant

Slippery Ant is a continual reinforcement learning environment where the friction between the ant and the ground changes
every 2 million steps. The agent has to adapt its policy to this new friction. In our experiments, we use PPO (Schulman
et al., 2017) as our base algorithm, which is an online learning method designed for training on vectorized environments.
It is parallelized using the JAX library (Bradbury et al., 2018) based on a batch experimentation library written in JAX (Lu

et al., 2022).

K.1. Network Architecture

ActorCritic(
Actor(
Sequential(

(0): Dense(in_dims=hidden_size, out_dims=hidden_size, bias=True)

(1): ReLUQ)

(2): Dense(in_dims=hidden_size, out_dims=action_dims, bias=True)
(3): Categorical() or MultivariateNormalDiag()

)

)

Critic(
Sequential(

(0): Dense(in_dims=hidden_size, out_dims=hidden_size, bias=True)

(1): ReLUQ)

(2): Dense(in_dims=hidden_size, out_dims=1, bias=True)

)
)
)

K.2. Hyperparameters

The default hyperparameters is in Table 8. Unless otherwise specified, experiments use the default hyperparameters.

Algorithm Hyperparameter Sweep Values Best Value
BP Learning rate {1x1072,1x107%,1x107%} 1x1074
ER Learning rate {1x1072,1x1072,1x 1074} 1x1074
Effectiverank Ir {1 x 1073, 1x 107%, 1 x 107} 1x 1077
L2-ER Learning rate {1 x 1074} 1x1074
Effectiverank Ir {1 x 1075, 1x 107%, 1 x 1077} 1x 1076
Weight decay {1x1073,1x1074, 1x107°} 1x1073
CBP+L2 Learning rate {1 x 1074} 1x1074
Replacementrate {1 x 1075, 1 x 1076, 1 x 1077} 1 x 1077
Weight decay {1x107%,1x1074, 1x107%} -
L2 Learning rate {1x1072,1x1073,1x 1074} 1x1074
Weight decay {1x1073,1x107%, 1 x107°} 1x1073
LayerNorm-L2 Learning rate {1x1072,1x1073, 1 x107*} 1x 1074
Weight decay {1x1073,1x107%,1x107°} 1x1073
Spectral Learning rate {1x1072,1x1073,1x107%} 1x1074
Weight decay {1x1073,1x107%,1x107%} 1x1073

Table 7. Hyperparameter sweeps and selected best values for Slippery Ant across all algorithms.
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Hyperparam Name Default Description

env slippery_ant environment name

num_envs 1 number of parallel environments
gamma 0.99 discount factor

num_steps 2048 steps per rollout

update_epochs 10 number of optimization epochs per update
num_minibatches 128 number of minibatches per epoch
activation relu activation function: {relu, tanh}
optimizer adam optimizer: {adam, sgd, muon}

1r [2.5e-4] learning rate(s)

lambda@ [0.95] GAE parameter A

vf_coeff [1] value function loss coefficient
weight_decay 0.0 L2 weight decay

beta_1 0.9 Adam [; coefficient

beta_2 0.999 Adam f5 coefficient

continual backpropagation

cont_backprop False enable CBP

replacement_rate 1x1074 CBP replacement probability per step
decay_rate 0.99 exponential decay for CBP statistics
maturity_threshold 1 x10* steps before a unit is considered mature
effective rank

er False enable ER regularization

er_lr [0.01] ER learning rate

er_batch 128 batch size for ER computation
er_step 1 ER update frequency

hessian computation

compute_hessian_init False compute Hessian at initialization
compute_hessian_end False compute Hessian at the end
compute_hessian_size 2000 number of samples for Hessian computation
compute_hessian_interval 1 interval (in tasks) between Hessian runs
PPO

hidden_size 256 size of hidden layers

total_steps 5 x 106 total number of training steps
entropy_coeff 0.01 entropy regularization coefficient
clip_eps 0.2 PPO clipping parameter
max_grad_norm 1 x 10° gradient clipping threshold
anneal_lr False anneal learning rate over training
evaluation

steps_log_freq 4 logging frequency in steps
update_log_freq 8 logging frequency in updates
save_checkpoints False save checkpoints during training
save_runner_state False save final runner state

seed 2020 random seed

n_seeds 5 number of random seeds

platform gpu {cpu, gpu}

debug False enable debug mode
show_discounted False show discounted returns in logs
study_name batch_ppo_test experiment name

change_every 2 x 106 steps between environment changes
friction_seed 0 seed for friction schedule

Table 8. Non-stationary policy default hyperparameters
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K.3. Experiments

We swept the environment over 5 seeds for all hyperparameters in Table 7. Following the architecture of CBP in (Dohare
et al., 2024), we use CBP together with L2 normalization instead of just CBP. With the additional sweep on weight decays,
we fixed the learning rate of CBP constant. The best hyperparameters are reported in Table 7.

L. Runtime

Runtime Comparison: Permuted MNIST
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Figure 13. Runtime in Permuted MNIST Across all methods
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Runtime Comparison: ImageNet

1794.1m 1794.6m

1488.7m 1521.3m

L2 LayerNorm-L2 ER L2-ER Spectral Reg
Methods

Figure 14. Runtime in ImageNet Across all methods

Runtime Comparison: Incremental CIFAR
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Figure 15. Runtime in Incremental CIFAR Across all methods
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